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This handbook is a continuation of the Handbook of Ele- 
mentary Mathematics by the same author and includes mate- 
rial Usually studied in mathematics courses of higher educa- 
tional institutions. 

The designation of this handbook is twofold, 

Firstly, it j 


Defini ions, theorems, rules and formulas (accompanied by 
examples and Practical hints) are readily found by reference 


does not’ take the place of а textbook and so full proofs 
are only given in exceptional cases. However, ii can well 


Concepts, such as that of a scalar product (Sec. 104), limit 
(Secs. 203-206), the differentia] (Secs. 228-235), or infinite 


book (see Secs. 50.62, 134, 149, 264-266, 369, 422, 498, and 


understanding of "Taylor's Series than is usually obtainable in 
a lormal exposition: Also, biographical information from the 


lives of mathematicians ' has been included where deemed 
advisable, 


PLANE ANALYTIC GEOMETRY 


1. The Subject of Analytic Geometry 


The school (elementary) course of geometry treats of the 
properties of rectilinear figures and the circle. Most important 
аге constructions; calculations play a subordinate role in the 
theory, although their. practical significance is great. Ordina- 
rily, the choice of a construction requires ingenuity. That is 
the chief difficulty when solving problems by the methods of 
elementary geometry. j 

Analytic geometry grew out of the need for establishing 
uniform techniques for solving geometrical problems, the aim 
being to apply them to the study of curves, which are of 
particular importance in practical problems. 

This aim was achieved in the coordinate method (see Secs. 
2 to 4). In this method, calculations are fundamental, while 
constructions play a subordinate role. As a result, solving 
problems by the method of analytic geometry requires much 
less inventiveness. 

The origins of the coordinate method go back to the works 
of the ancient Greek mathematicians, in particular Apollonius 
(3-2 century B. C.). The coordinate method was systemati- 
cally elaborated in the first half of the 17th century in the 
works of Fermat © and Descartes,» However, they considered 
only plane curves. It was Euler? who first applied the coor- 
dinate method in a systematic study of space curves and 
surfaces. 


uo 


1) Pierre Fermat (1601-1655), celebrated French mathematician, 
one of the forerunners of Newton and Leibniz in developing the diffe- 
rential calculus; made a great contribution to the theory of numbers. 
Most of Fermat’s works (including those on analytic geometry) were 
not published during the author's lifetime. 

*) Rene Descartes (1596-1650), celebrated French pat osophir 
and mathematician. The year 1637, which saw the publication of his 
Geometrie, an appendix to his philosophical treatise, is taken to be 
the date of birth of analytic geometry. 

3) Leonhard Euler (1707-1783), born in Swilzerland, wrote 
over 800 scientific papers and made important discoveries in all of 
the physico-mathematical sciences, 


20 HIGHER MATHEMATICS 
2. Coordinates 


The coordinates of a point are quantities which detenta 
the position of the point (in space, in a plane or on à ang 
surface, on a straight or curved line). If, for instance, a point) 

M lies somewhere on a straight line 
0 y X'X (Fig. 1), then its position. m 
P ARN CTS be defined by a single number in Ше 
А following manner: choose on X’X Son 
Fig. 1 initial point О and measure the sen: 
М in, say, centimetres. The resul 
will be a number x, either positive or negative, depending 
on the direction of OM (to the right or to the left if the 
straight line is horizontal). The number x is the coordinate 
of the point M. ice b 

The value of the coordinate x depends on the choice о 
the initial point О, on the choice of the positive direction on f 
the straight line and also on the scale unit. 


8, Rectangular Coordinate System 


The position of a point in a plane is determined by two 
coordinates. The simplest method is the following. З 

Two mutually perpendicular straight lines X’X and Y'Y 
(Fig. 2) are drawn. These are lermed coordinate axes. One 
(usually drawn horizontally) is the axis of abscissas, or the 


Fig. 2 Fig. 3 


x-axis (in our case; X'X), and the other is the axis oj ordi- 
nates, or the y-axis (Y'Y). The point O, the point of inter- 
section of the two axes, is called the origin of coordinates or 
simply the origin. A unit of length (scale unit) is chosen. It 
may be arbitrary but is the same for both axes. 

each axis a positive direction is chosen (indicated by 
an arrow). In Fig. 2, the Tay OX is the positive direction of 
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the x-axis and the ray OY is the positive direction of the 
y-axis. 

It is customary to choose the positive directions (Fig. 3) 
so that a counterclockwise rotation of the ray OX through 90° 
will bring it to coincidence with the positive ray oY. 

The coordinate axes X'X, Y'Y (with established positive 
directions and an appropriate scale unit) form a rectangular 
coordinate system. 


4. Rectangular Coordinates . 


The position of a point M in a plane in the rectangular 
coordinate system (Sec. 3) is determined as follows. Draw MP 
parallel to Y'Y to intersection with the x-axis at the point P 
(Fig. 4) and MQ parallel to X'X 
{о its intersection with the у-ахїз 
at the point Q. The numbers x and 
y which measure the segments OP 
and OQ by means of the chosen scale 
unit (sometimes by means of the 
segments themselves) are called the 
rectangular coordinates (or, simply, 
coordinates) of the point M. These 
numbers are positive or negative 
depending on the directions of the 
segments OP and OQ. The num- 
ber x is the abscissa of the point M Fig. 4 
and the number y is its ordinate. 

In Fig. 4, the point M has abscissa x—2 and ordinate 
y=3 (the scale unit is 0.4 cm.) This information is usually 
written briefly as М (2, 3). Generally, the notation M (a, b) 
means that the point M has abscissa x=a and ordinate y =b. 

Examples. The points indicated in Fig. 5 are designated 
as follows: A,(+2, +4), Aa(—2, +4), As(+2, —4) 
A,(—2, —4), В, (+5, 0), Ba (0, —6), O (0, 0). 

Note. The coordinates of a given point M will be different 
in a different rectangular coordinate system. 


5. Quadrants Boe 947 64 6) 


The four quadrants formed by the coordinate axes are 
numbered as shown in Fig. 6. The table below shows the 
signs of the coordinates of points in the different - quadrants. 
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Quadrant 
Coordinates 


Abscissa * - ч + 
Ordinate + + - - 


1 | п | I | IV 


The point A, in Fig. 5 lies in the first quadrant, A, in 
the second, A, in the third, and the point Аз lies in the 
fourth quadrant. 

If a point lies on the 
axis of abscissas (for ins- 
tance, B, in Fig. 5), then 


Fig. 6 


its ordinate y is zero. If a point lies on the axis of ordinates 
(point В,, for example, in Fig. 5), then its abscissa is zero. 


6, Oblique Coordinate System 


There are also other systems of coordinates besides the 
rectangular system. The oblique system (which most resemb- 
les the rectangular coordinate system) is 


two nonperpendicular straight lines 
X'X and Y'Y (coordinate axes) and 
proceed as in the construction of the 
‘rectangular coordinate system (Sec. 


and y=PM (ordinate) are 
in Sec. 4. 


efined as 


constructed as follows (Fig. 7): draw. 


3). The coordinates x — OP. реа) | 
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The rectangular and oblique systems of coordinates come 
under the generic heading of the cartesian coordinate system. 

Among coordinate systems other than the cartesian type, 
frequent use is made of the polar system of coordinates (see 
Sec. 73). 


7. The Equation of a Line 


Consider the equation x+y =3, which relates an abscissa 
x and an ordinate у. This equation is satisfied by the set of 
pairs of values x, y, for example, x—1, y—2, x=2 and 
y=1, x—3 and y—0, x—4 and y= —1, and so on. Each 


pair of coordinates (in the given coordinate system) is asso- 
ciated with a single point (Sec. 4). Fig: 8а depicts points 
A, (1, 2), А, (2, 1), Аз (3, 0), А, (4, —1), all of which lie on 
a single straight line UV. Any other point whose coordinates 
satisfy the equation x--y—3 will also lie on the same line. 
Conversely, for any point lying on the straight line UV, the 
coordinates x, y satisfy the equation x--y —3. 

Accordingly, one says that the equation х--у=3 is the 
equalion of the straight line UV, or the equation x+y=3 
represents (defines) the straight line UV. Similarly, we can 
say that the equation of the straight line ST (Fig. 8b) is 
y —2x, the equation x?-- y?— 49 defines a circle (Fig. 9), the 
radius of which contains 7 scale units and the centre of which 
lies at the origin of coordinates (see Sec. 38). 

Generally, the equation which relates the coordinates x 
and y is called the, equation of the line (curve) L provided 
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the following two conditions hold: (1) the coordinates x, y of 
any point M of the line L satisfy the equation, (2) the coor- 
dinates x, y of any point not lying on the line L do not 
satisfy the equation. | 
The coordinates of an arbitrary point M on the line L are 
called running (moving, or current) coordinates since the line 
L can be formed by mo- 
ving the point M. 
In Fig. 10, let M,, Mis, 
з. +... be consecutive posi- 
lions of a point M on a line 


E. Prop a series of per- 
pendiculars M,P,, M:Py, 


D 
У 
Fig. 9 Fig. 10 
MPs ... on the x-axis to form the segments Р.М,, Р,М,, 
PMi, „б д Then, on the axis OX (x-axis) eni obtain the ‘segments 
ОР\, OP,, ОР,, 


+++ + These segments are abscissas. The word comes 
from the Latin abscindere, meaning “to cut off*: The term *ordinate" 
comes from the Latin ordinatim ducta, meaning *conducted in an 
orderly manner’, 


representing each point in the plane by its coordinates, and 
each line by ап equation that relates the running coordinates, we res 


point M lies on a certain line 


In order to state whether a 
» it i sufficient to know the coordinates of M and the equ- 


Solution. Put the values x—5 and y=5 into the equation 


X*--y* —49. The equation is not satisfied and so the point A 
does not lie on the circle. 
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9. The Mutual Positions of Two Lines 


In order to state whether two lines have common points 
and if they do, how many, one has to know the equations of 
the lines. If the equations are simultaneous, then there are 
common paints; otherwise there are no common points. The 
number of common points is equal to the number of solutions 
of the system of equations. 

Example 1, The straight line x--y—3 (Sec. 7) and the 
circle x?-L-y?— 49 have two points in common because the 


system 
xty=3, @+yta49 
has two solutions: 


^S LVE ne 
Kyte бо, |p, eee y= —332 
and 
_3-У89 __3+У/89 


Xa 55-0822, yan jg A 6.22 


Example 2. The straight line x--y—3 and the circle 
x*-F y? —4 do not have апу common points because the system 


х+у=3, х24-у2=4 


has no (real) solutions. 


10. The Distance Betwéen Two Points 


The distance d between the points A, (ху, yj) and 
Az (Xa, Y2) is given by the formula 


d— Y (ax) + (a 0) (1) 


Example. The distance between the points M (—2.3, 4.0) 
and N (8.5, 0.7) is 


а= y (8.53-2.39-- (0.7 —4)i — Y 10:8: 3,35 X 11.3 


(scale units). 

Note 1. The order of the points M and N is immaterial; 
N may be taken first and M second. 

Note 2. The distance d is taken.positive and so the square 
root in formula (1) has only one sign (positive), 
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11, Dividing a Line-Segment In a Given Ratlo 


In Fig. 11 take the points Ay (x, y1), As (xs, Yo). It is 
required to find the coordinates x and y of the point K which 
divides the segment А\А» in the ratio 


Y A; A\K: K Ag — ту:т, 


The solution is given by the for- 
mulas 
‚ х= атах 

mim. C 
5 y atm J 
aa Bx m, +m, 


Fig. 11 If the ratio m,:ms is denoted by 
the letter А, then (1) assumes the 


(1) 


nonsymmetrical form 


LX thx, Yit Мз 
Ere Tr аа ao (2) 


Example 1. Given the point B(6, —4) and the point О 
coincident with the origin. Find the point K which divides 
BO in the ratio 2:3. 

Solution. In formula (1) substitute 


m=2, mgj—3, x,—86, J1——4, x4—0, ya —0 


This yields 


18 12 
x-—u—3.6, И — 7 —2.4 


which are the coordinates of the desired point K. 

Note 1. The expression “the point K divides the segment 
AA, in the ratio m,:m," means that the ratio m,:mg is 
equal to the ratio of the segments А,К:К А» taken in this 
order and not in the reverse order. In Example 1, the point 
K (3.6 —2.4) divides the segment BO in the ratio 2:3 and 
the segment OB in the ratio 3:2. 

Note 2. Let the point K divide the segment A445 exter- 
nally; that is, let the point lie on a continuation of the seg- 
ment A,A. Then formulas (1) and (2) hold true if we affix 
a minus sign to the quantity m,:mg—à. 

Example 2. Given the points А; (1, 2) and А, (3, 3). Find 
the point, on the continuation of the segment А; А,, that is 
twice as far from: Ау as from Ag. 

Solution. We have =m m=? (so that we can put 
m=—2, mg—], or ту==2, m,=—1). By formula (1) we 
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find Р 
х lt (—2)-3 wal, uy listo ue 


-241 ә tee E T 


11а. Midpoint of a Line-Segment 


The coordinates of the midpoint of a line-segment А; Аъ 
are equal to the half-sums of the corresponding coordinates 
of its end-points: 


Xiti 
s= 2 


y у= 
These formulas are obtained from (1) and (2), Sec. 11, by 
putting m,— m, —1 or А1. 


12, Second-Order Determinant 1) 


The notation | 4| denotes the very same thing as ad — bc, 


Examples. 
2" 
Е g|=25—3-7=—11, 


| ~9|=3-2—6-(—4)=30 


The expression | 4l is called a determinant oj the se- 
cond order. 


13. The Area of a Triangle 


Let the points А, (x, 94), Аз (Xa, Us), Аз (хз, уз) be the 
vertices of a triangle. Then the area of the triangle is given 
by the formula 

1 |Х{—Х; 0 — 0з 
$=+- |13 1 
Meg Xa— Хз Ua — Из Ma 
On the right side we have a second-order determinant (Sec. 12). 
We assume the area of a triangle to be positive and take 
the positive sign in front of the determinant if the value of 


!) Determinants are explained in detail in Secs. 182 to 185, 


28 HIGHER MATHEMATICS 


the determinant is positive; we take the minus sign if it is 
negative, 

Example. Find the area of a triangle with vertices A (1, 3), 
В (2, —5) and C (—8, 4). 

Solution. Taking А as the first vertex, B as the second 
and C as the third, we find | 


X1— Xg Redi PbS en i 49, —1 5 
Xv—Xs Yi —y | |2--8 —Б—4| |10 —9|7 
=—81+ 10=—71 
In formula (1) we take the minus sign and get 


See 1_.(—71)=955 


However, if we take A for the first vertex, C for the se- 
cond and B for the third, then 


41 — Xs ung 1—2 НН $2148 Ва 
Xa— Хә Из — Us —8—2 4--5| |—10 9 

In formula (1) we have to take the plus sign, which again 

yields S —35.5. 


Note. If the vertex А» coincides with the origin of coor- 
dinates, then the area of the triangle is given by the formula 
S-a4 |^ nj 2 

£ 23 (2) 


2 
This is a special case of formula (1) for x4—g, — 0. 


14. The Stralght Lino. An Equation Solved 
for the Ordinate (Slope-Intercept Form) 


Any straight line not Parallel to the axis of ordinates 
may be represented by an equation of the form 
y=ax-+b (1) 
Here, a is the tangent of the angle æ (Fig. 12) formed by 
a straight line and the positive direction | The A of abs- 
сіѕѕаѕ ® (a—tan g= {ап Z XLS), and the number b is equal 
е 


У The initial side of the angle œ is the ray OX. On the straight 
line SS’ we can take any one of the rays LS! LS’, The angle XLS 
is considered positive if a rotation which brings to coincidence the 
tays LX and LS is performed in the same direction as the rotation 
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in magnitude to the length of the segment OK intercepted 
by the straight line on the axis of ordinates; the number 6 
is positive or negative depending on the direction of the seg- 
ment OK. If the straight line passes through the origin, b—0. 

The quantity a is called the slope and the quantity 5, 
the initial ordinate. 


Fig. 12 Fig. 13 Fig. 14 


Example 1. Write the equation of a straight line (Fig. 13) 
which forms an angle a .— —45? with the x-axis and inter- 
cepts an initial ordinate 5— —3. 


Solution. The slope a=tan(—45°)=—1. The desired 
equation is у= —x—3. 


Example 2. What line does the equation Зх= V3 y rep- 
resent? 


Solution. Solving for y we find у= Y/3 x. From the slope 
a—Y 3 we find the angle a: since tana — V 3, it follows 
that @=60° (ог ®-=240°). The initial ordinate b—0, and so 
this equation represents the straight line UV (Fig. 14) which 
passes through the origin and forms with the x-axis an angle 
of 60° (or 240°). 


Note 1. Unlike the other types of equations of a straight 
line (see Secs. 30 and 33), Eq. (1) is solved for the ordinate 
and is termed the slope-intercept form of the equation of a 
straight line, 

Note 2. A straight line parallel to the axis of ordinates 
cannot be represented by an equation solved for the ordinate. 
Compare Sec, 15. 
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15. A Stralght Line Parallol to an Axis 


A straight line parallel to the axis of abscissas (Fig. 15) 
is given by the equation 1) 


yb (1): 
where 6 is equal, in absolute value, to the distance from the 
axis of abscissas to the straight line. If b 0, then the 
straight line lies above the axis of abscissas (see Fig. 15); 

Y if b « 0, then it is below the axis. 


The axis of abscissas itself is given by 
the equation 


d y=0 (la) 

\ A straight line parallel to the axis 

Ü X of ordinates (Fig. 16) is given by the 
equation 2) 

tig. 15 х=] (2) 


The absolute value of Í gives the distance from the axis of 
ordinates to the straight line. If [> 0, the straight line lies 
lo the right of the axis of ordinates (see Fig. 16); if f < 0, 


Fig. 16 Fig. 17 Fig. 18 


it lies to the left of the axis. The axis of ordinates itself is 
given by the equation 


E] (2а) 

, Example 1. Write the equation of the straight line that 1 
intercepts the initial ordinate 0==3 and is parallel to the 
x-axis (Fig. 17). 

Answer. y=3. 
ee 

1) Eq. (1) i ial i - 
ordinate (Sec, THe ыс oo e equation у=ах+ё үчен 
14 Aie ats a special case of x=a'y+b' solved! for the abscissa. 
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Example 2. What kind of line is given by the equation 
3x+5—0? 


Solution. Solving the equation for x, we get у——-5. 
The equation. represents a straight line which is parallel to 
the y-axis and lies to the left of it at a distance of & 


(Fig. 18). The quantity ik= 4 may be called the initial 
abscissa. 


16. The General Eq'atlon of the Stralght Line 


The equation 
Ax+ By+C=0 (1) 


(where A, B, C can take on any values, provided that the 
coefficients A and B are not simultaneously zero) describes 
a straight line (cf. Secs. 14, 15). This equation represents 
апу straight line, and so it is called the general equation 
of the straight line. 

If A=0, ie. Eq. (1) does not contain x, then it repre- 
sents a straight line parallel? to the x-axis (Sec. 15). 

If B=0, i.e. Eq. (1) does not contain у, then it describes 
à straight line parallel ? to the y-axis. 

When B is not equal to zero, Eq. (1) may be solved for 
the ordinate y; then it is reduced to the form 


y=ax -+b (where a=— 4 " ==) (2) 
Тһиѕ, {һе оа 2x—4y+5=0 (A—2, B— 4, С=5) 
reduces to the form 
y —0.5x +1.25 
(а=—-%—о», b= 22—135) Solved for the ordinate 


see Sec. 14 

Similarly, for А z 0 Eq. (1) may be solved for x. 

If C=0, i.e. Eq. (1) does not contain the absolute term, 
it describes a straight line passing through the origin (Sec. 8). 


(initial ordinate b—1.25, slope a=0.5, so that о = 26°34’; 
Ji 


—— 
1) For A=B=0 we have either the identity 0=0 (if C=0) or 
something senseless like 5=0 (for C 5 0). 

*) The x-axis is included in the group of straight lines parallel 
to the x-axis. The same goes for lines parallel to the y-axis (the y-axis 
itself is included). 
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17. Constructing a Stralght Line on the Basis of Its Equatlon 


To construct a straight line, it suffices to fix two of its 
points. For example, one can take the points of intersection: 
with the axes (if the straight line is not parallel to any axis. 
and does not pass through the origin); when the line is pa- 

rallel to one of the axes or pas- 
ses through the origin, we have only- 
one point of intersection). For 
greater precision, it is advisable to 
find one or two check points. 

Example. Construct the straight 
line 4x-+ 3y—=1. Putting y=0, we 
find (Fig. 19) the point of interse- 
ction of the straight line with the 


axis of abscissas: A, T 0). Put- 


ting x—0, we get the point of 
intersection with the axis of ordina- 


. 1 { 
is bd tes: A, ( 0, i) These points are 


too close to one another and so let 
us specify another two values of the abscissa, say, x= 
=—3 and x= --3, which yield the points A,(—3, 2), 
A, (3 ==) ‚ Draw the straight line 44414345. 


18. The Parallelism Condition of Straight Lines 


The condition that two st 


Taight lines given by the equa- 
tions 


gay 6, (1) 
, y — asx +b, Q) 

be parallel is the equality of the Slopes 
a =a, (3) 


The straight lines (LV and (2) are parallel if the slopes are. 
not equal. D 
Example 1. The straight lines y=3x— 


5 and y—3x4-4 
are parallel since their slopes are equal (a, Y a 


=Q = 3). 


m Here, and henceforward, two col i i й- 
HIP de qs ncident straight lines are co - 
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Example 2. The straight lines у=3х—5 and РИО у 
are not parallel since their slopes are not equal (a,—83, 
аз == б). 

E Example 3. The straight lines 2y—3x —5 and 4y —6x—8 
are parallel since their slopes are equal ( а = Es б == 


Note J. If the equation of one of two straight lines does 
not contain an ordinate (i.e. the straight line is parallel to 
the y-axis), then it is parallel to the other straight line, 
provided that the équation of the latter does not contain y 
either. For example, the straight lines 2x--3—0 and x—5 
are parallel, but the straight lines x —3—0 and x—y=O0 are 
not parallel. 

Note 2. If two straight lines are given by the equations 


Aix 4- Byy 4- C4 — 0, 


A,x+Boy+C,=0 f (4) 
then the condition of parallelism is 
A,B,— A,B, =0 (5) 


or, in the notation of Sec. 12, 
A, B 
РЕ 
Example 4. The straight lines 


2x —7y--12—0 
and 
x—3.5y 4- 10—0 
are parallel since 
А B [2—7 |. prr 
aatis Tzs +235) (—7)=0 
Example 5. The straight lines 
2x — 7y --12—0 
and 
3x-+2y—6=0 
are not parallel since 
2 —7 
x 2[=5 #0 
Note 3. Equality (5) may be written as 
Ai B 
MA . (6 
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parallel is the proportionality of the coefficients of the ru 
ing coordinates. Compare Examples 4 and 5. If the absolu 
terms are proportional as well, i.e. if р 


then the straight lines (4) are not only parallel but are al 
coincident. Thus, the equations 


3x--2y—6—0 


6x--4y—12—0 
describe one and the same straight line. 


and 


19. The Intersection of Stralght Lines 


To find the point of intersection of the straight lines 
A\x+ By +C,=0 


and 


equality of the ratios = and в, i.e. when the straigh 
2 

lines are parallel (see Sec. 18, Notes 9 and 3). 

Note. If the given straight lines are parallel and do nol 
coincide, then the system (1)-(2) has no solution; if the 
coincide, there is an infinity of solutions. 

Example 1. Find the points of intersection of the straigh' 
lines y=2x—3 and ¥=—3x+2. Solving the system 
equations, we find x=1, y=—1. The straight lines inter- 
sect at the point. (1, —1). 

Example 2. The straight lines 

2x — Ty -- 12—0, X—3.5y-- 10 —0 

are parallel and do not coincide since the ratios 2:1 and 
(—7):(—3.5) are equal, but they are not equal to the ratio 
шок, 

1) It t t that t not 
both together. see See. 16) is тс (Re quantities ihe propor rcu NA 


may be understood in the meaning that the Corresponding numerator 
is also zero. The Proportion (7) has the same meaning for C,=0 


C 
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12:10 (cf. Example 4, Sec. 18). The given system of equati- 
ons has no solution. 

Example 3. The straight lines 3x4-2y—6—0 апа 
6x-++4y—12=0 coincide since the ratios 3:6, 2:4 and 
(—6):(—12) are equal. The second equation is obtained from 
ihe first by multiplying by 2. This System has an infinity 
of solutions. 


20. The Perpendicularity Condition of Two Straight Lines 


The condition that two straight lines given by the 


equations 

y—ayx +b, (1) 

y —asx + ba (2) 
be perpendicular is the relation 

yd. — — 1 (3) 
which states that two straight lines are perpendicular if the 
product of their slopes is equal to —I, and they are not 


perpendicular if the product is not equal to —1. 


Example 1. The straight lines y=3x and у=— 3 х аге 


perpendicular since aja; —3: de s) =—1. 


Example 2. The straight lines y —3x and у=1х аге пої 
perpendicular since aja, — 3 = 


Note 1. If the equation of one of the two straight lines 
does not contain an ordinate (1. е. the straight line is parallel 
to the y-axis), then it is perpendicular to the other straight 
line provided that the equation of the latter does not contain 
an abscissa (then the second straight line is parallel to the 
axis of abscissas), otherwise the Straight lines are not per- 
pendicular. For example, the straight lines x —5 and 3y+2=0 
аге perpendicular and the straight lines x=5, and y —2x are 
not perpendicular. 

Note 2. If two straight lines are given by the equations 


A\x+By+C,=0, Ax + By -- C4 =0 (4) 
then the condition for their being perpendicular is 
A,A, 4-B1835 —0 (5) 
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Example 3. The straight lines 2x -5y —8 and 5x—2y=3 
are perpendicular; indeed, А; 2, A,=5, B,—5, B,— —9! 
and so 4,45 + B,B5 —10— 10—0. 

Example 4, The straight lines yep y=0 and 2x—3y=0 
are not perpendicular since 43145 + B,B,—2. 


?1. The Angle Between Two Straight Lines 


Let two nonperpendicular straight lines L,, L, (taken in 
a specific order) be given by the equations 


y=ax +b, (1) 


yas T bs. Q) 

Then the formula 1) 

=t 
tan eet (3) 
yields the angle through which the first straight line must 
be rotated in order to make it Parallel to the second line. 
Example 1. Find the angle between the straight lines 
у=2х—3 and y—— 3x42 (Fig. 20.) 
еге, 4,—2, аз=— 3. By formula 
(3), we find 
-3-2 

I eror 
whence @=+ 45°. This means that 
when the straight line y—2x—3 (АВ 
in Fig. 20) is turned through the ang- 
1е--45° about the point of intersection 
М (1, —1) of the given straight lines 
(Example 1, Sec. 19), it will coincide 
with the straight line y=— 3x--2 
(CD in Fig. 20). It is also possible to 
take @—180°+ 45°—995°, 6 —. 180° 
Fig. 20 + 45°=- 135°, and so оп. (These 
angles are denoted by 6,, Ө, in Fig. 20). 
the angle between the straight lines 
2х—3. Here, the lines are the same as 
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i.e. @==— 45? (or 9 — 135° ог Ө == — 225°, etc.). This is the 
angle through which the straight line CD must be rotated to 
bring it into coincidence with AB. 


Example 3. Find the straight line that passes through 
the origin and intersects the straight line y=2x—3 at an 
angle of 45°, 


Sofution. The sought-for straight line is given by the 
equation y—ax (Sec. 14). The slope a may be found from (3) 
by taking the slope of the given straight line in place of a, 
(i.e. by putting 4,—2); in place 
ol a, we take the slope a of the de- 
Sired straight line, and in place of 
Ө, an angle of + 45° or —45°. We 
then get 


ü-2 
ieee М 


The problem has two solutions: 
=— 3x (the Straight line AB in 

Fig. 21) and y= 4 x (the straight 
line CD). 

. Note 1. If the straight lines (1) Fig. 21 

and (2) are perpendicular (c= 

=+90°), then the expression 1--a,a, in the denominator 
of (3) vanishes (Sec. 20) and the quotient ne ceases to 

1 

exist. 0 At the same time, tan O ceases to exist (becomes 
infinite). Taken literally, formula (3) is meaningless; in this 

case it has а conventional meaning, namely that each time 
the denominator of (3) vanishes the angle Ө is to be consi- 

dered + 90° (both a rotation through +-90° and one through 

—90° brings either of the perpendicular straight lines to 

coincidence with the other). 


Example 4. Find the angle between the straight lines 
y=2x—3 and у= pet? (a2. am 3). If we first 


ask whether these straight lines are perpendicular, the answer 
is yes by the characteristic (3) of Sec. 20 so that we obtain 
Ө = + 90° even without formula (3). Formula (3) yields the 


————— 


1) The numerator à;—4, is not zero since the slopes а, dy (Sec. 18) 
are equal only in the case of parallel straight lines. 
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same result. We get 


dana 
tan 8=— -rn =n 
I igo 


In accordance with Note 1, this equality is to be understood 
in the meaning that 8 — + 90°. | 

Note 2. lf even one of the straight lines Lı, Ly (or both) 
is parallel to the y-axis, then formula (3) cannot be applied 
because then one of the straight lines (or both) cannot be 
represented (Sec. 15) by an equation of the form (1). Then 
the angle @ is determined in the following manner: | 

(а) when the straight line La is parallel to the y-axis and 
L, is not parallel, use the formula 


tan 8—.L 
a, 
(b) when the straight line L, is parallel to the y-axis and 
La is not parallel, use the formula 
1 


tan gm 
' 


(c) when both straight lines are parallel to the y-axis, they 
are mutually parallel, so that tan Ө--0. 
Note 3. The angle between the straight lines given by the 


equations 
A\x+By+C,=0 (4) 


Ast + Byy+C.=0 6) 
may be found from the formula 


А,В, ALB, 6 
NNI. y 

When A,A2+ B,B,—0, formula (6) is given a conventional 
meaning (see Note 1) and Ө= + 90°. Compare Sec. 20, 
formula (5). i 


and 


22. The Condition for Three Polnts Lying on One Straight Line 


The three points A, (xi, уу), A Хз, Ya), Аз (хз, уз) lie on 
one straight line if and VU M" di bxc) 


Хау Ya—yy o al 
NUN uU. NE Xom узд | 
1) The left side of (1 К п 
(see Sec. 12). е of (1) is written in the form of a determinant | 
| 
d 
w o 
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This formula also states (Sec. 13) that the area of the “tri- 
angle" 454,4, is zero. 

Example I. The points A, (—2, 5), А, (4, 3), As (16, —1) 
lie on one straight line since 

Xy—X, и-и]. 4++2`` 3—5] 16 = 
Хар Ys—y,| [1642 —1—5|^|18 —6/= 
—6.(—6)— (—2).18—0 

Example 2. The points 41 (—2, 6), А, (2, 5), As (5, 3) do 

not lie on one straight line since 


lom яти ына 5—6 
Хз %з—у| 1542 3—6 


ШЕ 


28. The Equatlon of a Stralght Line 
Through Two Points (Two-Point Form) 


А straight line passing through two points A, (ху, yy) and 
Аз (ха, Из) is given by the equation 0 
X—X, hn. m, @) 

Fm key yc—u 
It states that the given perte Ay, Аз 
and the variable point А (х, y) lie on 
one straight line (Sec. 22). y 
Eq. (1) may be represented (see 
note below) in the form 


х. — X, Уг — Yı 


X—* 7—01 (9) 


Fig. 22 


This equation expresses the proportionality of the sides of 
is right triangles ARA and ASA depicted in Fig. 22, 
where 


X,—O0P,, x%,=OP,,  x—0P, 
Хоху АҚ, хах = 41; 
ж=Р,А\,, yg— PA, y=PA, 
Y —и=КА,  эк—щ=5А, 
Example 1. Form the equation of the straight line passing 
through the points (1, 5) and (3, 9). 
a 


1) The left.side of (1) is written in the form of a determinant 
(see Sec. 12). 
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Solution. Formula (1) gives 
3—1 9—5 AT 2 rn 
KT yes [S eT у y—5| 


that is, 2 (y—5) —4 (x — 1) —0 or 2x —y 4-3— 0. 

Formula (2) yields stats. Whence we again 
2x—y+3=0. 

Note. When x,— x, (or Уз = у), one of the denominator 
of (2) is zero; then Eq. (2) should be taken to mean that th 
corresponding numerator is zero. See Example 2 below (als 
the footnote on page 34). 

Example 2. Form the equation of a straight line that ра 
за поні {һе points А, (4, —2) and А, (4, 5). Eq. (| 
yields 

0 7 


х—4 yis]? 
i. e. 0 (y-- 2) —7:(x —4) —0, or x—4=0. 
Eq. (2) is written as 
x-4 0+2 
EU INS 


Eq. (4) in the above meaning, we put the numerator of е 
left nanba equal to zero, and we obtain the same result 


the pencil. Each one of the lines 0 
the pencil (with the exception 0 
that which is parallel to the axi 
‚ of ordinates; see Note 1) may b 
Tepresented by the equation 
Uy—u =k (x—2) 

Here, k is the slope of the line under 
consideration (e=tan о). Eq. (1) Ё 
called the equation of the pencit 
The quantity & (the parameter 
Fig. 23 the pencil) characterizes the dire 
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ction of the line; it varies from one line of the pencil 
lo the next. 

The value of the parameler Ё may be found if some other 
condition is given which (together with the condition that 
the line belong to the pencil) defines the position of the line; 
see Example 2. 

Example 1. Form the equation of a pencil with vertex at 
the point А, (—4, — 8). 

Solution. By (1) we have 


y+8=h(x-+4) 

Example 2. Find the equation of a straight line that pas- 
ses through the point А, (1, 4) and is perpendicular to the 
straight line 3x —2y = 12. 

Solution. The desired line belongs to a pencil with vertex 
(1, 4). The equation of the pencil is y—4=k (x—1). To find 
the value of the parameter Ё, note that the desired line is 
perpendicular to the straight line 3x—2y-12; the slope of 


the latter is T We have (Sec. 20) Ska 13 eka 2. У 
The desired line is given by the equation y—4=—2 (x—1) 
or y—-— x4 А 

Note 1. А straight line belonging to a pencil with vertex 
at A, (5, уу) and parallel to the y-axis is given by the equa- 
tion x—x, —0. This equation is not obtainable from (1), no 


matter what the value of k. All lines of the pencil (without 
exception) may be represented by the equation 


1(у—уу)=т (x—x,) (2) 
where / and m are arbitrary numbers (not equal to zero si- 
multaneously). When / #0, we can divide Eq. (2) by I. 
Then, denoting J> in terms of & we get (1). But if we put 
1=0, then Eq. (2) takes the form x— x, =0. 


Note 2. The equation of a pencil containing two intersecting 
i 


te 
straight lines L,, La given by the equations 


Aix By -C,—0, А,х+ В,у+С.=0 
is of the form 
mi (Ax Byy t Cy) +m, (Asx By C,)—0 (3) 
Here, тү, Mm, are arbitrary numbers (not simultaneously zero). In 


particular, for m,—0 we get the line L;, for m,=0 we have the line 
Lı. In place of (3) we can write the equation 


Ayx By C (А,х+В,у+С,)=0 (4) 
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in which all possible values are given to only one letter ^, but it is 
not possible to obtain the equation of the line L, from (4). 
q. (1) is a special case of Eq. (4) when the straight lines L, an 

L, are given by {һе equations yz y,, х=хү (they are then parallel t 
the axes of coordinates). 

харав 3. Form the equation of a Straight line which passes 
through the point of intersection of the lines 2x— 3y-1=0, 3x-y-2= 
and is perpendicular to the straight line y—x. 

Solution. The desired line (which definitely does not coincide with 
the line 3x- y- 2-0) belongs to the pencil 


2x-3y- 1X (3х3 2)=0 (8) 
2 


The slope of the line (5) 1s 8-28 - Since the desired line is per- 


peadieulan to the line y=x, it follows (Sec. 20) that k--—1. Hence, 
3A 


5 5. 
ATIS EKEN ra Substituting A= q into (5), we get (af 
ter simplifications) 
7x+7y-6=0 
Note 3. If the lines Lı, Ls are Parallel (but noncoincident), 
Eq. (3) represents, for all possible values of тү, my, all straight lines 
рани to the two given lines. A set of mutually parallel straight 


ines is termed a pencil of parallel lines (parallel pencil). Thus, Eq. (3) 
represents elther a central pencil or a parallel pencil. 


25. The Equation of a Stralght Line Through a Glven Point 
and Parallel to a Given Straight Line (Point-Slope Form) 


1. А straight lirie passing through a point My (x1, уу) pa- 
rallel to a straight line у=ах-1Ь is given by the equation 
0—0 —a(x—x) (1) 

Cf. Sec. 24, 
Example 1. Form the equation of a 


passes through the point (—2, 5) and 
straight line 


straight line which 
is parallel to the 


5x—7y—4—0 


Solution. The given line may be represented by the equa- 


- The equation of the line is 


=0 is given 
by the equation Me 
А (x—3,) - B (уу) —0 @ 
Example 2. Solving Example 1(А=5, B=—7) by for 
„шша (2), we find 56:92) by 6 T Es 
a 
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Example 3. Form the equation of a straight line which 
passes through the point (—2, 5) and is parallel to the 
straight line 7x-+ 10 —0. 

Solution. Here A —7, B —0. Formula (2) yields 7 (x 4-2) —0, 
or x-+-2=0. Formula (1) is not applicable since the given 
equation cannot be solved for y (the given straight line is 
parallel to the y-axis, cf. Sec. 15). 


26. The Equatlon of a Straight Line 
Through a Glven Point and Perpendicular 
to a Given Straight Line 


1. A straight line which passes through a point М, (x, ГА) 
апа is perpendicular to a straight line у =ах--6 is given by 
the equation 


1 
0 = — т (*—2x) (1) 

Cf. Sec. 24, Example 2. 
Example 1. Form the equation of a straight line which 


passes through the point (2, —1) and is perpendicular to the 
straight line 


4x —9y —3 
Solution. The given line may be represented by the equa- 
tion s=5*—4 (a=5) . The equation of the desired line 


is у+1=— 205—2) ог 9х4 4у — 14 = 0. 
2. А straight line that passes through a point М, (x,, y) 


and. is perpendicular to the straight line Ax--Bg--C—0 is 
given by the equation 


А (0—1) — В (x—,)—0 (2) 

Example 2. Solving Example 1 (A=4, B=—9) by for- 

mula (2), we find 4 (y+ 1)4-9 (x—2) —0 or 9x-- 4y— 14 —0. 

Example 3. Form the equation of a straight line passing 

through the point (— 3, — 2) perpendicular to the straight line 
2y+1=0 


Solution. Here, A=0, B=2 Formula (2) yields 
— 2 (x+3)=0 or x4-3—0. Formula (1) cannot be used be- 
cause a=0 (cf. Sec. 20, Note 1). 
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27. The Mutual Positlons of a Straight Line 
and a Palr of Points 


The mutual positions of points М, (Xis Y1), My (xs, y.) and a | 
straight line | 
Ах+Ву+С=0 (1) - 
may be determined from the following characteristics: 

(a) points M, and M; lie on one side of the line (1) when the 
numbers Ax,+By,+C,, Ах, + Ву, +С have the same sign; 

(b) M, and M, are on different sides of line (1) when these num- 
bers have ws signs; 

(c) one of the points Му, М, (or both) lies on the line (1) if one 
of these numbers is zero or if both are zero. 

Example 1. The points (2, —6), (—4, —2) lie on the same side of 
the straight line | 

Зх+5у-1=0 


since the numbers 3.2+5-(—6)—1=—25 and 3«(-4)*5.(-2)-12 -23 
are both negative. 

Example 2. The origin of coordinates (0, 0) and the point (5, 5) 
lie on different sides of the straight line х+0—8=0 since the numbers 
0+0-8=-8 and 5+5-8=+2 have different signs. 


| 


28. The Distance From a Point to a Straight Line 


The distance d from a point М, (х1, yı) to a straight line 
Ax+By+C=0 (1) 
is equal to the absolute value of | 
'8—4ntBuC 


YA*4Bi e | 

that is, 9 | 
=] |=| Axe By +С | 

418160 E 


Example. Find the distance from th foie o 
the straight line e point (—1, +1) 


8x—4y+5=0 | 
Solution. | 
б 35-35 _ 3-1-4145 a2 | 
er a Л ИЕЫ ОТЕ | 
=|ё|=|— 2. |2.2. 
-iti-|- 11-4 


1) Formula (3) is ordi il; y 
bf rng пша (: {ге Note 2) J derived by means of an artificial соп. | 


is given a purely analytical derivation. 
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Note 1. Suppose the line (1) does mot pass through the origin 0 
and, hence, С = 0 (Sec. 16). Then, if the signs of ô and С are the 
same, the points M, and O lie to one side of the line (1); if the signs 
are opposite, then they lie on different sides (cf. Sec. 27). But if б=0 
(this is only possible if Ах,+Ву,+С=0), 
Шеп du lies on the given straight líne 
(Sec. 8). 

The quantity 6 is called the oriented dis- 
tance from the point M, to the line (1). In the 
example above, the oriented distance ô is equal 
to - and С=5. The quantities бапа C have 
opposite signs, hence, the points M, (—1, +1) 


Mi 
/ 


and О lie on different sides of the straight line x 
3x-4y+5=0. 
Note 2. The simplest way to derive formula Fig. 24 


(3) is as follows, 
Let М, (хь, Yo) (Fig. 24) be the foot 
of a perpendicular dropped from the point M, (x,, у) onto the 
straight line (1). Then 
deYOS-x)*üa-4 _. (4) 


The coordinates x,, y, are found as the solution of the following sys- 
tem of equations: 

Ax By C0, (1) 

А Q-74)-B (x-x,)70 0) 


where the latter equation defines a straight line MyM, (Sec. 26). To 
пар У computations, transform the first equation of the system to 
the form 


А (х= х) +В (y=) + Ax + By, +C=0 (6) 
Solving (5) and (6) for (x-x4), (y и), we find 

x-x mo дүгү (Ах + Ву +С), (7) 

22 B 
V7 EB 

Putting (7) and (8) into (4), we get 
Ax, + By, +С 

VA В? 


(Ах, + By, * C) (8) 


d= 


29. The Polar Parametors (Coordinates) 
of a Straight Line 1) 


The position of a straight line ina plane may be given 
by two numbers called the parameters (coordinates) of the 
line. For example, the numbers 6 (initial ordinate) and a 


1) This section serves as an introduction to Secs. 30 and 31. 
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Multiplying by — V2, we get the equation of UV in the 
form x-Fy--2—0, but this equation is no longer in the nor- 
mal form. 


0| ZL ^^ 
Fig. 26 Fig. 27 


Derivation of equation (1). Denote the coordinates of the point К 
(Fig. 27) by xz, уз. Then x,=OL=pcosa, y, —LK —p sing. The straight 
line OK that passes through the points O (0, 0) and K (xa, y») is given 


(Sec. 23) by the equation rs Ye |=0, that is, (sin œ) x— (созо) y=0. 


The line UV passes through K (x, y) and is perpendicular to the 
straight line OK. Hence, (Sec. 26, [tem 2), it is given by the equation 


sin æ (y—9,)-(—cosc) (x-x,)—0. Substituting x,=pcosa and у= 
=p sin о, we get xcosa+y sin a—p=0. 


31. Reducing the Equation of a Straight Line 
to the Normal Form 


In order to find the normal equation of a straight line 
given by the equation Ax-I-By--C—0, it is sufficient to 
divide the given equation by x V 434-B?, the upper sign 
being taken when С > 0 and ‘the lower sign when C < 0; but 
if C=0, any sign is valid. We get the equation 

Же луу i a Se ае ИШ ЕГ 
VAB? [ VAB? y Vīze _ 
It will be normal, » 


Example 1. Reduce the equation 3x—4y+10=0 to the 
normal form. 


Here, A=3, B=—4 and C=10> 0. Therefore, divide 
by — V 3: 43— —5 to get 


3 4 
—s*tgy—22-0 


*) Because the coefficients of x and : tively, cos œ and 
sin & by virtue of (2), Sec. 29, and S (MESA equal to 
(=p) by (1), Sec. 29. 


SO 
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This is an equation of the form x cosa --ysin a — p — 0. 
Namely, p — 2, cos a-—i. зіп а= t (hence, œ ~ 127°). 
Example 2. Reduce the equation 3x—4y=0 to the nor- 


mal form, 
Since C=0 here, it is possible to divide either by 5 or —5. 
In the former case we get 
A; 
5 
(p=0, œ z 307°), in the latter case, 


4 
х—-ру=0 


3 4 
—, 39-0 
(p—0, œ = 127°). To the two values of œ there correspond 


two methods of choosing the positive direction on the ray OK 
(see Sec. 29). 


32. Intercepts 


To find the line segment OL=a (Fig. 28) intercepted on 
the x-axis by the straight line UV, it is sufficient to put 
y=0 in the equation of the straight line and solve the equa- 
tion for x. In similar fashion we 
find the line segment ON =b on the 
y-axis. The values of a and b can 
be either positive or negative. If the 
straight line is parallel to one of the 
axes, the corresponding line segment 
does not exist [cp infinite). 
И the straight line passes through 
the origin, each line segment dege- 
nerates into a point (a=b=0). 

Example 1. Find the line seg- 
ments a, 6 intercepted by the straight 
line 3x—2y--12—0 on the axes. 

Solution. Set y—0 and from the equation 3х-- 12—0 find 
x=—4, Putting x=0, we get y=6 from —2y+12=0. 
Thus, a= —4, b=6. 

Example 2. Find the line segments a and 6 intercepted on 
the axes by the straight line 


Sy +15 =0 


Solution. This line is parallel to the axis of abscissas 
(Sec. 15). The line segment a is nonexistent (putting y=0, 


Fig. 28 
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we get a contradictory relation: 15— 0). The segment b is]. 
equal to —3. [ 

Example 3. Find the line segments a and 5b intercepted 
on the axes by the straight line 


3y—2x=0 | 

Solution. Using the method given here, we find a=0, 

b=0. The end of each of the “segments” coincides with its 

beginning, which means the line segment has degenerated 

into a point. The straight line passes through the origin. 
(cf. Sec. 14). 

| 


Sec. 33, Intercept Form of the Equatlon 
of a Stralght Line 


If a straight line intercepts, on the coordinate axes, line 
segments a, b (not equal to zero), then it may be given " 
the equation 


2+2=1 o 


Conversely, Eq. (1) describes a straight line intercepting | 
on the axes the line segments a, b (reckoning from the | 
origin 0). 


! 
Equation (1) is the intercept form of the equation ofa | 
straight line. | 


Example. Find the intercept form oí the equation of іће 
straight line 


[| 
3x—29-4-12—0 e 


Solution. We find a= — 4, b=6 (see Sec. 32, Example 1). 
The intercept form of the equation is 


2+5=1 3 


It is equivalent to Eq. (2). 

Note 1. A straight line that intercepts on the axes line 
segments equal to zero (that is, such that passes through the | 
origin: see Example 3 in Sec, 32) cannot be represented by 
the intercept form of the equation of a straight line. 

Note 2. A straight line parallel to the x-axis (Example 2, Sec. 32) 
can be represented by the equation += 1, where 5 is the y-intercept. 
Similarly, a straight line Parallel to the y-axis may be given by the 
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equation 2-1. There is по generally accepted opinion in the litera- 
ture as to whether to regard these equations as intercept forms or not. 1) 


34. Transformation of Coordinates 
(Statement of the Problem) 


One and the same line is described by different equations 
in different coordinate systems. Frequently, if we know the 
equation of some line in one (“old”) coordinate system, it is 


yw A 
I 


Fig. 29 Fig. 30 


required to find the equation of the line in another (“new”) sys- 
tem. Formulas for the transformation of coordinates serve this 
purpose. They establish a relationship between the old and 
new coordinates of some point M. 

Any new system of rectangular coordinates X'O'Y' may 
be obtained from any old system XOY (Fig. 29) by means 
of two motions: (1) first bring the origin O to coincidence 
with O', holding the directions of the axes unchanged; this 
yields an auxiliary system XO'Y (shown dashed); (2) then 
rotate the auxiliary system about the point O' to coincidence 
with the new system X'O'Y'. 

These two motions may be executed in reverse order (first 
a rotation about O yielding the auxiliary system XOY and 
then a translation of the origin to the point O', which gives 
the new system X'O'Y'; Fig. 30). 


————— 


1) The essential thing is that the equation ==1 or + =1 may 


be obtained from the equation 2+7=1; however not as a particular 
case but by passing to the limit as b or a go to infinity. 
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Thus, it is sufficient to know the formulas of coordini 
transformation in translation of the origin (Sec. 35) and 1 
tation of the axes (Sec. 36). 


35, Translation of the Origin 


Notation (Fig. 31) 
old coordinates of АА М: х=0Р, =РМ; 
new coordinates of point M:x' = 0" P^, yi ВМ; a 
coordinates of new origin O' in 
system XOY: Я 


хо=080, у= RO' 
Translation formulas: 
x—x'-bpxs y=y'+Yo 
or 
х'=х—х, у=у—%о ` 
Fig. 31 In words, the old coordinate is equ 


dinate of the new origin (in the old ѕуѕіет).1) 
Example 1. The coordinate origin is translated to the рой 

(2, —5). Find the new coordinates of the point M (—3, 
Solution. We have 


X9—2, yo=—5; x=—3, у=4 
From formulas (2) we find 
x'——3—2-——5, y'—4-r5—9 
Example 2. The equation of some line is 
x14 y? —4x--6y —36 


What will the equation of the b. be after a translation 0 
the origin to the point O' (2, — 
Solution. According to dion (1) we have 


x=x'+2 and y=y'—3 
Putting these expressions in the given equation, we get 
EED HU —3) —4 (x’ +2) +6 (07 —3) = 36 


1) When memorizing the rule, leave out thi in bracket 
they are essential but can readily be restored! кыў? 
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or, after simplifications, 
x? 4y’ —49 


This is the new equation of the line. It will be recalled 
Gee 38) that this line is a circle of radius R=7 with centre 
at 0’. 


36. Rotation of the Axes 


Notation (Fig. 32): 
old coordinates of point M:x=OP, y=PM; 
new coordinates of point M:x’=OP’, y'—P'M; 
angle of rotation of axes) a= Z ХОХ'= Z yoy’ 
Formulas of rotation: ? 


x—x' cosa—y’ sina, | (1) 
у= х' sin q+ y’ cosa 
or 
x' —x cos a +y sina, | (2) 
р == —х sin ~+ y cos a 


Example 1. The equation 2xy = 49 is a curve consisting of 
two branches: LAN and L'A'N' (Fig. 33). It is called an 
equilateral (equiangular) hyperbola. Find the equation of the 
curve after a rotation of the axes through an angle of 45° 

Solution. For == 45°, the formulas (1) take the form 


Substitute these expressions into the given equation. This 
yields 
j210, V 217. ae AN ane 
2x Ex E (ey) py!) e 9 
or, after simplifications, 
е, 02—049 


1) See Sec. 14 for the sign of the angle a (first footnote). 

з) When memorizing formulas (1) note the lack of order in the 
expression for x (cosine in front of sine, minus sign between terms 
on the right). On the contrary, there is complete ‘‘order’’ in the 
expression for y (first the sine, then the cosine, and a plus sign bet- 
ween them). 

Formulas (2) are obtained from (1) if one replaces œ by -o and 
x, y by x', y' and vice versa. 
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Example 2. Prior to a rotation of the axes through an 
angle of —20°, the point M had an abscissa x=6 and an 
ordinate y —0. Find the coordinates ої M after a rotation of 
the axes. Т 


M 
i 
А 


\ 


1 
П 
Р 


Fig. 32 Fig. 83 


Solution. The new coordinates x’, у’ of the point M may 
be found írom formulas (2), where we have to put x—6,. 
y=0, х=0, «——20? This yields 

x’ =6 cos (—20°) = 5.64, 
y’ =— 6 sin (—20°) = 2.05 


37. Mgebralc Curves and Their Order І 
An equation of the form 


Ax 4- By+C=0 (1) 
where at least one of the quantities A and B is not zero is 
an algebraic equation oj the first degree (in two unknowns x, y) 
It always represents a straight line. | 


An algebraic equation of the second degree is any equation 
of the form : 


Ax? 4 Bxy 4- Cy? 4- Dx 4- Ey +F=0 Q 

where at least one of the quantities A, B, C is nonzero. | 
An equation that is equivalent to Eq. (2) is also called | 
algebraic. | 
Example 1. The equation y —5x?, which is equivalent to - 


the equation 5x? — y = 0, is an algebraic equation of the second 
degree (4 —5, B=0, C=0, D=0, E=—1, F=0). 
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Example 2. The equation xy=1, which is equivalent to 
xy—1=0, is an algebraic equation of the second degree 
(А==0, B=1, C=0, =0, E=0, F=—1). 

Example 3. The equation (xt y --29— (x4- y 4: 1? —0 is 
an equation of the first degree since it is equivalent to 
2x 4-2y --3—0. ' 

In similar fashion we define algebraic equations of the 
third, fourth, fifth, etc. degrees. The quantities А, B, C, D 
and so forth (including the absolute term) are called the 
coefficients of the algebraic equation. 

lf some curve L is described in a cartesian coordinate 
system by an algebraic equation of the nth degree, then in 
any other cartesian system it will be given by an algebraic 
equation of the same degree. However, the coefficients (some 
or all) of the equation will then change their values; in a 
particular case, some of them can vanish. 

A curve L given-(in a cartesian system) by an nth degree 
equation is termed an algebraic curve of the nth order (or of 
degree n). 

Example 4. In a rectangular coordinate system, a straight 
line is described by an algebraic equation of the first degree 
of the form Ax+By+C=0 (Sec. 16). Therefore, a straight 
line is a first-order algebraic curve. In different coordinate 
systems, the coefficients A, B, C have different values for 
one and the same straight line. For instance, in an “old” 
system, let a straight line be given by the equation 2x -3y — 
—B5—0(A—2, B—3, C— —5). If we rotate the axes through 
45°, then (Sec. 36) the same line will, in the “new” system, 
be described by the equation 


и) на rer onn 
that is, 


БУЗ га: E Т9 he 
жолы —5=0 (A= P. B= ‚с=—5) 
Example 5. If the coordinate origin coincides with the 
centre of a circle of radius А —3, the circle is described by 
the equation (Sec. 38) x2-+-y2—9=0. This is an algebraic 
equation of the second degree (А=1, B=0, C—1, D=0, 
E=0, F=—9). Hence, a circle is a second-order (quadric) 
curve. If the origin is translated to the point (—5, —2), then 
in the new system the same circle will be given (Sec. 35) by 
the equation (x! —5)?-+ (y’—2)2-9=9, or ху — 10x! — 


— 4y' —20—0. This is also a second-degree equation; the 
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coefficients А, B and C remain the same, but D, E and F 
have changed. 

Example 6. The curve given by the equation y=sinx 
(sine curve) is not algebraic. 


38. The Circle 


A circle of radius R with centre at the origin of coordi- 
nates is given by the equation 
py Ri 
It states that the square of the distance ОА (see Fig. 9, p. 24) 
{гот the origin to any point у- 
ing’ on the circle is equal to R*. 
Mey) A circle of radius R with centre 
at the point C (a, b) is described by 
the equation 


ga hur =R M 
It states. that the square of the dis- 
tance MC (Fig. 34) between the 
Fig. 94 | points M (x, y) and C(a, b) (Sec 
10) is equal to R*. 
Eq. (1) may be rewritten as 
ха у — 2ax —9by +a? +b? — 2—0 Q) 
Eq. (2) may be multiplied by any number А to give” 
дуць Ay? —2Aax—2Aby-+ A (a? b — R*) 0 (O 
Example 1. A circle of radius R =7 with centre at C (4, —® | 
is described by the equation 


(x—4) + (y+6)2=49 ог gi yi — 8x 4-129 3 —0 
or (after being multiplied by 3) 
3024-32 — 24x + 36y-+9=0 | 


і Note. А circle is a second-order (or quadric) curve (Sec. 31) 
since it is described by a second-degree e uation. owevely, 
an equation of the second degree does not always represen 
a circle. For this, it is necessary that 
o it should not have a term with the product xy; 
2) the coefficients of x? and y? should be equal (cf. Eq. o 
These conditions however are not quite sufficient (see Sec- 9). 
3 | 


Y 
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Example 2. The second-degree equation х2 Зху 4-02 —d 
is nol а circle because it has the term 3xy. 

Example 3. The second-degree equation 942-492 —49 is 
not a circle because the coefficients of x? and y? are not equal. 

Example 4. The equation 

5x? — 10x - By? + 20y —20—0 

satisfies the conditions (1) and (2). In Sec. 39 it is shown 
that this is a circle. 


39. Finding the Centre and Radlus of a Circle 


The equation 
Ax? Bx-- At - Cy - D—0 (1) 
[which satisfies the conditions (1) and (2), Sec. 38] is a circle 
provided that the coefficients A, B, C, D satisly the inequality 
B4 C2—4ÀD > 0 (2) 
Then the centre (a, b) and the radius R of the circle may be 


found from the formulas (which need not be remembered: 
see Example 1, second method) 
aci 
naher eda ioo paar (3) 


Note. The inequality (2) states that the square of the 
radius must be a positive number; сї. the last formula of (3). 
If inequality (2) is not fulfilled, then Eq. (1) does not rep- 
resent any curve at all (see Example 2, below). 

Example 1. The equation 


Bà — 10x -- 59? -- 20y — 20—0 (4) 
fits (1); here, 


дыгбуВ==—10/11С==20, Deco 
Inequality (2) is fulfilled. Hence, Eq. (4) is a circle. Using 
formulas (3), we find 
acl, b=—2, R?=9 


Thus the centre is (1, —2) and the radius R=3. 
‘Alternative method. Divide Eq (4) by the coefficient of 
the second-degree terms (i. е., 5): 


yi —92x yt t 4y—4—0 
Complete the squares in x2—2x and 02-49 by adding ! to 


ww 
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the first sum and 4 to the second. Add the same numbers | 
to the right side of the equation by way of compensation. | 
We then have 


(9 —2e-+ 1)-- (9 4) -4—1-p4 


(x—1* 4- (y 4-2) 9 
Example 2. The equation 
x1— 2x4 y3--9—0 (5) 
fits the case (1), but inequality (2) is not fulfilled. Which 
means that Eq. (5) does not describe any curve. | 
The same conclusion may be arrived at in the following 
manner (cf. Example 1): 
Complete the square in x?— 92x by adding 1; also add 1 
lo the right side. This yields (x— 1)?-- y? --2—1 or (x — 1)24- 
+y?=—1l. But the sum of the squares of (real) aumbers 
cannot be equal to a negative number. For this reason there | 
is no point whose coordinates can satisfy this equation. 


or 


40. The Ellipse as a Compressed Circle 


Through the centre O of a circle of radius a (Fig. 35) 
draw two mutually perpendicular diameters A’A, D'D. On the 
radii OD, OD’ lay off from О equal line-segments OB, OB’ 
of length b (less. fhan a). From 
each point N of the circle drop a | 
perpendicular NP onto the diameter 

A and on this perpendicular lay 
off a segment PM from the foot P 
so that 


PM:PN=b:a (1) 

This construction transforms 

every point N into a corresponding 

point M lying оп the same perpen- 

Fig. 35 dicular NP; PM is obtained irom 

b S PN by reduction in the same ratio 

k= —. A transformation of this kind is termed uniform 
compression. The straight line A'A is called the axis of com- | 

pression. 
The line ABA'B' into which the circle has been transfor- 


med by uniform compression is called an ellipse (see Sec. 41 
for an alternative definition), 
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The line segment А’А =2а (and frequently the straight 
line A’A, i. e. the axis of compression) is called the major 
axis of the ellipse. 

The line segment B'B —2b (and often also the straight line 
B'B) is called the minor axis of the ellipse (2a > 2b, by 
construction). The point О is the centre of the ellipse. The 
points А, А”, B, B' are termed the vertices of the ellipse. 

The ratio k=b:a is called the coefficient of compression of 
the ellipse. The quantity 1—&=*— (the ratio BD:0D) is 
called the compression of the ellipse and is denoted by a. 

An ellipse is symmetric about the major and minor axes 
and, hence, about the centre. 

A circle may be regarded as an ellipse with a coefficient 
of compression k= 1. 

Standard form of the equation of the ellipse. If the axes 
of the ellipse are taken as the coordinate axes, then the 


ellipse is described by the equation P 
yt 
LE @ 


This is the standard (canonical) form of the equation of 
the ellipse. 

Example 1. A circle of radius a=10 cm is subject to 
uniform compression with coefficient of compression 3:5. 
This produces an ellipse with major axis 2a=20 cm and 
minor axis 2b = 12 cm (ѕеті-ахеѕ a=10 cm, 6=6 cm). The 


compression of the ellipse a=1—k= 9S 0.4. The stan- 


1) We have 


OP? + PN'zON?-a* (3) 
By (1) we get 
PN-—— РМ (4) 
Putting this into (3) yields и 
ОРі+т РМ?=а? (5) 
that is, 
a* 
Yr g*-a* j (6) 


Dividing by a* yields the equivalent equation (2). Thus, if 
M (x, 4) lies on the ellipse ABA’B’, then x, y satisfy Eq. (2). But 
if M does not lie on the ellipse, then equality (4) and, hence, 
Eq. (6) are not satisfied (cf. Sec. 7). 
f à 
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dard form of the equation is then 
xi pre 
10035 =! 

Example 2. Іп projecting а circle оп some plane Р, the 

diameter 4,4, (Fig. 36) parallel to the plane is projected 

full size and all the chords per- 
pendicular to the diameter are 
reduced in a ratio equal to cos Ф, 
where q is the angle between 
the plane P, of the circle and 
the plane P. For this reason, 
the projection of a circle is an 
ellipse with major axis 2a = A’ 
and coeíficient of compression 
k=cos Фф. 

Example 3. А terrestrial 
meridian is more accurately 
taken as an ellipse and not à 

Fig. 36 circle. The axis of the earth is 

the minor axis of the ellipse. It 

has an approximate length of 12,712 km. The length of the 
maior axis is roughly 12,754 km. Find the coefficient of 


compression k and the compression œ of this ellipse. 
Solution. 


a-b 2a-2b 12,754—12,712 _ 
a 2a 12,754 & 0.003, 


k=1—a x 0.997. 


41. An Alternative Definition of tho Ellipse 


Definition. An ellipse is the locus of points (M), the sum 
of the distances of which from two given points Ё”, 
(Fig. 37) is a constant, 2a: 
F'M-F-FM —2a (1) 
The points F’ and F are called the foci ! ої the ellipse, the 
distance F'F is the focal length, denoted by 2c: 


F'F =2c (2) 


1) If a light source is placed at F (or F^), the rays of light are 
reflected from the ellipse and come ЕТУЙ, at F' hae F) (the other 
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Since F'F < F'M-FFM, it follows that 2c < 2a, or 
с<а (3) 
The definition given in this section is equivalent to that 
of Sec. 40 [cf. Eq. (7) with Eq. (2), Sec. 40]. 
Standard form of the equation of the ellipse. Take the 
straight line F’F (Fig. 38) as the axis of abscissas and the 


Fig. 37 


midpoind О of the line segment F'F as the origin of coordi- 
nates. According to the definition of an ellipse and to (1), 
Sec. 10, we have F'(—c, 0), F (c, 0). By Sec. 10 


Y (Eo yi Y —o y —2a (4) 
On elimination of the radicals, we obtain an equivalent 
equation: 
(a? — c?) x3 - а®у® = a? (а —c?) (5) 
or 
xi y? Pi 
Stace! (6) 
Because of (3), the quantity a?—c? is positive. Therefore 
we can write (6) as 


2 у? ut 
ABT С 
where 
ba — gi—c? (8) 


Eq. (7) coincides with Р (2) of Sec. 40, and so the 
curve, called an ellipse in this section, is indeed identical 
with the curve described as an ellipse in Sec. 40. It then 
turns out that the centre O of the ellipse (Fig. 39) coincides 
with the midpoint of the line segment АР, that is, OF =c. 
By equality (1), the major axis 2a— А'А of the ellipse turns 

1) Transpose one of the radicals to the right side and square: 


There will be only оле radical in the new equation, Separating it 
and again squaring, we simplify to (5). 
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out equal to the constant sum of the distances F’ M+ PM 
(Fig. The semiminor ы pane Жн, =; and the line 
ria 


segment ‘cm OF are sides of le BOF; the 
hypotenuse BF of this tri ^ 4: is is evident from (8) 
also from the fact that 
Y equal ts F'B and FB add to 
2a definition of an elli 


Thus, the distance from а focus 
the end of the minor axis is equal 
to the length of the semimajor ах. 


The ratio A of the focal 
length to the major axis, i.e. the 
Pig. 30 quantity <, is called the «cente 


пейу of the ellipse. The eccentricity is denoted by th: Greek 
letter € ( eren o d 4 


a 
' 
sja 


loci И 

city e=- = 0,8, The coefficient of compression & = 

= V TZE 0.6, The minor axis 25» 2ай e 2 Y a9 с = bem. 
form of the equation of the ellipse ts 


is 
bea, then с=0, and 
The 
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The points F' and F are called the foci? of the hyper- 

bola, and the distance F'F is the focal length denoted by 2c: 

F'F = 2c (2) 

Since Р'Е >|F’M—FM |, it follows that [cf. formula (3), 
Sec. 41] 

с>а (3) 

If M is closer to the focus F’ than to the focus F, i. e. if 


M, 


— —— 


Fig. 42 Fig. 43 


F'M < FM (Fig. 43), then in place of (I) we can write | 
FM —F'M —2a (1a) 
But if M is closer to F than F', i. e. F'M > FM (Fig. 42), 
then we have 
F'M—FM = 2a (1b) 


Those points for which F'M—FM —32a form one branch of 
the hyperbola (usually the right 
branch); those points for which 
FM-—F'M-2a form the other 
branch (the left branch). 
Standard form of the чн 
tion of the hyperbola. In Fig. 
44, for the x-axis we take the 
line F'F and for the origin, 


the midpoint О of F'F. By 0) 

Fig. 44 ме һауе 5 0), F' Gaa ), 

Ase By (1b) and Sec. 10 the right 
branch is given by the equation 


VOFFTR-V ори о. qa) 


3) líf a light source is placed at one of the foci, the light rays 
reflected [гот the hyperbola will form a divergent beam ith the 
centre in the other focus. Cf. footnote on р. 60 
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For the left branch, by (la) and Sec. 10, we have the 


equation 
Y &—9*T y — y (Fo T yi = 2a (4b) 
On elimination of the radicals we get, in both cases, 
(a? — с?) x? -- ay? =a? (a? — с?) (5) 
or 
Aaa © 


This equation is equivalent to the pair (4a), (3b) and 
represents the two branches of the hyperbola at once, ! 
Equation (6) is outwardly the same as the equation of 
the ellipse (cf. (6), Sec. 41] but this similarity is deceptive, 
lor now, due to (3), the quantity a?—c* is negative, so that 
Y ai—ci is imaginary. Therefore, denote by b the quantity 
+ Y ci—a? so that 9 
02 =t ma? (7) 
Then from (6) we get the standard (canonical) equation 
of the hyperbola 
" 
we © 
Example. If the magnitude of the difference F'M—FM 
is да —20 em and the focal length is 2c=25 cm, then 
by G—di—1? (cm). The standard form of the equation 


Y p * 
of the hyperbola is wo 206 =! 
ч 


44, The Shape of the Hyperbola, Its Vertices 
and Axes 


Fics {е is PP E py Li ig tne 
m nt of the segment gi ‚ 45); it is symmetric а 

the ЖО t line F'F and about бе straight line Y'Y drawn 
through O perpendicular to F'F. The point O is called the 


1) The two branches of the hyperbola might be taken as two 
curves and not one. But then neither of the curves, separately, 
would be a second-degree algebraic equation. 

*) See Sec. 46 on the geometrical meaning of the quantity b. 
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centre of the hyperbola. The straight line F'F intersects the 
hyperbola at two points A(--a, 0) and A’(—a, 0). These 
points are the vertices of the hyperbola. The segment 
А'А = 2a (and also docs the straight line A’A) is called 
he real (transverse) axis oi the hy- 
perbola 
The straight line Y'Y does not 
intersect the hyperbola. Nevertheless, 
it is customary to lay off on this 
line the segments B'0—OB-—b and 
call B’B=2b (and also Y'Y) the ima- 
ЖШ (conjugate) axis of the hyper- 
ola. 


Since — AB* —042-- OB? — a? 4b, 
it follows from (7), Sec. 43, that 
АВ = c, i.e. the distance from a vertex 
of the hyperbola to the end of the con- 

Fig. 45 jugate axis is equal to half the focal 
length. 

The conjugate axis 2b may be greater than (Fig. 45), less 
than (Fig. 46), or equal to (Fig. 47) the transverse axis 2a. 
If the transverse and conjugate axes are equal (a=b), then 
the hyperbola is termed equiangular, equilateral, or rectangular. 


Figi 47 


The ratio FE = £ of the focal length to the transverse - 
axis is called the eccentricity of the hyperbola and is denoted 
by e [cf. (9), Sec. 41)]. Because of (3), Sec. 43, the eccentri- 
city of the hyperbola is greater than unity. The eccentricity 
of an equilateral hyperbola is У 5. | 
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The hyperbola lies completely outside the strip bounded 
by the straight lines PQ and RS parallel to Y"Y and distant 
from Y'Y by 0A— A'0—a (Figs. 45, 46, 47). To the right 
and left of this strip the hyperbola goes off without bound. 


45. Construction of a Hyperbola from Its Axes 


On the perpendicular straight lines X'X and Y"Y (Fig. 48) 
lay off segments 04—0A'—a and ОВ =0B'=b (semitrans- 
verse axes and semiconjugate axes). Then lay off the segments 
OF and OF’ equal to 1 EHE 
points F' and F are foci [according 
to (7), Sec. 43]. Take an arbitrary 
point К on the extension of the 
segment А' А. From Р draw a circle 
oi radius r— AK. From F' describe 
à circle of radius r' — A'K—2a-- ғ. 
These circles will intersect in two 
points M, M’; note that by constru- 
ction F'M—FM —2a and F'M'— 
—FM' —2a. By the definition given Fig. 48 
in Sec. 43, the points M and M' lie ү 
оп {һе hyperbola. By varying r we get other points on the 
"right" branch. Similarly, we can obtain points on the “left 
branch. 


46. The Asymptotes of a Hyperbola 


For |k] e, the straight line y— Rx (it passes through 
the centre О of the hyperbola) intersects the hyperbola in 
two points D', D (Fig. 49) which 
are symmetric about О. But if 
Jk, then the straight line 
y=kx (E'E in Fig. 50) has no 
X common points with the By pecoola, 
The straight lines y — uox and 


y= —2.x(U'U and V'V in Fig. 51), 
for which | |= 2, have the fol- 


lowing unique properly: each line when extended indefini- 
tely approaches indefinitely near to the hyperbola. 


Fig. 49 
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More precisely: if the straight line Q’Q, parallel 
axis of ordinates, is made to recede to an infinite disi 
from the centre O (to the right or to the left), the | 
segments QS, Q'S' between the hyperbola and each: of 
straight lines U'U, V'V become small without bound. 


The straight lines y= La and y=—tx are called 
asymptotes of the hyperbola. № ; e 

The asymptotes to an equilateral hyperbola are mutual 
perpendicular. i 

The geometrical meaning of the conjugate axis. Thro d 
the vertex А of a hyperbola (Fig. 51) draw a straight Iii 
L'L perpendicular to the transverse axis. Then the seg 
L'L (of this straight line 
ween the  asymptotes to 1 
hyperbola is equal to the co 
jugate axis B’B=2b of ! 
hyperbola. 


47. Conjugate Hyperbolas 


M hy died a g 
conjugate (Fig. 52) if they ha 
Digna a Fx iid diitre 0 and co 
у Ё A mon axes, but the trans 
axis of one is the conjugate axis of the other. In Fig. 
A'A is thè transverse axis of hyperbola / and the соп gi 
axis of hyperbola //, B'B is the transverse axis of hyperbe 
‚ 41 and the conjugate axis of hyperbola /. 


1) Asymptote is from the Greek meaning “not meeting.” 
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is the equation of one of the conjugate hyperbolas, then the 
other one is given by the equation 
эр 
ат b 
Conjugate hyperbolas have common asymptotes (U’U and 
V'V in Fig. 52). 


48. The Parabola 


Definition. The parabola (Fig. 53) is the locus of points 
(M) equidistant from a given point F and a given straight 


line P 
FM=KM (1) 


The point F is called the focus, !) and the straight line 
PQ the directrix of the parabola, The distance FC=p from 
the focus to the directrix is the para- aly 
meter of the parabola. 

For the coordinate origin, take KM 
the midpoint O of the line FC so that 


co=0Fr= $ (2) 


The straight line CF will be the axis 0 
of abscissas and the positive direction 
will be from О to F. 
We then have: F (+: о), KM= v 
= KD+DM= $- +x and (Sec. 10) Fig. 53 


FM y (£—2) --y*. Because of (1), we have 


Уу ни @) 


1) After reflection from шо» a parallel beam of rays рег. 
pendicular to the directrix will become a central beam with centre 
п the focus. See footnote on р. 60. 


[0000000 "mmm ы 
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On elimination of the radical sign, we get the equivalent 
equation 

y^ = 2px (4) 


This is the standard canonical equation of the parabola, 

The equation of the directrix PQ (in the same system of 
coordinates) is x + 4 =0. 

The parabola is symmetric about the straight line FC 
(the x-axis in our coordinate system). This line is termed 
the axis of the parabola. The parabola passes through the 
midpoint O of the segment FC. The point O is called the 
vertex of the parabola (which we took for the coordinate 
origin). 

The parabola lies entirely on one side of the straight 
ne vt (tangent at the vertex) and goes off to infinity on 
that side. 


49, Construction of a Parabola from a Given Parameter p 


In Fig. 54, draw a straight line PQ (the directrix) and 

at a given distance p=CF from it take a point F (the focus). 
The midpoint O of CF will be the 

5 vertex and the straight line CF will 

M be theaxis ofthe parabola. On the ray 

OF take an arbitrary point R and 

ihrough it draw astraight line RS 

erpendicular to the axis. From the 

ocus F as centre describe a circle of 

radius CR. It will intersect RS in two 

points M and M’. M and M’ belong 

to the sought-for parabola, since it is 

(А given (see-definition, Sec. 48) that 
FM=CR=KM. By varying the posi- 
tion of the point R we obtain other 


Fig. 54 points of the parabola. 
50. The Parabola as the Graph of the Equation 
у= ах 4 bx+ e 


The equation : 

x2 = 2py (1) 
represents the same parabola as the equation y? = 2px (cf. Sec. 48), 
only in this case the axis of the parabola coincides with the 
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axis of ordinates; the origin, as before, coincides with the 
vertex of the parabola (Fig. 55). The focus lies in the point 


F (0, t) The directrix PQ is given by the equation 


Fig. 55 Fig. 56 


If for the positive direction of the y-axis we take the 
direction FO (Fig. 56) instead o! OF, then the equation of 
the parabola wil: be 


— x =2py (2) 


(see Fig. 56, where the 
coordinate axes have 
the customary direc- 
tions). Accord ingly, the 
graphs of the functions 


y=ax? (3) 
аге parabolas which 
are concave up when 
a > 0 and concave down 
when a < 0. The smal- 
ler the absolute value 
оа (іп Fig. 57 we 
have a=2, a=+1, 
а= + T а= уе 
closer the focus to the 
vertex and the more 


spread out the para- 
bola is. 
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Graphically, any equation 
у= ax? -- bx - c (4) 
is depicted by the same parabola as the equation y=ax* 
(for both parabolas the distance + from the vertex to the 
Y focus is equal to па) 5 
Both are concave in the same 


Fig. 58 Fig. 59 


direction. But the vertex of parabola (4) lies in point A (Fig. 58) 
with coordinates 


ac— b? 
хд=0Р=— 2, уд=РА= 1 6 


and not at the origin. 
Example. The equation 


y=— ty ox + (4a) 


aad pem cd i D me 
(а= 155 $e +) (Fig. 59) represents the sai 
parabola as the equation у=— 7 The vertex lies in 


point A with coordinates 


wl ah iy ү А 
Аза А NE AC TE (52) 


The focus is located below the vertex at a distance 
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Nole 1. The formulas (5) need not be memorized. The 
following device may be used to compute x4, уд. Rewrite 
equation (4a) as 


‚++ =— (0—30) (6) 
Complete the square in the brackets by adding i To 
compensate, add -4 d =-% to the left-hand side. 
This yields 
1 1 3 уз 

ив = (®—т) (7) 

Eq. (7) takes the form 
/=— 41-02 (8) 


if we ie а. translation of the axes 
(Sec. 35): 
y—y—g x —x— (9) 
The vertex of the parabola (i. e., 
the point х’ 0, y’=0) has the coordi- 
1 


3 
nates x= >, у= тў. 


Nofe 2. The general formulas (5) may 
be derived from (4) by the same technique as 
was used in Note 1 with respect to Eq. (4a). Fig. 60 

Note 3. The equation x=ay*+by+c is ud Da b ) 


a parabola (Fig. 60) with vertex at the point ( 7717 * 7 Ja 


Its axis is parallel to e x-axis; it is concave to the right if a> 0 
and to the left if a < 0 


51, The Directrices of the Ellipse 
and of the Hyperbola 
(a) Directrices of the ellipse. Let there be given an ellipse 
Fie ч) with major axis А”А:=2а and eccentricity (Sec. 41) 
= =e. Let e #0 (i е., the ellipse is not a circle). 
OA a 
On the major axis, lay off from the centre O of the ellipse 
the segments OD=OD’ equal to == (i.e. OD:0A=0A:0F). 
The straight lines PQ, P'Q', which pass through D and D’, 
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respectively, and are parallel to the minor axis, are called 
the directrices of the ellipse. 

With each of the directrices we associate the focus of the 
ellipse which lies on that side of the centre; for example, 
focus F is associated with directrix PQ, focus F’ with di- 
rectrix P’Q’. Then, for any point M of the ellipse the ratio 
of its distance from the focus to the distance from the cor- 
responding directrix is equal to the eccentricity e: 


MF:MK = MF': MK’ =e (1) 


Since for the ellipse е < 1, any point of the ellipse is closer 
to a focus than to the corresponding directrix. 


Fig. 61 Fig. 62 


If the major axis of an ellipse remains the same and the 
eccentricity tends to zero (i.e. the ellipse differs from a circle 
less and less), the directrices move off an infinite distance 
from the centre. 

The circle has no directrices. 

(b) Directrices of the hyperbola. Let A’A (Fig. 62) be the 


transverse (real) axis of a ‘hyperbola and let ex lh — be 


OA a 
its eccentricity (Sec. 44). Lay off 
0D=0D' =< 


(i.e. OD:04—04:0F). The straight lines PQ, P'Q' that 
pass through D and D' respectively and are parallel to the 
conjugate axis are called directrices of the hyperbola. For any 
point M of a hyperbola the ratio of the distance of M toa : 
nes to the distance to the corresponding directrix [see 
tem (a)] is equal to the eccentricity, or ў 
MF:MK = MF':MK'=e (2) 


Since s> 1 for a hyperbola, any point of a hyperbola is clo- 
ser to a directrix than to the associated focus, 
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52. A General Definition of the Ellipse, Hyperbola and Parabola 


All ellipses (except circles), hyperbolas and parabolas have the 
property that for each of them fhe following ratio is invariant 


(Fig. 63): 
FM:MK (1) 


where FM is the distance from an arbitrary point M toa given point 
оеш), and MK is the distance of М to a given straight line PQ 
(directrix). 


Fig. 63 Fig. 54 


For the ellipse (Fig. 64) this ratio is less than unity (it is equal 
to the eccentricity of the ellipse = ; cf. Secs, 41, 51) For the hyper- 
bola (Fig. 65) it is greater than unity (it is equal to the eccentricity 
of the hyperbola <; cf. Secs, 43, 51); 


for the parabola (Fig. 66) it is unit 
(Sec. 48.). Р ) 4 


Fig. 65 Fig. 66 


Conversely, every line having the indicated prope is either an 
ellipse (if FM:MK <1), or a hyperbola (if FM:MK>1), or а para- 
bola (if FM:MK=1). Therefore, this property may be taken as the 
eneral definition of an ellipse, пуре рону and parabola, and the 
nvariant ratio FM:MK=e is called the eccentricity. The eccentricity 
of the parabola is equal to unity, that of the ellipse e< 1, that of 
the hyperbola g> 1. 

By specifying the eccentricity & and the distance FC=d from a 
focus to its directrix we fully define the size and shape of an ellipse, 
hyperbola and parabola, If for a given e we vary d, then all the cur- 
ves will be similar, 
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The chord RR' of an ellipse, hyperbola or parabola (Figs. 64, 
65, 66) passing through a focus F rpendicular to the axis FC 18 
called a latus rectum and is denoted by 2p: 

RR’=2p (2) 


The ан p=FR=FR' (1. е. half the length of the latus rectum) — 
is called the parameter of the ellipse, hyperbola or parabola. It is © 


connected with d by the relation 

so that for the parabola (e=1) ig (9 

p=d (За) - 
The vertices of ellipse, hyperbola and parabola (A in Figs. 64, — 

65, 66) divide the segment FC in the ratio FA:AC=e, The second | 


vertex of the ellipse and h bola (A' in Figs. 64, 65) divides FC | 
їп the same ratio externally Soc. 11). 


Fig. 67 Fig. 68 


In accordance with this new definition, the ellipse, h bola and | 
arabola are represented by a single OAA. Taking t D vertex A 
Fig. 67) for the origin and letting the ray AF be the axis, { 

equation takes the form 9 
y's 2px—(1—e*) x* [UE 


eae а ve iA. the parabola even In ahaoe Ji little from 
+ arabola even in si iffer: ittle | 
ап ellipse and a hyperbola with мүл, ку! Fig. 08. 
elite an ellipse with eccentricity e=0.9, а hyperbola !) with ессе 
tricity e=1.1 and a PATERNIS (e=1) all having a common focus Ё 
A Fas emis ма the Sedillocal ja LH 
ba semifoca, se 
hyperbola are expressed in terms of e as 90618 ым j 


1) The closer в is to unity, the farther the second vertex of the 
ellipse and hy (and ‘also’ the entire second branch of the hype. 
bola) is vertex. j 


£ 
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Ellipse 


Hyperbola 


In al! three cases, ии, distance б= AF. from focus F to vertex А 
mula 


is expressed by the for: 
de 
bets Tit (6) 


53, Сопіс Sections 
The ellipse, hyperbola and parabola are called conte sections (co- 


nics) since they are obtainable on the surface of a circular cone (also 
on the surface of а noncireular 


cone) at the Intersection with a 

plane P that not pass thro- 

ugh the vertex of the cone, The 
> 


М 


Fig. 70 
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surface of the cone is visualized as extending indefinitely from the 
verlex in both directions. 

If the plane P is not parallel to any generatrix of the cone 
(Fig. 69), the conic section is an ellipse. !) 

If the plane P is parallel to only one of the generatrices of the 
cone (KK' in Fig. 70), then the conic section is a parabola. 

If the plane P is parallel to two generatrices of the cone ( KK’ and 
LL' in Fig. 71), then the conic section is a hyperbola 


Fig. 73 


И P passes through the vertex of the cone, then in place of an 
ellipse we get a point, in place of a hyperbola we have a pair 0! 
intersecting straight lines (Fig. 72), and in place of a parabola, the 
straight line of tangency of plane P to the cone (Fig. 73). This line 
may be regarded as two lines merged into one. 


54. The Diameters of a Conic Section 


The midpoints of parallel chords of any conic section lie опа 
single straight line called the diameter of the conic, To every di- 
tection of the parallel chords there corresponds a diameter (conjugate 
to the given direction). Fig. 74 depicts one of the diameters U’ of 


0 The ellipse can also be a circle. On a circular cone, circular 


sections are formed only by planes parallel to the base, whereas à 
noncircular cone has in addition a family of circular sections. 


| 
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an ellipse On it lie the midpoints Кү, Ks, ... of the parallel chords 
M,M,, М.М, .... The locus of these midpoints is the segment L'L 


of the diameter U'U. 
Fig. 75 shows a diameter U'U of a hyperbola corresponding to 


parallel chords MM”, MM; , etc. It contains the midpoints Кү Kz, ... 


of these chords The locus of the oints Кү, Ky, ... іза pair of 
L'U’ and LU. pan ME Pad dien 


Fig. 74 Fig. 75 


Note. In elementary geometry the diameter of a circle is a line 
segment (the largest chords: In analytic geometry, the term “diame- 
ter” is also sometimes used to denote the segment LL’ (Figs. 74, 75). 
t Vor y usual, however, to use this term to denote the entire 
ne ^s 


55. The Diameters of an Ellipse 


All the diameters of an ellipse pass through its centre. 

The diameter corresponding to chords parallel to the minor axis is 
the major axis (Fig. 76). The diameter corresponding to chords pa- 
rallel to the major axis is the minor axis. 

To chords with slope k(k=0) there corresponds a diameter 
yzh,x, where k, is determined from the relation 


kky=e?-1 (1) 
i.e. p 
kkı= -7a (la) 
Example 1. The diameter U'U of the ellipse 
x ГЫ 
dg 


(Fig. 77), which corresponds to chords with slope k= - is given 
by the equation y=k,x; the value of k, is found from the relation 


Uy ka-4 so that the equation of the diameter U'U is 


ЗШЕ 
E 
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Example 2. The diameter V’V (Fig. 77) of the same ellipse, which 


corresponds to chords with slope d. is given by the equation 


dE LEAD; 
р=-- 5 
If the diameter U’U of the ellipse bisects the chords which are 
parallel to the diameter V’V, then the diameter V'V always bisects the 
chords parallel to the diameter U’U. 


x 
Fig. 76 
8 x y’ 
Example 3, The diameter yx of the ellipse 73 54d 


(cf. Examples 1 and 2) bisects the chords parallel to the diameter 


= х. In turn, the diameter yx bisects the chords parallel to 


the diameter 0-5. х. 

Diameters such that each one bisects the chords parallel to the 
other one are called conjugate diameters. 

Two diameters conjugate to one another and mutually perpendicu- 
lar are termed principal diameters. In the circle, any diameter is the 
principal diameter. The ellipse which differs from a circle has only 
one Par of principal diameters: the major axis and minor axis. 

he slopes of the nonprincipal conjugate directions have [in accor- 
dance with (1а)] opposite signs; i.e. {шо conjugate diameters of an 
ellipse belong to different pairs of vertical angles formed by the axes 
(in Fig. 77, the diameter V’V lies in the second and fourth quadrants, 
while U’U lies in the first and third quadrants). The diameter О 
and the conjugate diameter V'V rotate in the same sense. 


56, The Diameters of a Hyperbola 


All the diameters of a hyperbola pass through Its centre. 


The diameter corresponding to chords parallel to the conjugale _ 


axis (Fig. 78) is the transverse axis (the locus of midpoints of сог 
is the pair of rays A'X' and AX); the diameter corresponding to 
chords parallel to the transverse axis (Fig. 79) is the conjugate axis 
(the midpoints of chords fill the Y^Y axis completely). 
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Fig. 79 


As in the case of the ellipse, in the case of the hyperbola the 
slope k of parallel chords (k + 0) and the slope k, of the corresponding 
diameter are connected by the relation \ 


kh, et—l (1) 
However, the relation (1a), Sec. 55, is replaced by the relation 
bi 
hh o (1b) 
х? у? 
Example 1. The diameter U’U of the hyperbola Tra! 
(Fig. 80), which corresponds to chords with slope t, is given by 
the equation y=k,x; the value of 
kı is determined from the rela- Y v 
tion Mm so that the equa- 
Моп of the diameter U'U is 2 
== X. 
, Example 2. The diameter V'V xt x 
(Fig. 80) of the same hyperbola, 
corresponding to chords with slope U^ 
ка is given by the equa- 
10 ү Y 
tion y= Хх. Fig. 80 


If the diameter U'U bisects ` 
chords parallel to the diameter V'V, then УИ will always bisect 
chords Parallel to U'U. Two such diameters are termed conjugate. 

Each hyperbola has only one pair of principal (i.e. conjugate and 
un perpendicular) diameters: the transverse axis and the conju- 
ate axis, 

If the slope of the parallel chords is greater in absolute value than 
the slope of the asymptote, i. e. 

b 


Iki >= 
а 
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see Exaniple 1, where De , then the locus of the midpoints 
of the chords is a pair of rays (L'U' and LU). But if 


b 
[үсе 


(see Example 2), then the ESL of the chords fill the diameter 
(V'V in Fig. 80) completely. Of two conjugate diameters, one always 
belongs to the first type, the other to the second. 

Note 1. The slope of parallel chords cannot be equal, in absolute 


value, to ss for the straight lines y=+ 5. x (asymptotes) do not in- 


tersect the hyperbola, and the sfraight lines parallel to the asymptote 
intersect the hyperbola at only one point. 
According to (1b), the slopes of the nonprincipal conjugate direc- 


tions have the same signs; i. e. (wo conjugate diameters of a hyper- 
bola belong to one and the same pair of vertical angles formed by the 
axes. 

Contrariwise, with respect to asymptotes, two conjugate diame- 
ters belong to different pairs of vertical angles. 

Note 2. When the diameter U’U of a hyperbola is rotated, the 
conjugate diameter V'V rotates in the opposite sense. When, їп the 
process, U’U approaches one of the asymptotes without bound, VV 
unboundedly approaches the same asymptote. We therefore say t 
an asymptote is a diameter conjugate to itself. This statement is, 
strictly speaking, not true because an asymptote is not a diameter 
(cf. Note 1). Aside from. the asymptotes, any straight line passing 
through the centre of the hyperbola is one of its diameters. 1 


57. The Diameters of a Parabola 


All the diameters of a parabola are parallel to its axis; see Figs. 
мш S ithe locus of midpoints of parallel chords of the parabola is 
ay А 


Fig. 81 Fig. 82 


The diameter corresponding to chords perpendicular to the axis of 
the parabola is the axis itself (Fig. 83). 


PLANE ANALYTIC GEOMETRY 83 


The diameter of the parabola y*=2px, which corresponds to chords 
with slope k (k 52 0), is given by the equation 


y=} 


k 


(the greater the inclination of the chord to the axis, the farther is the 
diameter from the axis). +) 

Example. The diameter of the parabola бү, which corresponds 
to chords inclined to the axis at an angle of +45° (k=1) is given by 
the equation у=р; in other words, its distance from the axis AX 


Fig. 83 Fig. 84 


(Fig. 84) is equal to half the latus rectum FA (Sec. 52). This means 
the diameter cuts the parabola at the point R above the focus F. 

All straight lines parallel to some diameter of a parabola cut the 
parabola at only one point. That is why the parabola does not have 
conjugate diameters. 


58. Second-Order Curves (Quadric Curves) 


The ellipse (the circle, as a special case), the hyperbola, 
and the parabola are second-order (or quadric) curves; i. e. 
in any system of cartesian coordinates they are defined by 
second-degree equations. However, not every second-degree 
equation represents one of these curves. It may happen that an 
{ча оп of the second degree represents a pair of straight 
ines. 


Example 1. The equation 
4x? — 9j? —0 (1) 


1) The Slope of any diameter of a parabola is zero, i. e. it satis- 
fies the equation DV 1, which holds (Secs. 55, 56) for the ellipse 


and the hyperbola (for the parabola £z1). 
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which decomposes into two equations 2x —3y—0 and 2x-+ 3y=0, 
represents a pair of straight lines which intersect at the origin. 
Example 2. The equation 


x? — 2xy-- y? — 9—0 (2) 


which decomposes into the equations x—y+3=0 and x— 
—y—3=0, representa a pair of parallel straight lines. 
Example 3, The equation 


x2? — Ixy+y2=0 (3) 


ог (x—y)?=0, represents a single straight line x—y=0; but 
since the binomial x—y enters into the left-hand side of (3) 
twice as a factor, we can take it that (3) represents ‘wo co- 
incident straight lines. 

An equation of the second degree can also represent a 
single point. 

Example 4. The equation 


gas @ 


has only one real solution, namely x=0, y=0, which repre- 
sents the point (0, 0). Incidentally, (4) can be decomposed 
into two equations x+y iy=0, x—+ iy=0 with imaginary * 
coefficients. For this reason, (4) is said to represent a pair 
of imaginary straight lines intersecting in a real point. 

Finally, it can happen that an equation of the second 
degree does not represent апу locus at all. 

Example 5. The equation 


2 
tt! (5) 
does not represent either a line or a point because the qu- 
antity Xs cannot have a positive value. However, be- 
cause of the external similarity between (5) and the equation 
of the ellipse, equation (5) is said to represent an imaginary 


ellipse. 
Example 6. The equation 


x2?—2xy+ y2+9=0 (6) 
likewise fails to represent either a curve or a point. But since 
it decomposes into the Rouen x—y-+3i=0 and x—y—3i=" 


we say (cf. Example 2) that (6) represents a pair oi imagk 
nary parallel straight lines. 
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Conic sections and pairs of straight lines exhaust all the 
curves that can be defined by second-degree equations in a 
cartesian system of ccordinates. Thus, the following theorem 
is valid. 

Theorem. Any curve of the second order ( quadric curve) is 
either an ellipse, a hyperbola, a parabola or a pair of straight 
lines (intersecting, parallel or coincident). 

Plan of proof. By means of а transformation of coordina- 
tes, the given second-degree equation is reduced to a simpler 
form. We then either obtain one of the canonical (standard) 


equations 
5 Yeti (ellipse, real or imaginary), 
= (hyperbola), y*—2px (parabola) 


or we find that the second-degree equation may be decompo- 
sed into two first-degree equations. At the same time we find 
the dimensions of the second-order curve and its position 
relative to the original system of coordinates (for example, 
for an ellipse, the lengths of the axes, their equations, the 
position of the centre, etc.). 

These transformations are given in full in Secs. 61 and 62. 


59. General Second-Degree Equation 


The general equation of the second degree is usually writ- 


ten as 
Ax? 2Bxy-+ Cy! + 2Dx-+ 2Ey+ F =0 (1) 


The designations 2B, 2D, 2E (instead of В, D, Е) are intro- 

duced because many formulas employ half-coefficients of xy, of 

x and of у. This notation dispenses with fractional expressions. 
Example 1. For the equation 


Pt xy — y+ 2x4 4y+4=0 
we have 
А=1, B=}, С=—, р=1, E=2, F=4 
Example 2. For the equation 2xy--x-- 5—0 we have 
A=0, В=1, C=0, D-—4,E-0, F=5 
Note. The quantities A, B, C, D, E, F may take on any 


values so long as A, B, C are not all equal to zero at once, 
for then (1) would be an equation of the first degree. 
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60, Simplifying a Second-Degree Equation, 
General Remarks 


Transformation of the second-degree equation 
Ax? 4- 2Bxy + Cy? + 2Dx 4-2Ey + F —0 (1) 


to one of the elementary forms (see Sec. 58) will be done as 
follows 1): 

(a) Preliminary transformation. In this way we eliminate 
the term containing a product of the AGO diete (this is 
achieved by rotating the axes; see Sec. 61). 

(b) Final transformation. Here we get rid of terms contai- 
ning first degrees of the coordinates (this is attained by a 
translation of,the origin; see Sec. 62). 


61. Preliminary Transformation 
of a Second-Degree Equation 


(If B—0, this transformation becomes unnecessary.) 
Turn the coordinate axis through an angle œ which satis- 
fies the condition ? 


2B 
tan 2a = 4-6 (2) 
The transformation formulas will be (Sec. 36) 
x=x'cosa—y'sina, y=x'sina+y’ cosa (3) 


The terms involving x'y' cancel out, 9 and the new equation 
takes the form 


A'x'* C'u 4- 2D'x'! A-9E'y' J- F' —0 (4) 
Example 1. Given the equation 
2x1 — 4xy --5y? —x--5y —4—0 (1а) 


!) The method presented here is not the fastest, but it has the 
advantage of not requiring any auxiliary theorems. A faster method 
is given in Secs. 69 and 70. 


2b 2 
9 If А=С [ the quantity 2—77 becomes infinite ), then (see 


Sec. 21, Note) 2a=+ 90°, ог a=+45°, 
з) The coefficient of x'y' is of the form 


2B’=(C—A) 2 sina cosa+2B (соз? a.— sin? à) = 
=(С- А) sin 2a+2B cos 2a 
This coefficient is equal to zero by virtue of (2). 
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Here, A=2, B——2, C=5, D= ——, E=$, Fa. 


2 
From Condition (2) we find 


el» 


tan 22——3 = (2a) 


If the angle 20 is taken in the first quadrant (2%: 53°8', 
a = 26°34’), we obtain 
1 


3 
cos 2ж=—————=у , 


Vi+tan® 26 
а= 1 -соѕ 20, р с 
sina y Emm =7F > 


1+соз2® __2_ 
соза = Erie —yg 


Formulas (3) take the form 


$a 1% 
us; dm LÁ. 
15 ou Mg. (3a) 
ОТУРУ 
Putting this into (1a), we get а new equation: 
(2 "Ss ed i p E 
x + 6y tyg* tyg! 4=0 (4a) 
where 
4'=1, В'=0, С'=6, Di=— 4, punc lb, P= 


2/5 ' | 2Y5 ' 


If an angle 20: is taken in the third quadrant (2a = 233°8', 
а, æ 116°34’) then we get in similar fashion the equation 


безу Poe y’—4=0 


5 ИБ 
where 
D " 3 "ll 
A'—6, B'—0, C’=1, D =e" рї Melde mnc 
Example 2. Given the equation 
x94 xy y3 --2x 4- y —0 (1b) 
Here 


А=1, B=1, C=1, D=1, E=}, F=0 
Since A=C, it follows (see footnote No. 2 on page 86) that 
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we can take ®=45°. Substituting into (Ib) the expressions 


x — x! cos 45? — y' sin = (x’—y'), 


1 х , (3b) 
y=x' sin 45° -- y' cos I= Te (x dr 9? 
we find 
np yt — d y'— 4b 
dx T үг” 0 (4b) 
Here 
, x 20. D'2—-, = ———, F= 
A'—2, B' 20, C'—0, D IT’ —, 
If we take ос = — 45°, then we get 
fap loy pa y'= 4b 
2y +a” tyr” 0 (4) 
Неге 
йы (i „2 ans Я uS t uer Ls 
A'—0, B'—0, C'—2, D avr’ E sve 
Example 3. Given the equation 
2x8 — 4xy + 2y?+ 8x—8y — 17 —0 (1c) 


Since A=C, it follows that we can take œ = 45°. Substitu- 
ting into (1c) the expressions (3b), we find 


4y2—8y 2y' —17—0 (40) 
Taking a= — 45°, we get 
4x2 +8V 2x' —17—0 (4c’) 


62. Final Transformation 
of a Second-Degree Equation 


One has to distinguish two cases: 
(1) not one of the coefficients А', C' in the equation 
дз C^y--2D'x' ЕУ + P! —0 (4) 
is zero (as the case in Example 1 


(2) one of the coefficients A^ C' is zero (as in Examp* 
les 2 and 3)." 


— Е 
1) The coefficients A’ and C’ cannot both be zero, otherwise Eq. 
(4) would be of degree one. 
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Case 1. The equation 
A'x'4- C'y'* + 2D'x' + 2E'y' --F' ==0 (4) 
is translormed as follows: adjoin {һе term A {о the sum 
дутар = А' (23427) fo yield A’ (6) 
adjoin the term Ps to the sum C'y?--2E'y' to yield 
Cry SEES 2 To compensate, add Dv to the right- 
hand side of (4). The result is an equation of the form 
d 1 fap LEM Й 
м (xx) +С (v +5) К (5) 
where н T 
Ku DLP 
Carry the origin to the point (7x -5 , which amounts 
to transforming the coordinates (Sec. 35) by the formulas 


vai, у=у-@ (6) 
This yields the equation 
Aie СК (A! # 0, C # 0) (7) 
If K’ #0, then we divide the equation by K’ to get 
arte =! (8) 
Au D 


(a) И both quantities E. pa are positive, we have an 
ellipse. к 
(b) 11 both quantities E = are negative, we have an 
imaginary ellipse d Eni» 5, Sec. 58). 

c) ЇЇ one of the quantities (which one is immaterial) is 
positive and the other negative, then we have a hyperbola. 

But if K'=0, then equation (7) is of the form 


Azt C't = o) 
Two cases are possible: d “ 
(d) И A’ end C’ have different signs, then ABC 


may be decomposed into first-degree (linear factors as а 
fference of squares. The coefficients of both factors are real 


КОЛЛИН 
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and we have a pair of intersecting straight lines (сї. Examp- 
le 1, Sec. 58). 3 

(e) If A’ and С” have the same sign, then A'x2-L C^ 
also decomposes into linear factors, but both factors contain 
terms involving imaginary coefficients and we have a pair of 
imaginary intersecting straight lines, i.e. a single real point 
(cí. Example 4, Sec. 58). 

Example 1. After rotation of the axes, Eq. (1a) of Examp- 
le 1, Sec. 61, was brought to the form 


2 ny3 y ИЯ mes 4a 
Pepe 4=0 (4a) 
This equation can be written as 
, з үз , B SAEC 4s з 
(E) v S(n ave) (зук) + 


oM ( av NA e 


or 


, 3. үз , Бүз 131 

=т= 6 = — 

Ü S 2V5 ) 2 (v d ave) 24 
Going over to the new system with origin at the point 
11 


(=a epe via the formulas 


TED AENA der d 
Rina rave e P 12⁄5 (n 
we have 
Ado (7a) 
or 


x p 8a 

Tart tar a 
s та 

The equation under study represents an ellipse with semiaxes 


a— y мэз, iy BI & 1.0. In Fig. 85 (where OE is 


the scale unit) a—0'A, b=O'B, ; 
The centre of the ellipse is at the point O^ with coordi- 


nales x—0, y=0. Using formulas (ба) we find the coordi- 
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Fig. 85 


Fe ae, - 
x'zm VE a—0.7, 
11 
'<=— — ~—04 

y 12V 5 


In Fig. 85, 
х'==0Р', y'=P'0' 


Using formulas (3a), Sec. 61, we find the coordinates of the 
centre of the original system XOY: 


eie (De) =F Cosi) nt 
1 2 
teenie (sr) e Coin) ntt 


In Fig. 85, xceg=OP, Yen =PO. з 
Let us find the equations of the axes of the ellipse in the 


original system. In the system XO'Y the major axis is rep- 
resented by the equation y=0, in the system X'OY' the 
same axis by virtue of the second equation in (6a)] is given 
by the equation v= 
Solving the system (3a) for x’, y’, we find 
2 


We only need the latter of these equations; putting y’=— 
ПУР in it we get the equation of the major axis in the 
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system XOY ; namely, 
AL 1 11 


ог 
12x —24y— 11—0 


In the same way we find the equation of the minor axis: 
4x -2y--3—0 
Case 2. One of the coefficients A’, С” is zero. Eq. (4) is 
of the form 
A'x'* -- 2D'x' --2bE'y' + F' =0 (9) 
| C’ y? + 2D'x x' +2E'y' + F’=0 (9') 
Let us consider an equation ої the type (9) [for equations 
of type (9') the calculations are the same but x’ and у are 
interchanged]. 


o If E' 0, then Eq. (9) may be solved for y’; this 
yields 


or 


п be w 
We have a parabole. The coordinates of the vertex are de- 
fined by the formula (5), Sec. 50, for 
aedi MAS F 
acce opi Urs TER. (0i = gi 
(b) If E'—0, then Eq. (9) is of the form 
А'х'%-1-9р'х' .-F' —0 (11) 


Factoring the left-hand side of (11) into linear factors, we get!) 


a wpe r2 Rt , 
“(= _Ир*—лР a (e472 EAF +D E 
A A' 

(12) 
For D^— A'F' > 0, Eq. (12) p, un (11)] represents а 
pair of parallel lines, for D'*— a pair of imaginary 
parallel lines, and for Dt UP EQ; n coincident straig 
lines (Sec. 58, Examples 2, 6, 3). 


PLA’ FD ~ пд’ р-р" 
1) The quantities EOS and A LEER че 


roots of Eq. (11). 
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Example 2. After a rotation of the axes through an angle 
of 45°, Eq. (1b), A 2, Sec. 61, was transformed to 


в "fia Aare 
2x dp Va’ (4b) 


Solving for y’, we get 

y =2V 2x? 43x" (10b) 
Equation (10b) [and, hence, (1b) as well] represents a parabola 
(Fig. 86); the coordinates x’, 


y' of its vertex А are found 
from formulas (5), Sec. 50: 


; 3 
4,=— — ~—0,5, 
Ама у 
9 
=i (0—08 
(а= уз 


The coordinates of the 
verlex may be found without 
resorting to formulas (5), Sec. Fig. 86 
50 (see Sec. 50, Note 1). 

Using formulas (3b), Sec. 61, we find the coordinates of 
the vertex in the original system: 


2 2 3 9 3 
mt wy) = 5n ziyi) B=’? 


e 


uc aps rr ar 
ECL NS 


16 
Let us find the equation of the axis AU of the parabola. In 
the new system, this axis is given by the equation 


Fe 
x Vt 
Solving Eq. (3b) for x’, y', we find 
val? ety 


y-Y3u-9 
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Substituting Fr T into the first equation (the second 

one is not needed), we obtain 

а ДЫ; 
2 


1 (x+y) 


or 
4x-+4y+3=0 


This is the equation of the axis of the parabola in the ori- 
ginal system. 


Example 3. After a rotation of the axes through —45°, Eq. 
(1с) of Example 3, Sec. 61, was transformed to 
4x? 4+8 Y 2x' —17—0 (4c) 
Factoring the left-hand side of Eq. (4c’), we get 


4 (» 8513) (> рту 2) —0 ü% 
That is, we have a pair of parallel lines (UV and О?У” й 
у Fig. 87): 
xe ДЕ), г 


_5+2V2 (13) 
2 


Let us find the equations of the 
se lines in the ХОУ system. 
Since the XOY system is obtai- 
ned from X'OY' by a rotation 
through --45^, it follows that 


x == (0—0) y2Y 3 exo 00 


Substituting, into the first of these equations, first one and 
then the other value of (13), we find 


5—2 9 
YE ioo 
14 т & с 


ог 
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y 2x— Y 3y—542 Y 2—0, 

V 3x— Y 3y4-54-2Y 2—0 
These are equations of the straight lines UV, U'V' in the 
original system. 


63. Techniques to Facilitate Simplification 
of a Second-Degree Equation 


The method of simplifying second-degree equations given 
in Secs. 61 and 62 has two advantages over other methods: (1) 
it provides a complete classification of second-order curves 
(Theorem, Sec. 58); (2) it is simple in conception and uniform 
in structure. However, this method requires rather tiresome 
computations. 

In many cases the computations may be simplified. 

1. For second-order curves that can be decomposed into a 
pair of straight lines (Sec. 58, Examples 2, 3, 4, 6) it is easy 
to find equations of both lines without resorting to a trans- 
formation of coordinates. This method is presented in Sec. 65. 
Sec. 64 gives a decom osition test. 

2. A nondecomposable curve of second order may be either 
an ellipse, a hyperbola or а parabola. The ellipse and hyper- 
bola have centres, while the parabola does not. It is therefore 
convenient to start simplifying the equations of the ellipse 
and hyperbola by translating the origin to the centre. We сап 
find out, beforehand, to which of these three types the second- 
order curve belongs. The appropriate test is given in Sec. 67; 
the concept of centre is specified in Sec. 68; Sec. 69 explains 
how to find the coordinates of the centre. A device is explained 
in Sec. 70 for simplifying the equations of the ellipse and 
the hyperbola. INES Р 

3. {ог the parabola, the method of simplification given 
in Sec. 61 remains the best. Incidentally, the dimensions of 
a parabola (i.e. the ma itude of the parameter p) are readily 
found by means of so-ca led invariants (see Sec. 66). 


64, Test for Decomposition of Second-Order Curves 
If a second-order curve 
Ax E 2Bxy -- Cy?-+ 2Dx-+ 2Ey +F =0 (1) 


can be decomposed into two (different or coincident) straight 
lines (which can be imaginary a5 well then the third-order 
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determinant (Sec. 118) 

ABD 
BC. 
ТУРЕ? Р 


(the major discriminant 1)) vanishes. Conversely, if A=0, then 
line (1) decomposes into two straight lines. 

For the proof see Note 2, Sec. 65. 

Example 1. In Sec. 61 (Example 3) we considered the 
second-order curve 


2x2— 4xy 4- 2y?+ 8x —8y—17=0 
(A=2, В=—2, C=2, D=4, E=—4, ==—17) 


In Sec. 62 (Example 3) it was established that this curve may 
be decomposed into two parallel lines: 


As (2) 


y3x—y 3y—5-4-2Y 2=0 () 
and 
V 2x—V 244542 Y 2—0 0) 
Accordingly, the major discriminant A is zero. Indeed, 
2—2 4 2—4 —2 —4 
A=|—2 2 —4 |=2|—4 —17|+2| 4 —17+ 
4 —4 —17 
—2 2 


+4 4 -dercmios ec 


Example 2. The second-order curve 
2x! — 4ху + 5y1 — x --5y —4—0 
does not decompose, since the major discriminant 


1 
ars! e. 
2; 2 
5 131 
AAO ба тарат 
ал чаар 
ао in 


1) The discriminant A is called major in contrast to the min. 


discriminant described in Sec. 66. 
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is not equal to zero. In Secs. 61, 62 (Example 1) it was shown 
that this curve is an ellipse. 

Rule for memorizing expression (2). The first row contains 
the letters followed by x in Eq. (1), the second row, the let- 
ters followed by y (either directly or after x), the third row, 
the last three letters. 


65. Finding Stralght Lines that Constitute 
a Decomposable Second-Order Curve: 


In order to find the equations of two straight lines which 
together form a decomposable second-order curve 
Ax 4- 9Bxy + Cy? + 2Dx+2Ey+ F =0 (1) 
(see Sec. 64 for the condition of decomposition), it is sufficient 
{о expand the left-hand side of (1) into linear factors. When 
at least one of the coefficients А, C is nonzero, it is best to 
solve Eq. (1) directly for the square of x or y. The two so- 
lutions (they may coincide) are the two desired straight lines. 
Example 1. The second-order curve 


2x? — Axy + 2y? + 8x—8y—17=0 (2) 
is a decomposable line, since the major discriminant 
2 —2 4 
А=|—2 2 —4 
4 —4 —17 


is zero. Eq. (2) may be solved for either of the letters x, y 
(both enter as squares). Representing (2) as 


7 
yr—2 +2) y+ (8+ 1—7 )=0 
we solve for y and obtain 
aye ee xm 
у=х+2 + у ex- (2+ ы) 
i.e. 
y=x+2 + vg 
One of the straight lines is given by the equation ETE 
typ {һе other, by the equation y—xt2— v3: These 
lines are parallel (c. Example 3, Secs. 61, 62). 
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Example 2. The second-order curve 
2х2 + 7xy — 15y* — 10x + 54y —48—0 (3) 
decomposes, since 


Т. 
2 4 —5 
A=) 7 —15 27 |=° 
—5 27 —48 


Representing (3) as 
15y3 — (7x +54) y — (2x? — 10x — 48) —0 
we find 
Lo Tx BAz V (Txt 54)* 4-15 (2x* - 10x 48) 
des 30 


The radicand is equal to 169х2 4+ 156х-- 36 — (13x -- 6)*. 
Consequently, gc mm, One of the straight lines 
is given by the equation y= . the other by the equation 
yar. These lines intersect in the point Gre i) 

Example 3. The curve 

l0xy— 14x + 15y—21—0 (4) 
decomposes, since 


02550-17 
15 
ЕА B буы 35 La 
15 
—7 2 21 


Both x and y are linear in Eq. (4), and so we factor the 
left-hand side of (4) and group terms: 
10xy— 14x + 15y—21 = 2x (5y—7) +3 (5y—7)= 
= (2x-+-3) (5y—7) 

The curve (4) decomposes into the straight lines 2x +3=0 
and 5y—7=0. 

Note 1. If A=C=0 we can also solve the equation for X 
or y; in Example 3 we get (10x415) y=14x-+21; but it is 
possible to further divide both sides by 10х-|- 15 only when 


2 
10x-+ 15 is not equal to zero. We then get y= 


=; eet and the equation of one of the straight lines 
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is y=, i.e. 5y—7=0, When 10x4- 15—0, or pared, 


the equation (10х4- 15) y=14%-4 21 is satisfied for any value 
of y; we thus get the other straight line х=—% or 2x-- 
+3=0. 

Note 2. The calculations carried out in Examples 1 and 2 
may be performed for any equation of type (1), provided 
C £0. Performing these computations in the general form, 
we get as the radicand the quadratic trinomial 


7 (B: — AC) x3 4-2 (BE — СР) x+ E* —CF (5) 
It will be a perfect square if and only if 
(BE— CD): — (B: — AC) (E3— CF) —0 (6) 


After simple transformations we see that the left-hand side of 
(6) is equal to CA where A is the major discriminant. Since, 
by hypothesis, C #0, the criterion for decomposition is 
A=0. When C—0, but A #0, we arrive at the same con- 
clusion by interchanging x and y. Such is the proof of the 
criterion: (test) in Sec. 64 for the general case. In the excep- 
tional case of A—C —0 (and, hence, B = 0), the left-hand side 
of Eq. (1) is in the form 


2Bxy + 2Dx + 2Ey+F 


We can give this polynomial in the form 2x (By-+D)+ 
+(2Ey+F). This expression may be factored into linear 
terms only when the appropriate coefficients of the binomials 
By-- D and 2Ey+F are equal or proportional (see Example 3); 
i.e. when 2DE — BF —0. However, in the case at hand the 


0 BD 
major discriminant А is of the form| B 0 Ef. whence 
DEF 
it follows that 2DE—BF=-% Such is the proof of the cri- 


TU 
terion (test) of Sec. 64 for the exceptional case. 
66. Invarlants of a Second-Degree Equatlon 


When passing from one system of rectangular coordinates 
io another we replace the equation ; 


Ax? +2Bxy -- Cy? + 2Dx+2Ey + F —0 (1) 


„иа ААА... 
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of a second-order curve by the equation 

A'x'* -- 2B'x'y' --C'y"* 4-2D'x' 4-2bE'y' +-F’ —0 (2) 
which is obtained from (1) by the formulas of transformation 
of coordinates (е examples in Secs. 61 and 62). The values 
of A’, B', C', D', E', F' (all or some) differ from the values 
of the like quantities А, B, C, D, E, Р. 

However, the three expressions given below which consist 
of the quantities A', B', C', D', E', F' always remain equal 
to the like expressions composed of the quantities А, B, C, 
D, E, F. These three expressions are called the invariants 
(meaning that they do not change) of a second-degree equation. 

(a) First invariant A+C 


(b) Second invariant 8=|2 AÀ (minor discriminant) 
(c) Third invariant 


A Hp 
А=| В C E | (major discriminant) 
D EF 

Example 1. In Sec. 61 (Example 1) we transíormed the 

equation 
2x1 — 4xy + 5y* — x --5y —4—0 

(422. B=—2, C=5, D=>—+, E=+, =—4) 

to the form 


XA Gy Evo x + FL y —4—0 


'zl, B’=0; С'=6, D'=— '=—L , F'=—4 
(4 =1, B'=0, C’=6, D'——-, E o Ls, Р 4) 


in accordance with the rotation of axes through the angle 
arcsin 7 = 26°34’. 
(a) The expression A--C in the old system was equal to 


2--5—7; іп the new system, the like expression A'--C' LE 


14-6— 7, so that 
А+С= А +С' 
(b) The minor discriminant in the old system was 


2 —2 
8-|. 3 |=25—(—9-(—@=6 


| 


= 
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in the new system we have 


поб Lie ip co 
5 =| 6|=6 
so that 
b= 6 
(c) The major discriminant in the old system was 
1 
5 
А=| —2 5 7 
1 5 
—т Пр fem 4|. 
in the new system it is 
3 
| : 2V 5 
ў 11 
&=| 0 р 2/5 
3 11 
—— — —4 
2X5 2V5 
so that 
A=A’ 
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Example 2. In Sec. 62 (Example 1) we transformed the 


equation 


PARE AE d жути —4=0 


{о the form x*-- 6ji— 2.0 in Must with a see 


tion of the origin to the point x’ n 


The major discriminant is now 


А= 


so that 


A-A'- 


A 


d Кы" ny 


The two other invariants have obviously also retained 


their earlier values. 
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To prove the invariance of each of the quantities (a), (b), 
and (c), it is sufficient to form expressions of the quantities 
', B', C', ... in terms of A, B, C, ... (these expressions 
will also contain the angle of rotation œ and the coordinates 
of the new origin). Substituting them, for example, into the 
expression A’-+C’, we get (after simplifications) A--C and 
so forth. However, these computations are very cumbersome. ? 
Note. li both sides of Eq. (1) are multiplied (or divided) 
by some number k, the new equation will represent the same 
second-order curve. However, the quantities (a), (b), (с) will 
be changed: the first will be multiplied by &, the second by 
k? and the third by &*. That is why the quantities (a), (b), 
and (c) are termed invariants of a quadratic (second -degree) 
equation and not invariants of a quadric (second-order) curve. 


67. Three Types of Second-Order Curves 


The minor discriminant ô (Sec. 66) for the ellipse is posi- 
tive (see Example 1, Sec. 66), for the hyperbola it is nega 
tive, and for the parabola it is zero. 


Proof. The ellipse is given by the equation Ее 


—1=0. The minor discriminant of this equation ô= 
=i-+ > 0. In a transformation of coordinates, б retains | 
its magnitude, but in multiplication of both sides of the 
equation by some number & the discriminant is multiplied by 
k? (Sec. 66, note). Hence, the discriminant of the ellipse % 
ositive in any system of coordinates. The proof is similar for 
he hyperbola and the parabola. 
We gii distinguish three types of second-ordet 
curves (and quadratic equations): 
(a) Elliptic type characterized by the condition 
6= AC—B*>0 
This type includes (in addition to the real ellipse) the ime 
ginary ellipse (Sec. 58, Example 5) and a pair of imaginary 
straight lines intersecting in a real point (Sec. 58, Example 4) 
(b) Hyperbolic type characterized by the condition 
6—AC—B? «0 
This type includes a pair of real intersecting straight lines 
(Se , Example 1) in addition to the hyperbola. 


1) There are artificial techniques which facilitate the proof. 
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(c) Parabolic type characterized by the condition 
6=AC—B*=0 
This type includes, besides the parabola, a pair of parallel 
(real or imaginary) straight lines, which are possibly coincident. 
Example 1, The equation 
2+ xy + y+ 2x+y=0 (1) 
is of the parabolic type because 
ô= AC—B*=1-1—1? =0 
Since the major discriminant 


is nonzero, Eq. (1) represents a nondecomposable curve, ie. 
a parabola (cf. Secs. 61, 62, Example 2). 
Example 2. The equation 
\ 8x? + 24xy + y? — 56x + 18у —55 — 0 (2) 
is of the hyperbolic type because 
ô= AC — B? 8.1—12* = — 136 <0 


Since 
8 12 —28 
А= 12201 9 |0 
—98 9 —655 


Eq. (2) represents a pair of intersecting straight lines. Their 
equations may be found by the method given in Sec. 65. 
Example 3. The equation 
2x? —4xy--5y* — x 4-5y—4 —0 
is of the elliptic type because 
ô= AC—B?=5-2—27=6 > 0 


Since 
2 —2 —4 
5 
1 5 
bn BOA (UNE 


the curve does not decompose and, hence, is an ellipse. 
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Note. Curves of the same iype are geometrically related 
as follows: a pair of intersecting imaginary straight lines 
(i.e. one real point) is the li- 
miting case of an ellipse shrin- 
king to a point (Fig. 88); a pair 
of intersecting real straight lines 
is the limiting case of a hy- 
perbola approaching its asymp- 
totes (Fig. 89); a pair of paral- 
lel lines is the limiting case 
of a parabola in which the 
axis and one pair oi points M, 
M', symmetric about the axis 
(Fig. 90), are fixed while the 
vertex recedes to infinity 


Fig. 89 Fig. 90 


68. Central and Noncentral Second-Order Curves (Conics) 


Definition. The points A and B (Fig. 91) are termed sym- 
metric about a point C if C bisects the segment AB The 
point C is called the centre of symmetry (or, simply» the 
cenire) oi the figure if the figure 
has, in addition to each point M, д p B 
another point № symmetric with 009 X IE 
respect to M about C 

The point which we called the Fig. 91 
centre of an ellipse (Sec. 40) and also 
the point called the centre of a hyperbola (Sec. 44) obvio- 
usly ft this definition. The centre of a second-order 
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curve (conic) that decomposes into two intersecting straight 
lines (Sec. 58) is, by the definition given in this section, the 
point of intersection of these straight lines (L in Fig. 92). 
Each of the above-considered conics has a unique centre. 
But if the conic consists of two parallel straight lines (AB 
in Fig. 93), then any point of MN equidistant from 
АВ and CD will be suitable as centre. 
The parabola has no centre. 


Fig. 92 Fig. 93 


Conics having a unique centre (ellipse, hyperbola, а pair 
of intersecting straight lines) are termed central conics; conics 
having a multiplicity of centres or none at all (parabola, a 
pair of parallel lines) are called noncentral conics. 

Note. Imaginary ellipses and pairs of imaginary straight 
lines intersecting at a real point (see Sec. 58) are included 
in the group of central conics. This inclusion is symbolic as 
regards the imaginary ellipse, while a figure consisting of one 
real point fits the definition of a central “conic” (this point 
is itself the centre). Pairs of imaginary parallel lines (Sec. 58) 
are included in the group of noncentral conics. 

Thus, conics belonging to the elliptic and уре types 
(for them AC — В? #0, see Sec. 67) are central conics; conics 
of the parabolic type (AC— В? —0) аге noncentral conics. 


69. Finding the Centre of a Central Conic 


To find the coordinates хо, Yo of the centre of the central 
conic 


Axr 2Bxy-- Cit - 2Dx - 2Ey Ё=0 (1) 
we have to solve the system of equations 
Axo + Byo-- D —0, D 
Bxo+Cyot E=0 


— 
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This is a simultaneous system and it has a unique solu- 
lion (Sec. 187) 


mi A À 
9— FE ‚= (42 
BC BC 


since : а # 0 (this is the condition of centrality; Sec. 68). 
Example 1. The centre of the conic (Example 2, Sec. 67) 
8х2 + 24xy + y? — 56x + 18y —55 = 0 (4) 
is found by solving the system of equations 
8x, + 12y — 28 — 0, 
l2xo+ yo+ 9—0 


We obtain 
lee E 
Xo | а= а тер а 
12 Т FE 1 


Since (4) is a decomposable conic of the hyperbolic гуды t 
point (— 1, 3) is the point of intersection of th straight 
lines forming the conic (4). 

Example 2. The centre of the conic (Example 1, Sec. 61) 


2x? — 4xy + By? —x--5y —4—0 (5) 
is found by solving the system 
2ху—2уу—-у =0, 


2 
—2x, -- Byo +4 — 0 
We obtain 
5 2 
Xo 77 —12 Ugo 


The conic (5) is an ellipse (since 6 > 0 and A z 0). 

Derivation of equations (2). If the origin is translated to 
the desired centre C (xo, yo), then Eq. (1) is transformed by 
means of the formulas of translation 


t х=хҗу-Ьх', ури © 
о 
Ax? --2Bx'y „Су +2 (Axo -+ Byo+ D) х + 
T 2 (Bx, 4- Cyo 4- E) y 4- F' =0 0 
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where, for brevity, we put 


Е' = Axi --2Bxoio + Суў -2Dxo -- 2Ey, + F 
If хо, yo satisfy Eqs. (2), then (7) will take the form 
à Ax": --2Bx'y' -- Cy" -- F' =0 (8) 
This equation may be rewritten in the form 
A (— x) -2B (— 0) y?) +C (ИР 0 
For this reason, this curve contains point N (— х", —y'), 
symmetric with М about the new origin C, in addition to 


every point M(x’, y’) belonging to the curve (8. Hence 
(Sec. 68), C is the centre of the curve (8). 


70. Simplifying the Equation of a Central Conlc 


The equation of a central conic can be simplified faster 
than by the general method (Sec. 60) if we first translate the 
origin to the centre (thus eliminating linear terms; see Sec. 69) 
and then rotate the axes (thus eliminating the term in xy). 
The angle « of this rotation is known beforehand (Sec. 61) 
and is found from the equation 


2B 
tan 20 = 477 (1) 


Note. This method is applicable to any central conic, but 
for a decomposable curve it is better to use the method given 
in Sec. 65. 

Example. Given the equation (Example 1, Secs. 61, 62) 


2x2 — Axy 4-5y? —x +5y—4=0 (2) 
Translate the origin to the centre хо== — 5 ‚ Jo—— 4 


(Sec. 69, Example 2). 
Using the translation formulas 


x=xo |х, y=yoty’ (3) 

we get [cf. (8), Sec. 69] 
2х®—4х'у' 5y =0 (4) 
From (1) we find tan a=, and if we take an angle œ in 


the first quadrant (cf. Sec. 61), we obtain the rotation 
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formulas 


à 6) 


3 pep — 31 © 
or 

x! yt 

ГЕП ds p (7) 

отч 
This curve is an ellipse with semiaxes azy i 2.3 and 
b= yu 1.0. In the original system, its centre has the 
coordinates xo—— 75, уо = — 3, the major axis (it is the 


x-axis in the x, y system) is given by the equation y— Jo = 
= tana (x— xo) or LEM (r$): ie. 12x—24y — 
— 11 —0 (cf. Sec. 62, Example 1). 

Note. The dimensions of the ellipse may be found without 
[Шш a transformation of coordinates. We know before- 
and that a transformation has to yield an equation of the 
type Ax*--Cy!--F —0. The quantities А, C and F may be 
found with the aid of invariants (Sec. 66). In the original 
equation they are 


A+C=245=7, 6—AC—B3—2.5— (— 2) —6, 


They must have the same values in the simplified equation. 
Hence, 
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whence 
A=!, C=6, Р=—1%1 


and we again get Eq. (6). 


71, The Equilateral Hyperbola as the Graph of the Equation 


y= 


The equation 
=> (1) 


(k #0) represents an equilateral hyperbola (Sec. 44); its 
asymptotes coincide with the coordinate axes. The semiaxes 
are 


a—b—Yy2]k[ (2) 


И А> 0, the branches of the hyperbola are arranged as 
follows: one in the first quadrant, tlie other in the third 
uadrant. But if &<0, then 
they lie їп the second and 
fourth quadrants (Fig. 94). In 
the first case, the real axis of 
the hyperbola makes an angle 
of 45° with the axis of abscis- 
sas, in the second case, an angle 
of —45°. 

This is obtained by the 
method *of Sec. 61 if Éq. (1) 
is written as 


xy —k (3) 


Note. When k=0, Eq. (3) repre- 
sents a pair of ЕО n6. Fig. 94 
(axis of abscissas) and х=0 (axis of 
ordinates), When | А | decreases without bound, the hyperbolas (2 
come closer and closer to these lines (so that a pair of perpendicular 
straight lines may be regarded as a degenerate oen hyperbola). 
ог k=O, Eq. (1) represents only one straight line {е (axis of 
abscissas), and not in its entirety but without the origin of coordi- 


nates because for k=0 and x=0 the expression y= becomes inde- 


terminate. But if we give this Indeterminate quantity all possible 
values, we get the “lost” axis of ordinates. 
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here p-|i 9 |=6 a-p) so that for B 52 1 we have a hyperbola 


with asymptotes x=-2 and y=3. But when the quantity В is close 
to 1, the Hype А (Fig 97, where В=1.1) comes very close to its 
'U and V'V 


asymptotes which intersect at the point K (-2, 3k 
We might expect that for B=1 we would 
get a pair of ита lines U'U (yzà 
апа V'V (x=-2). However, the line V7 
“falls out" since it is parallel to the 
y-axis and, hence (Sec. !4, Note 2), 
cannot be represented by an equation 
solved for the ordinate. The point K is 
also omitted since it lies on the line VV. 


13. Polar Coordinates 


In a plane (Fig. 98) take an arbi- 
trary point О (pole) and draw a ray 
OX (polar axis). Take some Seg 
ment OA for the unit of length and some angle (it is cus 
tomary to take the radian) for the unit of angular measu- 
rement. Then the position of any point M in the plane may 
be specified by two numbers: (1) a positive number p exp. 
ressing the length of the line segment OM (radius vector), 


MIII 
et ey 
РА A 
L Z 9\ Me А 
0| 4 ki ктү F 
b ‚А. 
MA " 
N, 4 
N cce 
Fig. 98 Fig. 99 


(2) a number Фф expressing the magnitude of the angle хом 
(polar angle). The numbers р and q are termed the polar 
coordinates of the point M. р 


Example 1. The polar coordinates p=3, ф=— + define 


a point N (Fig. 98), the polar coordinates p=3, p= 57 define 
the same point MN, the polar coordinates р:=1, ф=0 
(and also p—1, p=2n ог p=1, ф:=—2л, etc.) define the 
point A. 

.Each pair of values p, q is associated with a unique 
point; but one and the same point M is associated with an 
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infinity of values of the polar angle which difer by a multiple 
of 9л (cf. Example 1). But if the point M coincides with 
the pole, the value of the polar angle is completely arbitrary. 

We can agree to take only one of the values of the polar 
angle, say we take (9) within the limits 


—mn«qgesex (1) 


This value of the polar angle is called the principal value. 
Example 2. The point N (Fig. 98) is associated with the 


polar coordinates р=3, q=- F tAn the principal value 


of the polar angle is -$ 


The point L is associated with the polar coordinates 
p=2, ф==л-- 287; the principal value of @ is, according to 
Condition (1), x (not — л). 

When dealing with principal values, every point (except 
the pole) is associated. with one pair of polar coordinates. 
For the pole, p—0, and ф is arbitrary. 

Note 1. When point M describes a circle centred, at the pole O 


(Fig. 99) and intersects, at point K, the extension of the polar axis, 
the principal value of the polar angle changes abruptly experiencing 


P M 
M, 
М0 À X 
o А X 
а с 


Fig. 100 Fig. 101 


a jump (at the point M, it 15 close tom, at М з, it is close to л). 
In many cases, it is not advisable, therefore, to confine oneself to the 
principal values of Ф. 

Note 2. When the point М describes a straight line PQ (Fig. 100) 
and passes through the pole O, the value of @ changes abruptly 


(a jump). For instance, if (ХОР =. then for the point M, (оп 


the ray OP) Фе 2 4 ол, and for the point M, (on the ray 00) 

=i + 2nx (k and n are integers). To avoid this situation, we can 
ascribe to all points of the straight line PQ one and the same value 
of Фф, for example, EPA XOP and consider the radius vectors as 
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positive on the OP ray and negative on OQ. For example, the polar 
coordinates 


л 1 
Qa ass 


define the point M,, and the polar coordinates 


m TT | 
yay 22-9 


define the point M3. . 
The same points may be specified by the coordinates 


(point M,) and 


(point M,). We thus ascribe to all points of the straight line PQ the 


value p= 2 XOQ. so that p is positive on the ray OQ and negative 
n 


Example 3. Construct a point M with polar coordinates 


pz-3, =-7 

The polar angle -F is associated with the ray OC (Fig. 101). 
Lay off OM=30A on its extension OD. This yields the desired 
point M. To the same point there correspond the polar coordinates 


pes, o5. 


74. Relationship Between Polar and Rectangular Coordinates 


_ Let the pole O (Fig. 102) of the polar system coincide 

with the origin of a rectangular system of coordinates ап 

v let the polar axis OX coincide with Ше 

A positive, direction ої the axis oi арѕсіѕѕа5. 

Let M be an arbitrary point in the plane, 

& y x and y its rectangular coordinates, aff 
о, Q its polar coordinates. Then 


hf oes х=рсовф, g—psino O 
Fig. 102 Conversely, 1) 
о= Уу o 


1) It is assumed in formulas (2) and (3) that the radius vector р Ё 
always positive. lf, however, we URS negative values O' p% 
well (Sec. 73, Note 2), then in place of (2) and (3) we will have M 
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x 
Vxt+y? 


, sin =F (3) 


cos P= 
and 
22 Ш. 
tan p= = (4) 
However, alone, formula (4) [likewise, only one of the formu- 
las (3)] is not sufficient for a determination of the angle Ф 
(see Example 1). 

Example 1. The rectangular coordinates of a point are 
x—2, y=— 2. Find its polar coordinates (for the above- 
indicated mutual arrangement of the two 'systems). 

Solution. By formula (2), 


,=үЕ(—2#=2У/? 
-2 " л 
By formula (4), tan 9 — 5 = — 1. Hence, either p— — F + 
--2kx or E: + 9л. Since the point lies in the fourth 
quadrant, only the first value is correct. The principal value 
of @ is — ES $ 


If we take advantage of the formula cos ọ = уг , 


we get cos P= — = = uk Hence, either Ф = + +2kn or 
ф=— 4 --2kn. Only the second value is correct. 


Example 2. In the rectangular system XOY, the circle 
depicted in Fig. 103 is given by the equation (Sec. 38) 
(x—R)?-+-y2=R?. Formulas (1) and (2) permit finding its 
equation in the polar system (0 is the pole and OX is the 
polar axis). We get p?—2Rp cos q—0. This equation тау be 
decomposed into two: (1)p—9.2, (2) p—2R cos ф=0. The 
first (for any value of 9 represents the pole О. The second 
yields all points of the circle including the pole (for 


=F and ф=— =): Therefore, the first equation may be 
discarded. We then have 
p=2R cos 9 (5) 
, mma х y 
write p-axVxtty, cos p= Iver ipt , sin ф= YU Vitro (the 


signs either all upper or all lower). The formulas (1) and (4) remain 
unchanged. 
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This equation is obtained directly from the triangle OMK 
with right angle at the vertex М (ОК = 28,0M =р, 
Z KOM =). 


0 X 


Fig. 103 Fig. 104 


Note. 1f negative values of p are not introduced, then in Eq. (5) 
we can take the angle @ in the fourth and first quadrants, but not 


in the second and third quadrants, Thus, for q = ia Eq. (5) gives 


=-RV 2. Indeed, the ray ON (Fig. 103) does not have any points 
in common with the circle, with the exception of the pole. Now if 
we introduce negative values of p (Sec. 73. Note 2), then the coor 


dinates p=- RVF, q adn yield the point L on the extension of 
the straight line ON. 


Example 3. Determine which curve is defined by the 
equation 


p=2asin ф (6) 
Solution. Passing to the rectangular system, we find 


рон. hor. АШЫ 
Уху =2а у= 


у? 


ог 
x+ y?—2ay=0 


x+ (y—a) =a? 


Eq. (6) is a circle of radius a (Fig. 104) passing through 
the pole О and tangent to the polar axis OX. 


or 


75. The Spiral of Archimedes 1) | 


1. Definition. Let the straight line UV (Fig. 105) emanate | 
from an initial position X'X and uniformly rotate about à 
fixed point О and let the point M emanate from an initial | 


*) This curve is discussed in detail in Sec. 511. 
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position О and uniformly move along UV. The curve described 
by the point M is called the spiral of Archimedes in honour 
of the great Greek scholar Archimedes (third century B. С.) 
who first studied that curve. 

Note. The kinematic concepts that enter into this defini- 
tion may be removed by replacing them by the condition 
that the distance p— OM be proportional to the angle of 
rotation q of the straight line UV. 

The rotation of the line UV. from any position through 
the given angle is associated with the same increment in the 


Fig. 105 Fig. 106 


distance p. For instance, a complete revolution is associated 
with the same displacement MM,=a. The segment a is cal- 
led the lead of the spiral of Archimedes. 

To a given lead a there correspond two Archimedean 
spirals which differ in the direction of rotation of the line UV. 
Counterclockwise rotation generates a right-handed spiral 
(Fig: 106, solid line); clockwise rotation generates г left- 

nded spiral (Fig. 106, dashed line). 

Right and left spirals with the same lead may be brought 
to coincidence. To do this, one of them has to be turned 
over (reverse up). 

From Fig. 106, it will be seen that right and left spirals 
of one and the same lead may be regarded as two branches 
of a curve described by a point M when the point traverses 
ү entire straight line UV, passing through point О in so 
oing. 

2. The polar equation (O is the pole, the direction of the 
polar axis OX coincides with the direction of motion of М 
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“when it passes through the point O; a is the lead of the 
spiral): ' 
= (i) 

The right branch corresponds to positive values of Ф, the 
left to negative values. 

Eq. (1) may be written as 

p=kp 

where k (the parameter of the spiral of Archimedes) is the 
displacement A of the point M along the straight line UV 
when the line is rotated through an angle of one radian. 


alo 
xls 


76. The Polar Equation of a Stralght Line 


A straight line AB (Fig. 107) not passing through the 
pole is given in polar coordinates by the equation 


D 
P= cos (фа) (0 


where p—OK and а= / ХОК are the polar parameters of 
the straight line AB (Sec. 29). 


Yo, 
0 x 


с 
Fig. 107 Fig. 108 


Eq. | is obtained from the triangle OK M (where ОМ =P 
and Z KOM = 


Фф — a). | 
The straight line CD (Fig. 108) passing through the polt 
cannot be represented by an equation of the type (1) [for 
such а line p—0 and p —a— 4 + ‚ so that cos (p—«) =0| j 
Its ray OD is represented by the equation q—«q (where 
o= 2 ХОР), and ray OC, by the equation p= Фі (where 
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Фу= / ХОС). Each of these equations can represent the 
entire straight line if negative values of р are introduced 
(Sec. 73 Note 2). 


T1. The Polar Equation of a Conie Section 


Put the pole in the focus F Fig. 109) of a conic section 
(ellipse, hyperbola or parabola) an bring the polar axis to 
coincidence with the axis FX of the conic section in the 
direction opposite to that in which the 
corresponding directrix PQ lies. Then 
the conic section is represented -by the 
equation 


(1) 


бед PME 
OF, 1 –есоѕ ф 


where р is а parameler and e is the 

eccentricity of the conic section (Sec. 52). 
Note. ЇЇ only positive values of р are 

considered, then in the case of the hy- 

perbola (e > 1) Eq. (1) represents only Fig. 109 

one branch, that enclosing the focus. 

Also, for ф the inequality 1—ecos@ > 0 must hold. Now 

if negative values of p are considered, then q may have 

any value, and for 1— cos ф « 0 we get the second branch. 
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78. Vectors and Scalars. Fundamentals 


A vector quantity, or a vector (in the broad sense of the 
word), is any quantity possessing direction. A scalar quantity 
(or scalar) is a quantity that does not possess direction. 

Example 1. À force acting on a mass point is a vector 
because it has direction. The velocity of a mass point is 
also a vector. 

Example 2. The temperature of a body is a scalar since 
there is no direction involved. The mass of a body and its 
density are also scalar quantities. 

If one disregards the direction of a vector, then it may 
be measured (like a scalar) by choosing an appropriate unit 
of measurement. However, the number ob- 
tained from the measurement characterizes 
the scalar quantity entirely, whereas the vector 
quantity is described only partially. B 

A vector quantity is fully specified by 
giving the direction of a line segment and {Newton 
indicating a linear scale unit. Mp 

Example 3. The directed segment AB in Fig. 110 
Fig. 110 with scale unit MN depicting unit 
force (1 Newton) characterizes a force of 3.5 Newtons, the 
direction of which coincides with the direction of the segment 
AB (indicated by the arrow). 


79. The Vector in Geometry 


In geometry, a vector (in the narrow sense) is any directed | 
line-seg ment. | 


А vector with initial point A and terminal point B is 


— | 
denoted as АВ (Fig. 110). v. | 
A vector can also be denoted by a single | 
a letter as in Fig. 111. In printing this letter 
isgiven in boldface type (а), in writing it iS 
given with a bar (a). d 
Fig. 111 The length of a vector is also cala 
the absolute value (or modulus) of the 


vector. The absolute value of a vector is a scalar 
quantity, 
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The absolute value of a vector is denoted by two vertical 
lines: | AB] or | a] or [a |. 

In the two-letter notation of a vector, its absolute value 
is sometimes denoted by the same letters without an arrow 


(AB is the absolute value of the vector AB), in the single- 
letter notation, the absolute value is denoted by a normal 
weight letter (b is the absolute value of the vector b). 


80. Vector Algebra 


Operations involving vectors are called the addition, sub- 
traction and multiplication of vectors (see below). These 
operations have much in common with the properties of the 
algebraic operations of addition, subtraction and multiplication. 
Therefore, the study of vector operations is called vector 
algebra. 


81. Collinear Vectors 


Vectors lying on parallel straight lines (or on ong and 
the same straight line) are termed collinear. The vectors a, 


b, and c in Fig. 112 are collinear. The vectors AC, BD 
and CB in Fig. 113 are collinear. 


A 
y B 
den @ 
P4 D 
Fig. 112 Fig. 113 


Collinear vectors can have the same direction or they can 
have opposite directions. Thus, the vectors a and c (Fig. 112) 
are in the same direction, vectors а and b (and also b and c) 
are in opposite directions. The vectors AC and BD in Fig. 113 


are in the same direction, vectors AC and CB are in oppo- 
site directions, 


" 


122 HIGHER MATHEMATICS 
82, The Null Vector 


If the origin А and the terminus B of a segment AB 
coincide, then the segment AB becomes a point and loses 
direction. However, for the purpose of generality of the rules 
of vector algebra it is agreed that a pair of coincident points 
is to be regarded as a vector, the null vector. It is considered 
collinear with any vector. 

The null vector is symbolized by 0, the number zero. 


83. Equality of Vectors 


Definition. Two (nonzero) vectors а and 6 are equal if 
they are in the same direction and have one and the same 
absolute value. All zero vectors are taken to be equal. In all 


other cases, the vectors are not equal. 
N 
B D L 
AU ua 
[^ K 


Fig. 114 Fig. 115 


Example 1. The vectors АВ and CD (Fig. 114) are equal. 


Example 2. The vectors OM and ON (Fig. 115) are not 
equal (although they are of the same length) because they 


have diflerent directions. The vectors ON and KL are likewise 


— —t 

not equal, while the vectors OM and KL are equal. 
Warning. Do not confuse the concept of “equality of vec- 

tors” with that of “equality of line segments". When we say 

that the line segments ON and KL are equal, we assert that 

one of them сап be brought to coincidence with the other. - 

But this may require a rotation of the segment being brought | 


to coincidence (as in Fig. 115). In that case, the vectors ON - 


and KL are, by definition, nof equal. The two vectors M 
be een only when they can be brought to coincidence without _ 
a rotation. 
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Notation. The notation a=b expresses the fact that the 
vectors a and b are equal. The notation а # b expresses the 
fact that the vectors a and b are not equal. The notation 
[a|-—|5] expresses the fact that the absolute values (lengths) 
of the vectors a and b are equal; here, the vectors а and б 
may (or may not) be equal to one another. 


Example 3. AB —CD (Fig. 114), Met vi 
ON = KL (Fig. 115), | ON |=| KL | i 
(Fig. 115), OM —KL (Fig. 115). 


c ù 
а Ч 
84. Reduction of Vectors to а Соттоп le 0 
Origin d 
Two vectors (or any number Fig. 116 


of vectors) can be reduced to a com- 

mon origin; i.e. it is possible to construct vectors that are 
equal to the given ones and have a common origin at some 
point O, This reduction is shown in Fig. 116. 


85. Opposite Vectors 


Definition. Two vectors having the same absolute values 
and opposite directions are called opposite vectors. 
M A vector which is in the direction oppo- 
229 site to а vector а is denoted by —a. 
L TL v PR 
Example 1. The vectors. LM and NK in 
Fig. 117 are in opposite directions. 
Fig. 117 Example 2. If the vector LM (Fig. 117) 


— 


is denoted by а, then NK = —а, ML=—a, KN=a. 
From the definition it follows that —(—a)=a, |—a|=|a|. 


86, Addition of Vectors 
Definition. The sum of the vectors a and b is a third 
vector c obtained by the following construction: from an 


arbitrary origin О (Fig. 118) construct а vector OL equal 
io a (Sec. 83); from the point L, as origin, construct the 
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ra = 
vector LM equal to b. The vector с=ОМ is the sum of the 
vectors а and b (triangle rule). 

Notation: a+ b —c. 

Warning. Do not confuse the concept of a "sum of líne 
segments” with that of a "sum of vectors". The sum of the 
line segments OL and LM is 
obtained by the following 
construction: extend the stra: 
ight line OL (Fig. 119), lay 
off a segment LN equal to 
LM. The segment ON is the 
sum of the segments OL and 
SUPE Fig. 119 LM. The sum of the vectors 


OL and LM is constructed differently (see definition). 
vua the addition of vectors we have the following inequa- 
ies: 


Іа | « | a|--|b |. M 
[a4-6 1141—1011 9 
which state that the side OM of the triangle OML (Fig. 118) 
is less than the sum and greater than the difference of the 
other two sides. In formula (1) the 
equality sign is valid only for vectors in 


the same direction (Fig. 120); in formula С 
(2), only for vectors іп opposite directions 
(Fig. 121). 
B, 
b A 
a, b в 
0 Fer 0 
Fig. 120 Fig. 121 Fig. 122 


The sum of, opposite vectors, From the definition it follows 
that the sum of opposite vectors is equal to the null vector: 
a+(—a)=0 | 
Commutative property. The order in which vectors may | 
be added is immaterial: | 
a4-b=b+a | 
Parallelogram rule. If the summands а and b are not 
collinear, then the sum a+b may be found by the following j 
construction: irom any origin O (Fig. 192) construct thé | 
| 
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vectors OÀ —a and OB — b; on the segments OA, OB construct 
—. 

a parallelogram OACB. The vector of the diagonal OC=e is 
the sum of the vectors а and b (since AC=0B=b and 
06—04 АС). 

This construction is not applicable to collinear vectors 
(Figs. 120, 121). 

Note. The definition of addition of vectors is established 
in accord with the physical laws of adding vector quantities 
(for example, forces applied to a mass point). 


97. The Sum of Several Vectors 


Definition. The sum of the vectors ау, Gs, аз, ..., An is 
a veclor obtained as the result of a sequence of additions: to 
the vector a, add the vector ау, to the resultant veator add 
{һе vector аз, etc. 


Fig. 123 Fig. 124 


From the definition there follows the following construction 
(rule of the polygon, or chain rule). 
Starting from an arbitrary origin O (Fig. 123) construct a 


vector 0À,—a,, {гот the point A, (as origin) construct a 
vector A14, —aj, from the point A, construct a vector 
ГТ: zh rj Р 
A,A =z, and so forth. The vector OA, (Fig. 123, n—4) is 


the sum of the vectors ay, ds, ·.., an. ў 
The sum of the vectors @ ds, аз, а, is denoted 
ai + A; + a5 + ay. 


Associative property. In the addition of vectors, the terms 
may be grouped in any way whatsoever. For example, if one 
first finds the sum of the vectors ay+-ay--a, (it is equal to 
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the vector AA, not depicted in Fig. 123), and then adds 
the vector a, (=0А,), we get the same vector а, а 
+ a;+a,(=04A)): 
а, + (Ag+ Gg + 04) = а + 02 1-05 + 0 
Rule of the parallelepiped. If three vectors a, b, € are 
reduced to a common origin (Sec. 84) and do not lie in the 


same plane, then the sum a+6-+e¢ may be found by the 
following construction. From any origin O (Fig. 124) construct 


ЕЕ => БЕЯ 

the vectors OA=a, ОВ =, OC=c. On the segments 0А, 
OB, OC (as edges) construct a parallelepiped. The vector of 
the diagonal OD is the sum of the vectors a, b, and c (since 


— ET — — — 

OA=a, AK 20B =b, Kb=0C=c and OD=OA+AK-+KD), 
This construction is not applicable to vectors which (айег 

reduction to a common origin) lie in the same plane. 


88. Subtraction of Vectors 


Definition. To subtract a vector a, (subtrahend) from à 
vector аз (minuend) means to find a new vector x diffe- 
rence) which together with the 
vector a, yields the vector ds. 


Fig. 125 Fig. 126 | 


| 


Briefly, subtraction of vectors is the inverse operation of 

addition. | 
Notation: а,—а,. 
From the definition follows the construction; from an 

arbitrary origin O (Figs. 125, 126) construct the vectors 


ae t 
Олар 0À,—as. The vector AAs (drawn from the tef- 
minus of the subtrahend vector to the terminus of the mint 
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end) is the difference a4 — a: 
TELA E 
44145043 — ОА 


> +, => 
Indeed, the sum OA,+ А; Аз is equal to ОА. 


Note. The absolute value of the difference (the length of the vector 


ALAS may be less than the absolute value of the “minuend” But may 
also be greater than or equal to 
it. These three cases are shown in 
Figs. 125, 126, 127. 

Alternative construction. To 
construct the difference 2 — 3; 
of the vectors аз and a, we can 
take the sum of the vectors a, 
and —4;, i. e. 


а,—ау=а» +(—ау) 
Example. Let it be required Fig. 127 Fig 128 
to find the difference 25—41 


(Fig. 128) By the first construction 4,— 0, — АА». Now 
construct the vector А = —а; and add the vectors бА,=а, 
апа AL--—a, We get (Sec. 86, definition) the vector OL. 
From the figure it is seen that OL= AA. 


89, Multiplication and Division of a Vector by a Number 


Definition 1. To multiply a vector æ (multiplicand) by a 
number x (multiplier) means to construct a new vector (pro- 
duct) the absolute value of which is obtained by multiplyin, 
the absolute value of the vector а by the absolute value o 
the number x, the direction coinciding with the direction of 
the vector а or being in the opposite sense, depending on 
whether the number x is positive or negative. If x—0, the 
product is the null vector. 

Notation: ax or xa. 


Examples. ОВ OA 4or OB —404 (Fig. 129), 06 31. ОА, 


r d = => 
OD=—20A, OF =—1.50A (Fig. 130). 

Definition 2, To divide a vector а by a number x means 
to find a vector such that when it is multiplied by the num- 
ber x it yields the vector а as a product. 
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Notation: a:x or I. 
Instead of the division £ we сап perform the multipli- 


cation a-— 
ait 


The multiplication of a vector by a number obeys the 
same laws as the multiplication of numbers: 


С 
D í 


o D 
Fig. 129 Fig. 130 


1. (x--y)a—xa--ya (distributive property with respect to 
the numerical factor) 

2. x(a--b)—xa--xb (distributive property with respect to 
the vector factor) 

3. x (ya) — (xy) a (associative property). 

By virtue of these properties it is possible to construct 
vector expressions having the same external aspect as polyno- 
mials of the first degree in algebra; these expressions can b 
manipulated in the same fashion as thé corresponding algebraic 
expressions (collect like terms, remove parentheses, take out 
side of parentheses, transpose terms from one side of an 
equality to the other with opposite sign, etc.). 


Examples. 2a --3a —5a (by Property 1), 
2(a--0)—2a--2b (by Property 2), 
? 5: 12c = 60c (by Property 3); 
4(2а —3b)=4|2a +(—3b)]=4[2a+(—3)b] = 4 -2a-+-4(—3)b= 
=8a-+(—12) b=8a— 125, 
2 (3a—4b-- c) —3 (2a+-b —3c) = 6a— 80-+ 2c—- 6a —3b + 
-9c— — 1164-11 —11 (cb) 


90. Mutual Relationship of Collinear Vectors (Division of a Vector 
by a Vector) 


If a vector а is nonzero, then any vector b collinear with 
it may be represented in the form xa, where x is a numb? 
obtained as follows: it has an adsolute value [5112] (ш 
of absolute values); it is positive if the vector b is in th 
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same direction as the vector a, it is negative if b and а are 
oppositely directed, and is zero if b is a null vector. 

Examples. For the vectors a and 6 іп Fig. 131 we have 
6=2a(x=2), in Fig. 132 we have b= —2a. 


inc Ж HE чей 
I ef Ж 


Note. Finding the number x is termed the division of a 
vector b by a vector. a. Noncollinear vectors cannot be divided 
by each other. 


91, The Projection of a Polnt on an Axis 


An axis is any straight line on which one of its directions 
(no matter which) has been selected. This direction is called 
positive (indicated by an arrow in drawings); the opposite 
ш is the negative direc- 
ion. 


Fig. 133 Fig. 134 


Each axis may be specified by any vector lying on it and 
having that direction. The axis in Fig. 133 may be specified 


— —* —* 
by the vector AB or AC (but not by the vector BA). 

Let there be given an axis OX (Fig. 134) and some 
point M (exterior to the axis or lying on it). Draw through 
M a plane perpendicular to the axis; it will intersect the 
axis at some point M'. The point M' is termed the projec- 
tion of the point M on the axis OX (if M lies on the axis, 
then it is its own projection). 

Note. In other words, the projection of the point M on 
the axis OX is the foot of a perpendicular drawn from M 
to OX. The above definition stresses the fact that the con- 
struction is performed in space. 
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92. The Projectlon of a Vector on an Axls 


The expression "the projection of a vector AB on an 
axis OX" is used in two different meanings: geometrical and 
algebraic (arithmetical). 


1. The projection (geometric) of a vector АВ оп an axis 


it. 
OX is the vector A'B' (Fig. 135), the origin of which A’ is 
the projection of the origin А on the axis OX, and the 
terminus of which B' is the projection of the terminus B on 
the same axis. 


Notation: Prox AB or, briefly, Pr АВ. 


Fig. 135 rig. 136 


If the axis OX is given by a vector c, then the vector 
A'B’ is also called the projection of the vector AB on the 
direction of the vector c and 4s denoted by Pre AB. 


The geometric projection of a vector on an axis OX is 
also called the component of the vector along the OX-axis. 


2. The projection (algebraic) of the vector AB on the 
OX-axis (or on the direction of the vector c) is the length 


Iu. Я 
of the vector A'B’ taken with the + or — sign depending 
on whether the vector A'B' is in the same direction as the 
OX-axis (vector c) or in the opposite direction. 

Notation: 

Prox AB or prc AB 

Note. The хи projection (component) of a vector is 
a vector, while the algebraic projection of а vector is a number. 

Example 1. The geometric projection of the vector OK =a 


(Fig. 136) on the OX-axis is the vector OL. Its direction is 
opposite to that of the axis, and the length (with scale unit 
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OE) is equal to 2. Hence, the algebraic projection of the 
vector OR on the OX-axis is a negative number, —2: 


—» — — 
PrOK=OL, prOK=—2 


“If the vectors AB and CD (Fig. 137) are equal, then their 
algebraic projections along the same axis are also equal 
(pr AB=pr Ср ++) . The same holds for geometric pro- 
jections. 


2 


Fig. 137 Fig. 138 


Algebraic projections of the same vector on two like di- 
rected axes (0,;X, and ОХ, in Fig. 138) are the same ™ 


— — 
(pro, x, NM = pro,x, ММ = — 2). The same holds for geometric 
projections. 

3. The relationship between a component (geometric projec- 
tion) and the algebraic projection of a vector. Let c, be a 
vector in the same direction as the OX-axis and of length 1. 
Then the geometric projection (component) of some vector a 
along the OX-axis is equal to the d Soe of the vector с, 
by the algebraic projection of the vector a along the same axis: 


Pr a— pr a-c; 
Example 2. In the notation of Fig. 136 we have с; = ОЕ. 
— 
The geometric projection of the vector OK =a on the OX-axis 


is the vector oL, and the algebraic projection of the same 
vector is the number —2 (see Example 1). We have 
OL= —20E. 


4) If the axes are parallel but in opposite directions, the algebraic 
Projeetions are not equal; they differ in sign. 
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93. Principal Theorems on Projections of Vectors 


Theorem 1. The projection of a sum of vectors on some 
axis is equal to the sum of the projections of those vectors 
on the same axis. 

The theorem holds true for both meanings of the term 
“projection of a vector” and for any number of terms; thus, 
for three terms 

Pr (a; + à; 4- a3) — Pr a,+ Pr a, 4- Pr ay (1) 
апа 
Pr (d; + а, +s) = рга, + pr ay + pr аз @ 

Formula (1) follows from the detinition of the addition oí vectors, 

formula (2) from the rule for adding positive and negative numbers. 
LS. 
Example 1. The vector AC (Fig. 139) is the sum of the 
—t — 
vectors AB and BC. The geometric projection of the vector 
AC on the OX-axis is the vector 
= 
AC’ and the geometric projections 
of the vectors AB and BC are АВ' 
and B'C'. Here, 
rr 


Fig. 139 


so that 


Pr (Ab + ВС) = Pr AB + Pr BÓ 
Exemple 2. Let OE (Fig. 139) be the scale unit; then the 


algebraic projection of the vector AB on the OX-axis is equal 
io 4 (the length of AB’ taken with the plus sign); i. е. 


— =p 
pr AB=4. Further, pr BC — —2 (the length of B'C' taken 
with the minus sign) and pr AC= +2 (the length of AC’ 
taken with the plus sign). We have 
pr AB- pr ВС=4—2=2 
On the other hand, 


pr (AB + BÓ) =pr AC—9 
so that 


pr (AB 4- BÓ) —pr AB-+pr BC 
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Theorem 2. The algebraic projection of a vector on some 
axis is equal to the product of the length of the vector by 
the cosine of the angle between the axis and the vector: 


pr, b — | b | cos (a, б) (3) 

Example 3. The vector b—MN (Fig. 140) forms with the 

OX-axis (it is specified by the vector a) an angle of 60°, 
If OE is the scale unit, then |Б |—4, so that 


pra b —4-cos 6094. 1-2 


Pi 
uf i | 
а e | 
0E M NX 0E U x 
Fig. 140 Fig. 141 


Indeed, the length of the vector MN’ (geometric projection of the 
vector b) is equal to 2, and the direction coincides with that of the 
OX-axis (cf. Sec. 92, Item 2). 


Example 4. The vector b= UV in Fig. 141 forms with the 


OX-axis (with the vector a) an angle G, = 120°. The length 
|5 | of the vector b is 4. Therefore, pr, 5—4-cos 120°= —2. 


Indeed, the length of the vector uv is 2 and the direction is 
opposite to that of the axis. 


94. The Rectangular Coordinate System in Space 


Base vectors. The three mutually perpendicular axes OX, 
OY, OZ (Fig. 142) which pass through a certain point О form 
a rectangular system of coordinates. The point O is the origin, 
the straight lines OX, OY, OZ are the axes of coordinates 
(OX is the axis of abscissas, or x-axis, OY is the axis of 
ordinates, or y-axis, and OZ is the z-axis), and the planes 
XOY, YOZ, ZOX are the coordinate planes. Some line seg- 
ment UV is taken as the scale unit for all three axes. 

Laying off оп the x, y, z-axes in the positive direction 
the segments OA, OB, OC equal to the scale unit, we obtain 
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— чә o Р 

three vectors OA, OB, OC, which are.called base vectors and 

are designated by i, J, k, respectively. 
It is customary to choose the positive directions on the 
axes so that a rotation through 90°, which brings the positive 
ray OX to coincidence 
with the ray OY (Fig 
142) would appear to be 
c counterclockwise when vie 
wed from the ray OZ. 
This is the right-handed 
coordinate system. The 
left-handed system of coot- 
x dinates is sometimes also 
Fig. 142 used, in which case the 
Sr кшз rotation is clockwise (Fig: 


143). 
Note 1. / 
uc one cathe dedbedral angles formed by the rays OX, OY, OZ in 


system and in th Е ot be 
made {о coincide so that the PE Ir Ah APT КИТА 


s coincide 
N А Z} is 
ex 
x Б, дут 5 
Fig. 144 Fig. 145 


Note 2. The names “left-handed” and “right-handed” stem from 
the fact that the right-handed system is gencrated if one places his 
thumb, index and middle fin M the Mant tend ie Pages OX 


he same arrangement for the left hand 


OY, OZ shown in As 144. 
he left-handed system. 


(Fig. 145) produces 


95. The Coordinates of a Point 


The position of any point M in space may be determined 
oy чүү coordinates in the following йан, Through 
раве МР, МО, MR (Fig. 146) parallel, respectively» 
aie planes YOZ, ZOX, XOY. At the intersections with the 

we obtain the points P, Q, R. The numbers x (abscissa), 
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y (ordinate), and 2 (z-coordinate), which measure the line 
segments OP, OQ, OR {о a given scale are called the (rec- 
langular) coordinates of the point M. They are positive or 


negative according as the vectors OP, 00, OR are in the 
same directions as the base vectors i, j, k, or in oppo- 
site directions. 

Example. The coordinates 
of the point M in Fig. 


are: abscissa 
х=2 
ordinate 
yo —8 
z-coordinate 
2252 
Notation: 
M(2, —3, 2). 
э 
The vector OM from the Fig. 148 


origin O to some point M is 

called the radius vector of M and is denoted by the letter r; 
it is customary to use subscripts to distinguish the various 
radius vectors of different points: гм for the radius vector 
of the point M. The radius vectors of the points Ay, 
Ag, ..., An are denoted 


Ty Tar c: fn 


96. The Coordinates of a Vector 


Definition. The rectangular coordinates of a vector m are 
the algebraic projections (Sec. 92) of the vector лт on the coor- 
dinate axes. The coordinates of a vector are denoted by capi- 
tal letters X, Y, Z (the coordinates of a point, by lower-case 
letters). 

Notation: 


m{X, Y, Z} ог m={X, Y, 2} 


Instead of projecting the vector m on the x, у, z-axes, 
one can project it on {һе axes M,A, М.В, Mic (Fig. 147) 
drawn through the origin M, of the vector m and having the 
same directions as the coordinate axes (Sec. 92, Item 2). 
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Example 1. Find the coordinates of the vector MyM, 
(Fig. 147) with respect to the coordinate system OXY Z. 
Through the point M, draw axes M,A, M,B, M,C in the 
same directions, respectively, as the x, y, z-axes. 
Through the point M, draw the planes M,P, М,0, MaR 
nus {о the coordinate planes. 
he planes MP, MQ, M,R will 
intersect the axes M,A, M,B, M,C 
in the points P, Q, R, respectively. 
The abscissa X of the vector 


—— 
MM; is the length of the vector 


МР taken with the minus sign (Sec. 
92, Item 2); the ordinate Y of the 
vector m is the length of the vector 


М.б taken with the minus sign; 
the z-coordinate is the length of the 


—— 
Fig. 147 vector M,R taken with the plus 


sign. Given the scale of Fig. 147, 
=—4, Y=—3, 23 F 
Notation: 


М.М, {—4, —3, 2} 
ог 


—— 
M,M,={—4, —3, 2} 
If two vectors m, and mM are equal, then their coordina- 
tes are respectively {һе зате: 
Ху=Х„, Үү=Ү» 2,=7, 
(ci. Sec. 92, Item 2). 


The coordinates of a vector are invariant under a parallel . 
translation of the system of coordinates, This is not true of 


the coordinates of a point under t i ее 
күй ы ДА] p he same translation (5 


If the origin О of a vector OM coincides with the origin 
of coordinates, then the coordinates of the vector OM are 
ay о to the coordinates oj the terminus М 

с. B 


Example 2. In Fig. 146, the vector OM has abscissa X —2. 


ordinate Y == —3, and z-coordinate Z—2. The point M has 
the same coordinates. 


Notation: OM (2, —3, 2) or OM — (2, —3, 2} 
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97. Expressing a Vector in Terms of Components 
and in Terms of Coordinates 


1. Every vector is equal to the sum of its components 
(geometric projections) on the three coordinate axes: 
m=Prox m-+Proym+Prozm (1) 
Example 1. In the notation of Fig. 147, we have 


—— —. —- — 
М.М = МР+М19 + М.К 
9. Every vector m is equal to the sum of the products 
of the three base vectors by the corresponding coordinates of 
the vector m: 
m=Xi+Yj+Zk (2) 
Example 2. In the notation of Fig. 147, we have 


—— 
M,M,——4i—3/ + 2k 


98. Operations Involving Vectors Specified 
by Their Coordinates 


1. When vectors are added, their coordinates are also added; 
i.e. if а= а, + a5, then X-—X;j Xs Y=Y,4+¥o2=2414+- 28; 

2. A similar rule holds for the subtraction of vectors: if 

-a=a,—a,, then X=X,—X Y= Yy Yy l= rst. 

3. When multiplying a vector by a number, multiply all 
the coordinates by that number; i. €. if m= Amh, then Х,=АХ}, 
Y, —ÀY;, Za M. 

4. A similar rule holds for the division of a vector by a 


number: if m=, then X2=7 Yí—3 2=5. 


99. Expressing a Vector In Terms 
of the Radius Vectors of Ив Origin and Terminus 


Note an important formula: 
— 
RN A145 — fa—T1 (1) 
where r,=OA, (Fig. 148) is the raditis vector (Sec. 95) of 


the origin A, of the vector A, Аз, and 1, =A, is the radius 
vector of its terminus Аз. } 
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From (1), by virtue of б$ес. 98, Item 2, we get the follo- 
wing formulas: 
X=%—% Ү=щ—у, Z—2h—nh o (2) 
Here, X, Y, 2 are the «coordinates of the vector 4,45; х3, 


yy, 2, are the coordinates of the point A, (they are equal 


respectively to the coordinates of the 


radius vector r;=OA,) and Xz, Yo, 22 

are the coordinates of the point Аз 

(they are equal respectively to the 

coordinates of the radius vector 
—-—. 

735—044). 

In words: to find the x-coordinate 
(abscissa) of-a vector, subtract the ab- 
scissa of the origin of the vector from 
the abscissa of the terminus. р 
Fig. 148 Similar rules hold for the y-coordi- 
nate (ordinate) and the z-coordinate. 


Example. Find the coordinates of the vector А.А, if 
л, —2, 5) and А, (—2, 4, 0). 
lution. X— —2—1— —3, Y —4—(—2)—6, 2=0— 


—5=—5 so that AjA,—{—3, 6, —5}. 


100. The Length of a Vector. 
The Distance Between Two Points 


The length of a vector a (X, Y, 7} is expressed in terms 
of its coordinates by the formula 
la| =V хү 72 (1) 
Example 1. The length of the vector a{—4, —3, 2} is 
equal (cf. Fig. 147) to 
[а1= Y (—4)*#--(—3)#-Е2#= y 29 = 5.4 
The distance d between the points A(x UJ» 2) 
Аз (fas Var 2) is given by the formula M ж 
d=V aa Fu — 9) - 6s — 2)? @ 


КУУ; нм irom (1) by virtue of formulas (2), Sec. 99 


Example 2, The distance between points A; (8, —3, 8) 
А, (6, —1, 9) is d= Y (6—8)i-- (—1--3)4- 9—8): —3. 
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101. The Angle Between a Coordinate Axis and a Vector 
The angles a, В, y (Fig. 149) formed by the positive direc- 


tions of OX, OY, OZ with the vector a{X, Y, 2} may be 
found from the formulas ? 


verse (^га1), ® 


кеё Y ИБИ 
cos p TYPI nep (2) 


cos 0 == 


i up PU TE LES 
es T= сурсун \ Га] @) p 
If the vector a has length egual to x 
the scale unit, Le. if |a|=1, then Fig, 149 


cosa=X, cosB-—Y, cosy=Z 
From (1), (2), (3), it follows that 
cos? 0 4- cos? p+ cos? y= 1 (4) 
Example. Find the angles formed by the coordinate axes 
with the vector (2, —2, —1}- 
2 


2 
Solution. cos о = FF COS P= — cos Y= 
ГЕРЕ P 3" Y 


4, whence a 5 48° 1, B ж 131°49', -y ~ 109728". 


102. Criterion of Collinearity (Parallelism) of Vectors 


If the vectors a, {Xp Yu 21}, а {Хь Y» Za} are colli- 
near, then their respective coordinates are proportional: 
Хе:Ху=Ү»:Ү,=2:2 (1) 
and vice versa. 
If the coefficient of proportionality = X, =Y; Z, is 


Түүн 
positive, then the vectors d and аз are in the same direc- 
tion; if it is negative, the directions are opposite. The abso- 
lute value of À expresses the ratio of the lengths las |:| а\|. 


1) From the right-angle triangle OMR we have 
cos y= ORS 24 taal 
fa a= 
bail Er МСУ а 


Formulas (1) and (2) are obtained in similar fashion. 
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Note. ЇЇ one of the coordinates of the vector а, is zero, 
then the proportion (1) is to be understood in the meaning 
that the corresponding coordinate of the vector qs is also zero. 

Example 1. The vectors {—2, 1,.3) and (4, —2, —6 
are collinear and oppositely directed (А == —2). The second 
vector is twice the length of the first. 

Example 2. The vectors {4, 0, 10} and (6, 0, 15] are 


collinear and їп the same direction (A =+). The second vee- 
tor is one and a half times longer than the first. 


Example 3. The vectors {2, 0, 4} and {4, 0, 2} are not 
collinear. 


103. Division of a Segment in a Given Ratlo 


The radius vector r of a point A, which divides the seg 
ment 4,4; in the ratio 4,4:44, — m,:ms, is determined by 
the formula 

reines D 


where r, and г» are the radius vectors of the points A, and Ao. 
ue coordinates of the point A are found from the for- 
mulas 


xe ee maig, mius gue m (2) 
тү+т, ^C mim, C ~~ mam; 


(сї. Sec. 11). 


In particular, the coordinates of the midpoint of the seg- 
ment 4,4, are 


qus aun йт» "is ae: n3s (3) 
. Note. The point А may also be taken on the prolonga- 
tion of the segment „А, А in either direction; then опе of 
the numbers m, m, must be taken with the minus sign. 
ое Find the coordinates of the point А which 
divides: the segment 4,4, in the ratio. 4,4: ДА, —2:3 if 
А, (2, 4, —1), A, (—3, —L, 6). 

Using formulas (2), we fin 


—_3:9+24(-з) _ 


* 243 


128:442:.(71).- 
0, LLL =o 
223:4-1)2.6. 9 
5 


243 
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104, Scalar Product of Two Vectors 


Definition. The scalar product of a vector а by a vector 
b is the product of their absolute values by the cosine of 
the angle between them. 

Notation: a-b or ab 

By definition, 

^— 
ab = | а |. |b | соз (a, b) (1) 

By virtue of Theorem 2, Sec. 93 


~~ 
|b | cos (a, b) = prab 
so that instead of (1) we can write 
ab — |a | prab (2) 
Analogously 
ab=|6|prya 
In words, the scalar product of two vectors is equal to 


the absolute value of one of them multiplied by the algebraic 
projection of the other vector on the direction of the first. 

If the angle between the vectors а and b is acute, then 
ab > 0; if it is obtuse, then ab < 0; if it is a right angle, 
then ab —0. 


This follows from formula (1). 
Example. The lengths of the vectors @ and D are respec- 


tively equal to 2 metres and 1 metre, and the angle between 
them is 120°. Find the scalar product п 


ab. 

Using formula (1), we have аб = IND 
=2-1-cos 120? = —1 (metre squared). FX 

Let us compute the same quantity B a 
using formula (2). The algebraic proje- 
ction of the vector b (Fig. 150) on the Fig. 150 


direction of the vector a is equal to 
ові соз Ix (the length of the vector OB’ taken with 
the minus sign). We have 

ab = |a | prab —2- (— +) = —1 (metre squared) 


Note J, Let us examine the term "scalar product". The 
first word states that the result of the operation is a scalar 
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and not a vector (in contrast to a vector product; see Sec. 111). 
The second word stresses the fact that for this operation the 
basic Pippectie of ordinary multiplication hold (Sec. 105). 

Note 2. Scalar multiplication cannot be extended to the 
case of three factors. 

Indeed, the scalar product of two vectors a and b is 
a number; if this number is multiplied by a vector c (Sec. 89), 
then the product will be a vector: 


— 
(ab) c— |a |-| b] cos (a, b) c 
collinear with the vector c. 


104a. The Physical Meaning of a Scalar Product 


If the vector a=0OA (Fig. 151) depicts a displacement 


S 
of a mass point, and the vector F=OF depicts the force ac- 
Р, ting on that point, then the scalar product 
Ж. аЕ is numerically equal to the work of the 
ГУД force F. 


—> 

Indeed, only the component OF” performs work. 
This means that in absolute value the work is 
Fig. 151 equal tothe product of the lengths of the vectors 

У а and OF’. It is considered positive if the vec- 

tors OF' and a are'in the same direction, and negative if they are 
in opposite directions. Hence, the work is equal to the absolute 
value of the vector a multiplied by the algebraic projection of the 


vector F along the direction of the vector a; i.e. the work is equal 
to the scalar product aF. 


Example. The vector of a force F has an absolute value 
equal to 5 kg. The length of the displacement vector а is 
4 metres. Let the force F act at an angle о; = 45^ to the 
displacement @. Then the work of the force F is 


Fa | F|-| a| cos 5.402 = 10 V2 = 14.1 kg-m 


7 105. Properties of a Scalar Product 


1. The scalar product ab vanishes if one of the factors 
is a null vector or if the vectors а and b are perpendicular. 
This follows from (1), Sec. 104. 


Example. 3/-2/—0, since the base vectors i, / and, hence, 
also the vectors 3/, 2 are perpendicular. 
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Note. In ordinary algebra, the equality ab=0 states that 
either a—0 or b=0. Fora scalar product this property does 
not hold true. 

2. ab —ba (commutative property). 

This follows from (1), Sec. 104. 

3. (a, 4- а») b — a,b +4- agb (distributive property). 

This property holds for any number of terms; for example, 
for three terms 

(d - a5 -- аз) b — a,b + asb + asb 

This follows from (2), Sec. 104, and from (3), Sec. 93. 

4. (ma) b—m(ab) (associative property with respect to 
a scalar factor). ? 

Examples. 

(2a) b—2ab, (—3a) b = —3ab, p (—94)——6pa 

Property 4 is derived from 1), Sec. 104 (it is convenlent to con- 
sider separately the cases т> and m « 0). 

4a. (ma) (nb) — (mn) ab. 

Examples. 


Qa) (—3) = —6ab, (—5p) (— 4 4) =з P4 


This property follows from Property 4. 

Properties 2, 3, and 4a permit applying to scalar products 
the same operations as are performed in algebra on the pro- 
ducts of polynomials. 


Example 1 
2ab 4-3ac =a (2b + 3c) 

(by virtue of Properties 3 and 4). 

Example 2. 

(2a — 3b) (c -- 5d) =2ac-+ 10ad—3be—15bd 

(by virtue of Properties З and 4a). 

Example 3, Compute the expression (i+k)(J—k), where 
i, J, k are base vectors. 

‚ Solution. Since the vectors i, j, & are mutually perpen- 

dicular, it follows that ¿J= 16 = J£ —0; besides, 


~ 
kh=| Ё||Е | cos (6, E) — 1&1? соз 0—1 
1) The associative property does not hold with respect to a vector 


factor: the expression (cb) a is а vector collinear with a (Sec. 104, 
Note 2) whereas c (ba) 1з a vector collinear with e so that 


(cb) a ч c (ba) 
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(the absolute value of the base vector is equal to unity). 


Therefore 
(i -- ЕЁ) (J — kb) =ij—ik+ kj — kk — —1 


5. M the vectors a and b are collinear, then ab = + || b|; 
(the plus sign if а, b have the same direction; and the mi- 
nus sign if opposite directions). 
5a. In particular, айстра! 
Тһе scalar product аа is denoted а? (scalar square ої the 
vector а), so that 
a*—|a|? (1) 


{the scalar square of a vector is the square of its absolute 
value). 
Note 1. In vector algebra there is no scalar cube (higher 
powers are all the more so absent, cf. Sec. 104, Note 2). 
Note 2. a? is a positive number (the square of the length 
of the vector); we can extract any ath root, for example, 
the square root Y а? (the length of the vector a). However, 
one cannot write a in place of Y'a, since a is a vector, 
while V a? is a number. The proper result is 


Y di—|a| Q 


106. The Scalar Products of Base Vectors 


From the definition given in Sec. 104 it follows that 
ü= JAP RRE 1, 
ij=ji=0, jk=kj=0, ki=ik=0 


(cf. Sec. 105, Example 3). 
These relations may be presented in the form of a table 
of scalar multiplication: 


Multiplicand 


Multiplier 
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107. Expressing a Scalar Product in Terms 
of {һа Coordinates of the Factors 


ll a — (Xs, Yi 21) and aj—( Xo Y» Za}, then? 


ааз — ХХ Y Y a ZiZa (1) 
In particular, if m={X, У, Z}; then 
mi- X24+Y2+Z? Q) 
whence 
ymi-|m|-Y KFY +2 (2a) 


(cf. Sec. 105, Note 2, and Sec. 100); 
Example 1. Find the lengths of the vectors а (3, 2,1}, 
a, (2, —3, 0} and the scalar grim of these vectors. 
Solution. The desired lengths are 
Vai-V94248-V и, 
TÉ rit эш ЦТ 5 
Và-V2icsre-Vis 
The scalar product is 
aa, —3-2--2 (—3)4-1:0—0 
Hence (Sec. 105, Item 1), the vectors ау and аз are per- 


pendicular. 
Example 2. Find the angle between the vectors 


a,(—2, 1, 2} and a, 1—2, —2, 1} 
Solution. The lengths of the vectors are 
[а |= Y —3y4 132-3, 
la |= Y (23-72 H= 
The scalar product 335 —(—2) (—2)-+ 1 (—2) +2: 1=4. Since 
345 — | a, | | а; | соз (4, аз), it follows that 


7: didi. А 
соз (Qy d3)— Ta, ||a | 393 9 


(d, ds) ж 63°37’ 


1) We have a42 X,l Y +28, 047 X 1+ү.7+2:8. Multiply to- 
sten ы into PIdi REIN 3, 4, Sec. 105 and the table 
с. 106. 
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108. The Perpendicularity Condition of Vectors 

If the vectors а; (X4, Y y, 21}, а (Xs, Үз, Za} are mutu- 
ally perpendicular, then 

Х\Х»-+ЕҮ,Ү,-+-+2\2,<—=0 

Conversely, if Х,Х-ЕУ,У;-Е7,7,-=0, then the vectors 
a, and a, are perpendicular or one of them (say, @,) is a null 
vector ! (then X, —Y,—2,—0) 

This is derived from Sec. 105, Item 1, and (1) of Sec. 107. 


109. The Angle Between Vectors 


The angle q between the vectors a,|X; Y: A 
а Xa Үз, Za} may be found from the formula (cf. Example 
, Sec. 107) 


B 
as __ Х\Х«+Ү,Ү,«+27\27+ (1) 

lebe y'xsysczi V хї+үї+2$ 

This is derived from (1) and (2a) of Sec. 107. 


Example 1. Find the angle between the vectors {1, 1, 1} 
and (2, 0, 3). 
Solution. 


cos ge etio tsalari >U saUt E TO 


cos P= 


whence Фф = 36°50’. 
Example 2. The vertices of a triangle ABC are 
А(1, 2, —3); B(0, 1, 2); C (2, 1, 1) 


Find the lengths of the sides AB and AC and the angle A. 
Solution. 


AB={(0—1), (1—2), (2+3)}={—1, —L. 5}, 
AC ={(2—1), (1—2), (1-+3)}={1, —L 4}, 

| 4B |= У СТЕСТ 51-3 ҮЗ, 

| A6 |=V TCE CIPFA УЗ, 


a лан vector may be regarded as perpendicular to any vector; 
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AB. AC 1у1+(—1)-(—1)+5-4___2 
os A= LEA EE E ор 5 а + л 30. 
| AB|-| АС | 976 976 


Note. The formulas (1) to (3), Sec. 101, are special cases 
of formula (1) of this section. 


110. Right-handed and Left-handed Systems 
of Three Vectors 


Let a, b, c be three (nonzero) vectors that are not parallel 
to one plane and are taken in the indicated order (i.e. a is 
the first vector, b the second and c the third). Bringing them 
to the common origin O (Fig. 152), we get three vectors 


04, OB, OC not lying in one plane. 


C c 
с B c 
W 
a 
A 8, 4 
Fig. 152 Fig. 153 


The system of three vectors @, b, c, is called right-handed 


+ 


(Fig. 152) if a rotation of the vector OÀ which brings it to 


coincidence (by the shortest route) with the vector OB is 
реповлеб in а counterclockwise sense for ап observer at 
point C. 

If the rotation is clockwise (Fig. 153), then the system of 
three vectors a, b, c is called left-handed. » 

Example 1. The base vectors i, j,k ina right-handed 

coordinate system (Sec. 94) form a right-handed system. 
However, the system J, Ё, k (the vectors are the same, but 
the order is different) is left-handed. 
_ If we have two systems of three vectors and each of them 
is right-handed or each is left-handed, then we say that these 
systems have the same orientation; И one of the systems is 
right-handed and the other is left-handed, then we say that 
the systems have opposite orientations. 


1) On the origin of the names “right-handed” and “left-handed” 
see Sec. 94, Note 2. 
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А system changes its orientation in a single interchange 
of two vectors (cf. Example 1). 
A system maintains its orientation in the case of a cir- 
cular permutation of the vectors as indicated in Fig. 154 
(the second vector becomes the first, the third 
the second, and the first becomes the third, 
i.e. in place of the system а, b, c we have 
the system b, c, a). 

Example 2. А circular permutation carries 
the right-handed system i,j, k into the right- 
handed system /, &, i, and from this system 

Fig. 154 to the right-handed system £, i, J. 
Example 3. If the vectors a, b, c form 
a right-handed system, then the following three systems are 
right-handed: 
a, b,c, 0, c.a, c a, b 
and the remaining three systems 
б, а, с, а, с, b, c, b,a 


composed of the same vectors are left-handed. 
right-handed system of three vectors cannot be brought 
to coincidence with any left-handed system. 


The mirror image of a right-handed system is a left-handed 
system, and vice versa. 


111. The Vector Product of Two Vectors 


Definition. The vector product of a vector a (multiplicand) 
by a noncollinear vector 5 (multiplier) is a third vector € 
(product), which is constructed as follows: 

(1) its absolute value is numerically equal to the area of 
a parallelogram (AOBL in Fig. 155) constructed on the vectors 
а and b; i.e. it is equal to [a |. b | sin (d, 5); sole 

(2) its direction is perpendicular to the plane of the indi- 
cated parallelogram; 

‚ (8) the direction of the vector c is chosen (from two pos- 

sible directions) so that the vectors a, b, c form a right- 
handed system (Sec. 110). 

Notation: c—axb or € — [ab] 


Supplement to definition. If the vectors a and b are col- 
linear, then it is natural to assign a zero area to the figure 
AOBL (conditionally we continue to consider it a parallelo- 
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gram). Therefore the vector product of collinear vectors is 
considered equal to the null vector. 

Since any direction can be attributed to a null vector, this agree- 
ment does not contradict Items 2 and 3 of the definition. 

Note 1. In the term “vector product” the first word indi- 
cates that the result of the operation is a vector (in contrast 
io a scalar product; cf. Sec. 104, Note 1 


35h 


Fig. 155 Fig. 156 


Example 1. Find the vector product ix/, where i, j are 
base vectors of a right-handed coordinate system (Fig. 156). 

Solution. (1) Since the lengths of the base vectors are 
equal to the scale unit, the area of the parallelogram (square) 
AOBL is numerically equal to unity. Hence, the absolute 
value of the vector product is unity. 

(2) Since the perpendicular to the plane AOBL is the 
axis OZ, the desired vector product is a vector collinear with 
the vector №; and since both of them have absolute value 1, 
the desired vector product is equal either to kor to —k. 

(3) Of these two possible vectors we have to choose the 
first, since the’ vectors i, j, Ё form а right-handed system 
(and the vectors i, j, — Ё form a left-handed system). 


Thus, 
ixj=k 


Example 2. Find the vector product fi. 

Solution. As in Example 1, we conclude that the vector 
jxi is equal either to Æ or to —&. But this time we have 
to choose —&, since the vectors J, 4, —k form a right-handed 
"SR (and the vectors j, i, Ё form а left-handed system). 


us 
jxi-—k 


Example 3. The vectors a and b have lengths equal to 
80 cm and 50 ст, respectively, and form an angle of 30°. 
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Taking the metre as the unit of length, find the length of 
the vector product ab. 


Solution. The area of the parallelogram constructed on the 
vectors a and b is 80.50 ѕіп 30* — 2,000 (cm?) ог 0.2 т. 
The length of the desired vector product is 0.2 metre. 


Example 4. Find the length of the vector product of the 
same vectors, taking the centimetre as the unit of length. 


Solution. Since the area of the parallelogram constructed 
on the vectors a and b is 2,000 cm?, the length of the vector 
product is 2,000 cm or 20 metres. 

A comparison of Examples 3 and 4 shows that the length 
of the vector ax not only depends on the lengths of the 

factors а and b but also on the choice of the 
E unit of length. 
L) 


Physical meaning of a vector product. Out 
of a multitude of physical quantities depicted by 
0 F a vector product we consider only the moment of a 

force. 
K Let A be the point of application of a force Р. 
The momemt of the force F relative to the point 0 


E 
is the vector product OAXF. Since the absolute 
value of this vector product is numerically equal 
to the area of the parallelogram AFLO (Fig. 157), 
the absolute value of the moment is equal to the 
product of the base AF by the altitude OK, 
i.e. to the force multiplied by the distance from the point O to the 
straight line along which the force acts. 

In mechanics, proof is given to show that for equilibrium of a rigid 
body it is necessary that not only the sum of the vectors F,, Fs, Рз... ++ 
representing the forces applied to the body be equal to zero, but 
the sum of the moments of the forces as well. When all forces are 
parallel to a single plane, the addition of the vectors representing 
he moments may be replaced by the addition and subtraction of their 
absolute values. This substitution is impossible in the case of arbitrary 
directions of the forces. Accordingly, the vector product is determined 
as a vector and not as a number. 


Fig. 157 


112. The Properties of a Vector Product 


1. The vector product a b vanishes only when the vectors 
а and b are collinear (in particular, if one or both of them 
are null vectors). 


This follows from the first item of the definition of Sec. 111. 
la. axa —0. 


The equality аха=0 makes it unnecessary to introduce 
he concept of a “vector square” (cf. Sec. 105, Item 5a). 
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2. If the factors are interchanged, the vector product is 
multiplied by —1 (reverses sign): 


bxa=— (axb) 


(сї. Examples | and 2 of Sec. 111). 


Thus, a vector product does not possess the commutative 
property (сї. Sec. 105, ltem 2). 


3. (@+b)xt=axl-+oxt (distributive property). 


Fig. 158 


This property holds for any number of terms; for example, 

for three terms we have 
(a--b +e)xt=axl+oxt+ ext 

4. (ma) xb =m (axb) (associative property relative to a 
scalar multiplier). 

4a. (ma) x (nb) = mn (aX b). 

Examples: (1) —3ax b — —3 (axb). 

(2) 0.32» 4b —1.2 (ах). A UE 

(3) Qa 3b) x (c-+5d)=2 (axe) 10 (04) 3X0) — 
— 15(:)—2 (a x c)--10(a x d)--3 (c X b) +15 (4X P3 
=2 (0х0) —10 (dxa)--3 (ex b)-E 15 (4Xb) |. й 
(4) (a-+6)x(a—b)=axa—axb+ bXa Rid p 
and Garth ‘tis M equal. to zero (Item 1). Besides, bxa— 
= —axb (Item 2). Hence 


(a-+ b) x(a—b) = —2 (0х0) —2 (09 
Thus, the area OCKD (Fig. 158) is twice that of OACB. 
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113. The Vector Products of the Base Vectors 


From the definition given in Sec. 111 it follows that 
pM EE ас 
xi=—k, JXJ—V, хЁ=1, 
kxi=j, kxj=—i, kxk=0 

The following mnemonic scheme will help you to avoid 
making mistakes in the signs (Fig. 159). 

If the direction of the shortest distance from the first 

vector (multiplicand) to the second (multiplen coincides 

with the direction of the arrow, the product 

is equal to the third vector; if it does not 


J \ coincide, then the third vector is taken with 
ё the minus sign. 
Example 1. Find xi. See diagram, the 
af direction of the shortest distance from & to i 
k 


coincides with the direction of the arrow. 
Therefore &x £— . 
Fig. 159 Example 2. Find АХ. Here, the direction 
of the shortest distance is opposite to that 
of the arrow. Therefore &x j— — i. 
Example 3. Simplify the expression (24 —3j -- 6k)X 
x(4i —6J-- 12k). дело the parentheses and taking ad- 
vantage of the table or of the scheme, we find 


(2i — 3j --6R) x (44 —6/ -- 12h) —8 (iXi)— 12 (EX J) + 
+24 (Lx &) —12 (Jc i) 4-18 (ух) —36 (JX &) + 
+24 (x i) —36 (6х J) +72 (x k) = — 12&— 24] -- 12k— 
í —36i + 24j -- 361 =0 
Since a vector product vanishes only in the case of col- 
linearity of the factors (Sec. 112, Them 1), the vectors 


2i—3j+-6k and 4i—6j4-12k are collinear. This is also 
indicated by the criterion of Sec. 102. 


114. Expressing a Vector Product in Terms 
of the Coordinates of the Factors 


Н a4— (Xy, Yv Zi] and а= (Xs, Ya, Za}, then 1) 
EN 2 Х,У, 

аха | YsZa|, 123Х1, |Xa¥e } (0 

1) We find thi t di (2 

e find the vector product (Х{+Ү Jt Zak) x хин Ye 24) 


using the table in Sec. 113 
png е Jakla ЖА and the Properties 2, 8, 4, 
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The expressions given between the vertical bars are second- 
order determinants (Sec. 12). 

Practical rule. To obtain the. coordinates of the vector 
аха» form the array 


XY Z1 

Хз aZ e 

Covering the first column, we find the first coordinate: 
YiZi 
YaZs 


Covering the second column and taking the remaining 
EA or, what is the 
ZX ^0 
same thing, | z. X. |) ‚ we find the second coordinate. 
2^3 
Covering the third eolumn (the remaining determinant is 
again taken with its own sign), we find the third coordinate. 
Example 1. Find the vector product of the vectors 
a, {3, —4, —8} and аз {—5, 2, —1}. 
Solution. Form the array 
3 —4 —8 
—5 2 —1 


determinant with opposite sign (= 


Covering the first column, we obtain the first coordinate 
шег a 
|2 —%|м—ө‹—0—#(—®=%® 


Covering the second column, we find ihe determinant 
3 —8 
| —5 —1 
Interchanging columns (this reverses the sign), we obtain the 
—p =5 x 
Covering the third column, we obtain the third coordinate 


ae E 


Thus, a, X a= (20, 43, — 14}. 


second coordinate | 
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Note. To avoid mistakes in the sign when computing the 
second coordinate, use the following table instead of array (9): 


Xx, Y, 21 Xi Y, (8) 
Xa Уз Zs Xo Ys 


This array is obtained from (2) by adjoining the first twa 
columns. Covering the first column in (3), we take the next 
two in succession. Then, covering the second column as well, 
we take the next two in succession. Finally, covering the 
third column too, we take the last two. The columns do not 
have to be interchanged in any one of the three determinants 
obtained. 

Example 2. Find the area S of a triangle with specified 
vertices A, (3, 4, — 1), А, (2, 0, 4), As(—3, 5, 4). 

Solution. The desired area is equal to half the area of a 


. parallelogram constructed on the vectors AAs and A s. 
We find (Sec. 99) 4,4,—((2—3), (0—4), (4+1)}={—1, 
— 


—4, 5} and А43={—6, 1, 5). The area ої the parallelo- 
gram is equal to the absolute value of the vector product 


—— ——> 
A,\A,XA,A3, and the vector product is equal to (— 25, 
— 25, —25!. Hence 


s- LA l= VF 
—LYy186 а 217 
115, Coplanar Vectors 


Three or more vectors are called coplanar if, when brought 
to a common origin, they all lie in one plane. 

If at least one of the three vectors is a null vector, all 
three are still considered coplanar, 

The criterion of coplanarity is given in Secs. 116, 120. 


116. Scalar Triple Product 


. The scalar triple product of three vectors a, b, с (taken 
in that order) is the scalar product of the vector a by the 
vector product bxc, i.e. the number а (bxc) or, what is 
the same thing. (6 хс) а. 

Notation: abc. 


1 
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Criterion of соріапагііу. ЇЇ the system a, b, ¢ is right- 
handed, then abc > 0; if it is left-handed, then abc < 0. 
But if the vectors а, b, c are coplanar (Sec. 115), then 
abc=0. In other words, the vanishing of the triple product 
abc is a criterion of the coplanarity of the vectors a. b. с. 

Geometrical interpretation of a triple product. A triple 
product abe of three noncoplanar vectors а, b, c is equal 
to the volume of a parallelepi- 
ped constructed оп the vectors 


D 
a, b, c with the plus sign if the 
system a, b, c is right-han- Ma A 
ded and with the minus sign if 
the system is left-handed. © 


Explanation. Construct (Figs. 160, 
161) the vector i ig, 0 $ A 


Fig. 160 


— 
ор=ахь (1) 


Then the area of the base OAKB is 
equal to 


_ 
5=105 | (2) 
The altitude H (length of the vector 


— 

OM) with plus or minus sign is 
(Sec. 92, ltem 2) the algebraic pro- 
jection of the vector с along the dire- 


ction 0D, 1. е. 


н=&рРг op ° (3) 


_ 
The plus sign is used when OM and Fig. 161 


— 

OD are in the same direction Fig. 

160); this is the case for a right-handed system of a, b, с. The 
minus sign corresponds to а left-handed system (Fig. 161). From (2) 
and (3) we get 


— 
vV=SH=+ |od lpr 55 с 


— — 
but lo? | Pr ob * is the scalar product OD-¢ (Sec. 104) 1. е 
(axb) c. Hence 
у= (4х6) с 
117. Properties of а Scalar Triple Product 


l. A triple product does not change in a circular permu- . 
tation of the factors (Sec. 110); an interchange of two vectors 
reverses the sign: 


abc —bca --cab — — (bac) — (сва) = — (acb) 
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This follows from the geometrical interpretation (Sec. 116) and 
from Sec. 110. 

2. (a+ 6) cd=acd-+-bed (distributive property). It ex- 
tends to any number of terms. \ 


This follows from the definition of a triple product and from 
Sec. 112, Item 3. D 


3. (та) bc =m (abe) (associative property relative to the 
scalar factor). 


This follows from the definition of a triple product and from 
Sec. 112, Item 4. 


These properties make it possible to apply algebraic pro- 
cedure to triple products, with the sole difference that the 
order oj the factors may be changed only if allowance is made 
for the sign of the product (Item 1). 

4. A triple product having at least two equal factors is 
zero: 

aab —0 
Example 1. 
ab (3a -|-2b —5c) —3aba + 2abb —5abc = —5abc 


Example 2. 
(a 4-5) (b+c) (с-а) — (aX b 4- ax c-- b xb -- bxc) (с-а) = 
—(a x b--a x с-ф x с) (с-а) — abc 4- acc -- aca 4- aba 4- 
+bee-+ bca 


All the terms, except the two extreme ones, are equal to 
zero. Besides, bca— abc (Property 1). Therefore 


(a+b) (04-с) (c 4- a) — 2abc 


118. Third-Order Determinant 1) 
In many cases, in particular when computing triple pro- 
ducis, it is convenient to employ notation Tike x ilit: 
а b с 
аз ba сз 
аз bs Cy 


(1) 


1) Determinants are fully discussed in Secs. 182 to 185. 
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This is an abbreviation of the expression 
bz сз 
by. ts (2) 
Expression (1) is called a determinant of the third order. 
The determinants of the second order which enter into 


(2) are constructed as follows. Delete from array (1) the row 
and column containing ау, as shown in the following scheme: 


а; ba 
аз ӧз 


аз Ca 
а с 
1 азо 


т 


The remaining determinant enters into (2) as a factor with 
a, deleted. In similar fashion we obtain the other two de- 
terminants of formula (2): 


ur epe 4 --b--4 
а h o and % k fe 
а 5 5 а b & 


Remember that the middle term in formula (2) has a mi- 
nus sign! 
Example 1. Evaluate the determinant 


—2 —1 —3 
—1 4 6 
1 5 9 
We have 
—2 —1 —3 


: Ф Бүй TL ge 
[өй 5-2; (+! | 9-3 га 


E eag 
=—2.6+ 1- (—15)—3:(—9)=0 


а C2 
аз C3 


Note 1. Since 


ca ©К the third-order 
Cg a3 D 
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determinant may be represented as 


a, by с b 

с, с, а, a, b 
аз bs С |= Дн d +6, уз аа е, |а i (3) 
ay bs с з C3 з ds s bs 


Here, all second-order determinants have a plus sign. 


Note 2. Computation Py formula (3) may be mechanized in the 
following manner. Adjoin the first two columns to array (1); this 
yields the array 


а, b с, а, b, 

а, b. Cy а, b, (4) 
а, b, Cy а, b, 

Take the letter a, in the first row and descend diagonally to the 
right, as shown by the arrow in array (5): 
а б, су а b, 

(5) 
a, |b, “| a, b, 

a, 10, с; 


The second-order determinant indicated by the arrow is multiplied 


by a, This yields a, = = à 
8 
Then cover the first column, take b, from the first row (the first 
of the remaining letters) and proceed as ‘before [as indicated in array 


(6)] 
b; с ay b 
(6) 
b. |с, 0| 5 
bs |с, а,| bs 
This yields 
THA 
у с, d; 


Finally cover the second column and obtain с, I" "d ; 
Example 2. Evaluate the determinant SUM 


1233 
D=| -1 3 4 
2 02 
Form array (4 
1:938 T2 
-1 3 4 -1 3 
2:5 2 25 
which yields 
3 4 -1 -1 3 
2-1) +2 +3 |--14+20-s9---27 
5 2 2 2 5 
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119. Expressing a Triple Product 
In Terms of the Coordinates of the Factors 


If the vectors @1, аз, аз are defined by their coordinates 
а={Хь Yo Z} a={Xa Ya Zap, аз={Хь Y Zs} 
then the triple product ауаза» is computed by the formula 


(1) 


Ao EZ 
This is a consequence of formulas (1), Sec. 107, and (1), Sec. 114. 


Example 1. The triple product ауага; of the vectors a, {—2, 
—1, —3}, a; {—1, 4, 6}, as (1: 5, 9} is equal to 


—2 —1—8 
—1 4 6|—0 
1 5 9 


(сї. Sec. 118, Example 1). Hence (Sec. 116), the vectors a, b, 
€ are coplanar. : 
Example 2. The vectors (1, 2, 3}, {—1, 3, 4}, (2, 5, 2} 
form a left-handed system because their triple product (Sec. 
118, Example 2) 
1 2 3 
-1 3 4 
2.5.2 


is negative (see Sec. 116). 


=—27 


120. Coplanarity Criterion In Coordinate Form 


A (necessary and sufficient) condition for coplanarity of the 
vectors a4 (Xy, Ys, Zi], аз {Xa Y», Zz}, as (Xo. Ys. Z, is 
(see Sec. 119, Example 1) 

Xi Yi 2 
Хь Үз 23 
Xs Үз Zs 
This follows from Sec. 116. 


=0 
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121. Volume of a Parallelopiped 
The volume of a parallelepiped constructed on the vectors 


а iX» Yi, 2}, а; {Xa Yo, Za}, аз { X» Үз, Zs} 
is 
X; Yi 4 
X; Үз 2 
Xy Уз 23 
where the plus sign is taken when the third-order determinant 


is positive, and the minus sign when the determinant is ne- 
gative (cf. Sec. 13). 


This is a consequence of Secs. 116, 119. 


V=Ł 


Example 1. Find the volume of a parallelepiped construc- 
ted on the vectors {1, 2, 3}, {—1, 3, 4}, (2, 5, 2). 

Solution. We have 

12 3 
—1 3 4 

2.52 


Since the determinant is negative, we take the minus sign. 
This yields V —27. 


Example 2. Find the volume V of a triangular pyramid 
ABCD with vertices А (2, —1, 1), B (5, 5, 4), C (3, 2, —!), 
D (4, 1, 3). 

Solution. We find (Sec. 99) 


у= + = +(—27) 


y. 

AB = ((5—2), 6+1), (4— 0) — (3, 6, 3} 
In the same manner, 6-1, 3) 29}, АВ (2, 2, 2}. The 
desired volume is equal to E of the volume of a parallele- 


piped constructed on the edges AB, AC, AD. Therefore 


916.8 
Verte) 13 —2 
2/2 


Whence we get V —3. 
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122. Vector Triple Product 


A vector triple product is an expression of the form 
ax (bxc) 


А vector triple product is a vector that is coplanar with 
vectors b and c; it is expressed in terms of the vectors b 
and c as follows: 


ax (bx c)-—b (ac) —c (ab) (1) 


123. The Equation of a Plane 


A. A plane (Fig. 162) which passes through a point Mo (xo, 
Jo, 20) and is perpendicular to a vector N (A, B, С} is rep- 
resented by the first-degree equation 2) 


A (x—xo) +B (y—yo) + C (z —29) —0 (1) 
or 

Ax + By 4- Cz -- D—0 (2) 
where D stands for the quantity 


— (Axo + Ву + Czo) 

The vector N (A, B, C} is called the 
normal vectorto the plane P. 

Note 1. The expression "the plane Fig. 162 
P is represented by Еа. (1)” means 
that: (1) the coordinates x, y, 2 of any point M of plane P 
satisfy Eq. (1); (2) the coordinates x, y, 2 of any point exte- 
rior to plane Р do not satisfy this equation (cf. Sec. 8). 

B. Any equation of the first degree Ax + By 4- Cz -D—0 
ч, B and С are not all simultaneously zero) represents а 
plane. 

In vector form, Eqs. (1) and (2) are of the form 


N (r—r) =0, (1a) 
ro and r are the radius vectors of the points Mọ and M; 


==— Nr»). 


1) Eq. (1) is a condition for the perpendicularity of the vectors 
NETA, B, 0 апа MoM= {х- хо, a zn» See Secs. 108 and 99. 
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Example. A plane passing through a point (2,1, —1) per- 
pendicular to a vector {—2, 4, 3} is defined by the equation 


—9 (x—2) +4 (y—1) -3 (2+1) =0 
—2x-+4y+3z4+3=0 


Note 2. One and the same plane may be represented by a multi. 
plicity of equations, all the coefficients and the constant term of which 
are, respectively, proportional (see below. Sec. 125, Note). 


or 


124. Special Cases o! the Position of a Plane 
Relative to a Coordinate System 


1. The equation Ax-+By+Cz=0 (constant term D=0) 
represents a plane passing through the origin. 

9. The equation Ax-+By+D=0 (coefficient C--0) is a 
plane parallel to the z-axis OZ, the equation Ax+Cz+D=0 
is a plane parallel to the y-axis 
OY, and the equation By+Cz+ 
+D=0 is a plane parallel to the 
x-axis OX. 

It is useful to remember that 
if the letter z is absent from the 
equation, the plane is parallel to 
the z-axis OZ, etc. 

Example. The equation 


302-10 
represents а plane Р (Fig. 163) pa- 


rallel to the z-axis OZ. 


Note. 1n plane analytic geometry, the equation х+у—1=0 depicts 
a straight line (KL in Fig. 163). We shall now ex plain why the same 
equation in space SH a plane. 

On the straight line KL take some point M. Since M lies in the 
xy-plane XOY, 2=0. In the xy-plane, let the point M have the coor- 


dinates x=; vet (they satisfy the equation x+y- 1=0). Then in 
the three-dimensional system OXYZ, the coordinates of the point M 
will be xe UE 220. These coordinates satisfy the equation 


x+y-1=0 (for greater clarity we shall write it in the form Ix+ly+ 
+0-2-—1=0). 


1 1 
"T 


Let us now consider the points for which х= y 
Р ИК л 
or example, the points м, (5 re aan M: 3 32)! 
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(x I 1), etc. (see. Fig. 163). Their coordinates also sa- 
tisfy the equation x+y + 0:2—1=0. These points fill the ‘vertical’? stra- 
ight line UV that passes through M. Such vertical straight lines may 
be constructed for all points of the straight line KL. Together, they 
will fill the plane P. 

The representation of the straight line KL in a spatial coordinate 
system will be given in Sec. 140, Example 4. 

3. The equation Ax-+-D=0 (B=0, C=0) is a plane pa- 
rallel both to the y-axis OY and to the z-axis OZ (see Item 2), 
i.e. it is parallel to the coordinate plane YOZ. 

Similarly, the equation By+D=0 is a piane parallel to 
the plane XOZ, and the equation Cz+D= is a plane pa- 
rallel to XOY (cf. Sec. 15). 

4. The equations X —0, y —0, Z=0 represent the planes 
YOZ, ХО2, XOY, respectively. 


125. Condition of Parallelism of Planes 


If the planes 

Ах. Byy 47 Ciz 4- D1—0 and Agx + Bay +C22+ Dy —0 
are parallel, then the normal vectors № (Ai, By, Ci} and 
М. {Аз, Ba, Ca} are collinear (and conversely). Therefore 
(Sec. 102) the condition (necessary and sufficient) that the 
planes be parallel is 


Example 1. The planes 
2x—3y—42--11—0 and —4x-+ 6y 4-82 4-36 —0 


А -4 6 8 
are parallel since 7 =—3=——1- 


Example 2. The planes 2x—32—12—0. (4:—2, B,=0, 
C,— —3) and 4x-+4y—62+-7=0 (A; —4,. By—4, C3 ——9) 
are not parallel since B,=0, but B,#0 (Sec. 102, Note). 

Note. lf not only the coefficients of the coordinates, but 
also the constant terms are proportional; i ei 

А, Вз _C2_ 
AT By Cr D 
then the planes coincide. Thus, the equations 
3x--7y —524-4—0 and = 6x4 14g — 102 4-8 —0 
represent one and the same plane. Сї. Sec. 18, Note 3. 
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126. Condition of Perpendicularity of Planes 
If the planes 
A+ By+Cyz+D,=0 and Ах + Bay + Coz +D2=0 


are perpendicular, then their normal vectors №, LIE В, Ci), 


М; (As, Bo, Ca} are also erpendicular (and conversely). The- 
refore (Sec. 108), the condition (necessary and sufficient) that 
the planes be perpendicular is 


AyAg+ ByBa+C:C;=0 
Example 1. The planes 
8x—2y—2z--7—0 and Qx+/2y+2+4=0 

are perpendicular since 3.24- (—2)-2-+(—2):1=0. 

Example 2. The planes 

3x—2y—0 (A, =3, B1——2. С,=0) 
апа 
z=4 (А. = 0, B,—0, C; = 1) 

are perpendicular. 


127. Angle Between Two Planes 


The two planes 
Ayx+ By +Ciz+D,=0 (1) 
and 
Agx+ Bay 4- Csz + D4 =0 (2) 
form four dihedral angles that are pairwise equal. One of them 
is equal to the angle between the normal vectors М, (A Ву, С} 


and Ns {Az, Bs, Сз}. Denoting any one of the dihedral angles 
by Ф, we have 


Ay Ar +B, B2+CsCe 
cos@= + ———— —À——À—ÀÀ— — (3) 
V arsi C} A+ B2+C3 
Choosing the upper sign, we get cos (Ni, Ns), choosing the 


lower sign, we get cos [180° — (f, Na). 
Example. The angle between the planes 


x—y-FY 2z--2—0 and x4-y--Y 22—3—0 
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is determined from the equality 
соз ф= + астаи ИЗ = ds T 


Ути) Y vo 


We gt ф=60° or ф= 120°. 
If the vector N, forms with the x-, y-, 2-axes the angles 
ол, Po Yr and the vector Ne, the angles a, Bo, Yo, then 


cos P= + (cos 01 COS ay -- cos fy cos Pat cos yı cos y) (4) 
This follows from (3) and formulas (1) to (3), Sec. 101. 


128. A Plane Passing Through а Given Point 
Parallel to a Glven Plane 


A plane passing through a point Mj (х1, Jv 21) parallel 
to a plane Ax4- By+Cz+D=0 is given by the equation 


A (кх) + B (0и) +С @—)=0 
This follows from Secs. 123 and 125. 


Example. A plane passing through a point (2, —1, 6) 
parallel to the plane xty—2z2+5=0 is given by the equa- 
tion (x—2)-- (4-1) —2 6—6)—0. i. e. xy — 224-11 =0. 


129. А Plane Passing Through Three Points 


lf the points Mo (хо, Yor 20), My (х1, Ya» гу), Ma (ха, Ya 
2) do not lie on a straight line, then he plane passing through 


them (Fig. 164) is given by the equa- M, 
tion 2 
х—ху y —yo 2 —20 Муз) 
ху—Ху ур Yo 21—20 =0 (0 
Xa—Xo уз Ио 72—70 М, M, 
It expresses coplanarity of the vectors Fig. 164 


MoM, M,M;, MoM, (see Secs. 120 and 99). 

Example. The points My (1, 2, 3), м, (2, 1, 2), Ma (3, 3, 1) 
do not lie on one straight line since the vectors MoM, 
{1, —1, —1) and MoM, (2, 1, —2} are not collinear. The 


166 HIGHER MATHEMATICS 
plane MyM,M,g is defined by the equation 


x—l y—2 2—3 
1 —1 -—1]|-20 
2 1 —2 
i.e. 
x+z—4=0 


Note. If the points Mo, Му, Mg lie on one straight line, 
then Eq. (1) becomes an identity. 


130. Intercepts on the Axes 


If the plane Ax+ By+Cz-+D=0 is not parallel to the 
x-axis (i. e. if A Æ 0; Sec. 124), then it intercepts on this axis a 


segment a= —4. Similarly, the intercepts on the y-axis and 


on the z-axis will be 6-=—2 (if B 40) and c— —z- (if 
C £0) (cf. Sec. 32). 
Example. The plane 3x-+ 5y—4z—3=0 intercepts on the 


axes the line segments а=--=1, =, с=— т: 


131. Intercept Form 
of the Equation of a Plane 


It a plane intercepts on the axes the (nonzero) segments 
а, b, c, then it may be represented by the equation 


X up Mol Rd ae 
РБ тев 9 

which is called the “intercept form of the equation of a plane". 

Eq. (1) may be obtained as an equation of a plane passing through 
three points (а, 0, 0), (0, b, 0) and (0, 0, c) (see Sec. 129). 

Example. Write the equation of the plane 

3x —6y--22—12—0 

in the intercept form. 


We find (Sec. 130) a=4, b= —2, c—6. The intercept form 
of the equation is 


ELI 


++ 1 
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Note 1. А plane passing through the coordinate origin cannot be 
represented by an interce t-form equation (cf. Sec. 33. Note 1). 
Note 2. A plane parallel to the x-axis but not parallel to the other 


two axes may be represented by the equation $44 =1, where b and 
с are the y-intercept and z-intercept, respectively. A plane parallel to 
the x-axis and y-axis may be given by the equation 2=1. Planes ра- 


rallel to either one or two of the other axes may be represented simi- 
larly (cf. Sec. 33, Note 2) 


132. A Plane Passing Through Two Points 
Perpendicular to a Given Plane 


A plane P (Fig. 165) which passes through two points 
Mo (Xo, Yor 20) and Mi (х, Vis 21) and is perpendicular to a 
plane Q specified by the equation 
Ax+ By+Cz+D=0 is represented by 
the equation 


=0 (1) 


хох. y Yo 2:740 
х—% YWi—-Yo 21—20 
б 


Fig. 165 


It expresses (Sec. 120) coplanarity of 
the vectors MM, MM, and NA. B, c) = MK. 

Example. A plane passing through the two points 
М,(1, 2, 3) and M,(2, 1, 1) [решш а to the plane 
Зх 4у 12-60 is represented by the equation 
x—1 y—2 2—3 
2—1 1—2 1—3 

3 4 1 


=0 


i.e. x—y+z—2=0. ; 

Note. When the straight line MoM, is perpendicular to 
plane Q, plane P is indeterminate. Accordingly, Eq. (1) be- 
comes an identity. 


133. A Plane Passing Through a Glven Point 
Perpendicular to Two Planes 


A plane P which passes through the point Мо (хо, Yo. 20) 
and is perpendicular to two (nonparallel) planes Qı, Qs: 


Ay Byy4- Cy 0 —0, Age Bay + Coz + Do—0 


ee 
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is given by the equation 


А, B, С; =0 (0 


It expresses (Fig. 166) coplanarity of the vectors 
— 
MaM, Ni (A, By Ci}, м. (An Ba С.) 


Example. A plane that passes through the point (1, 3, 2) 
and is perpendicular to the planes x+2y-+z—4=0 and 
2x4-y--32--5—0 is given by the 
equation 


x—l y—3 2—2 
1 2 h |=0 
2 1 3 
or 
^. Fig. 166 5x—y —3z-4-4—0 


Note. li the planes ©, and Qa are parallel, then the P 
plane is indeterminate and Eq. (1) becomes an identily. 


134. The Point of Intersection of Three Planes 


Three planes may not have a single point in common (if 
at least two of them are parallel and also if their straight 
lines of intersection are parallel), may have an infinity of 
common points (if they all pass through the same straight 


line) or may have only one common point. In the first case, 
the system of equations 


Ayx+By+Cz+D,=0, 

Ax + Bay + Coz + Do — 0, 

Asx + Bay -- Cae - Dy —0 
has no solutions, in the second case it has an infinity of 
solutions, and in the third, only one solution. The investi- 


gation is most conveniently carried out by means of deter- 
minants (Secs. 183, 190), but elementary algebra will suffice. 


1) The vector product N, XN (Fig. 166) serves as the normal yec- 
tor to the Р Piane Thus (see, T29, tiaj] the equation of the P plane 
is (N, XN) (r—ro)=0, which again yields Eq. (1). 
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Example 1. The planes 


7x —3y + z—6=0, (1) 
14x — 6y 4-22 —5 —0, (2) 
x+ y—5z=0 (3) 


have no common points since the planes (1) and (2) are pa 
rallel (Sec. 125) The system of equations is not consistent 
(Eas. (1) and (2) are contradictory], 

Example 2. Investigate the following three planes for com- 


mon points: 
xt yt 2=1, (4) 
x—2y—3z=5, (б) 
9х— y—2z=8 (6) 


We seek the solution oi the system (4)-(6). Eliminating 
z from (4) and (5), we get 4-08, eliminating 2 ігот 
(4) and (6), we get 4x--y-— 10. These two equations are 
inconsistent. Hence, the three planes do not have any points 
in common. Since there are no parallel. planes among them, 
ihe three straight lines along which the planes intersect pair- 
wise are parallel. 

Example 3. Investigate the following planes for common 
points: 

xty+z=1, x—2y—3z=5, 2x—y—2z=6 

Operating as in Example 2, we both times get 4x+y=8, 
which is actually one е uation, not two. It has an infinity 
of solutions. Hence, the ‘Three planes have an infinity of com- 
mon points, i.e. they pass through one straight line. 

Example 4. The planes 


x—y+2=0, x+2y—l=0, xty—z+2=0 


have one common point (—1, 1, 2) because the system of 
equations has the unique solution х=—1, y=], 2=2. 


135. The Mutual Positions of a Plane and a Pair 
of Polnts 
The mutual arrangement of points My Qi» Vis 28), Ма (Ха, Yar 28) 
and a plane 
Ax+By+Cz+D=0 a) 
may be determined by the following criteria (сї. Sec. 27): 
(a) The points M, and M; lie to one side of the plane (1) when 


Шөн Ах, + Ву + Cz, +D and Ax,*By, -Сга+ Р have the same 
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(b) M, and M, lie on different sides of the plane (1) when these 
numbers have opposite signs. 


(c) One of the points M,, M fon both) lies on the plane if one 
of the numbers (or both) is equal to zero. 

Example 1. The points (2, 3, 3) and (1, 2, —1) lie to one side of 
the plane 6x+3y+2z—6=0 beeause the numbers 6-2+3-3+2-3-6=2] 
and 6-1--3:24-2 (—1) 6-4 are both positive. 

Example 2. The origin (0, 0, 0) and the pnt (2, 1, 1) lie on 
different sides of the plane 5x--3y—922—5-0 since the numbers 
5.0.-3.0—2.0—5— 5 and 5.2--3.1—2-1—5-6 have opposite signs. 


136. The Distance from a Point to a Plane 


The distance d from a point M,(x,, yı, 21) to a plane 
Ax + By+Cz+D=—0 (1) 

is equal (сї. Sec: 28) to the absolute value of the quantity 
ð= At Burch +D 


2 
Y ATE BICI "d 
i.e. 
d=] ð j= Ast But Ca DI (3) 
VAt+B +C? 


Example. Find the distance from the point (3, 9, 1) to 
the plane x—2y+-2z—3=0. 


Solution. 
ф=_00-200+2281-3 _ 1.3-2.9+2.1-3 A eB PL 
Vi?4(-2)8 +2 3 3" 


d-|8|—54- 


Note 1. The sign of ё indicates the mutual positions of the point 
M; and the origin О relative to the plane (1) (cf. Sec. 28, Note 1). 

Note 2. Formula (3) may be derived ana ylically by reasoning as 
in Note 2 of Sec. 28. The equation of a straight line which passes 
ОШ a point М, and is perpendicutat to the plane (1) is conve- 
niently taken in parametric form (see Secs. 153, 156). 


137. The Polar Parameters (Coordinates) of a Plane ? 


.The polar distance (or radius vector) of a plane UVW 
(Fig. 167) is the length p of the perpendicular OK drawn to 


{һе plane {гот the origin O. The polar distance is positive 
or zero. 


———— 


0 Сї. Sec. 29. 
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If the plane UVW does not pass through the origin, then 
for the positive direction on the perpendicular OK we take 


the direction of the vector OK. But if UVW goes through 
the origin, then the positive direction on the perpendicular 
is taken in arbitrary fashion. 

The polar angles of the plane 
UVW are the angles 

a= / ХОК, b= ZYOK, 

es ZZOK 

between the positive direction of 
the straight line OK and the coor- 
dinate axes (these angles are con- 
sidered to be positive and not to 
exceed 180°). The angles a, D, y are 
connected (Sec. 101) by the relation 


cos? a + cos? B+ cos? y—1 

The polar distance p and the polar angles 9, В, ү are 
termed the polar parameters (ог polar coordinates) of the 
plane UVW 

If the plane UVW is given by the equation Ax+ By + 
+Cz+D=0, then its polar parameters are determined by 
the formulas 


Fig. 167 


Sia Paes 1 
P= Vat BC n 


A 
COS (om Rm 
5 TO VAVOENOU 


B 

совр Т пт, ч 
[^ 

айа УАт+В*ї+С* 


where the upper signs hold true when D > 0, and the lower 
signs when D < 0. But if D—0, then arbitrarily we take ^ 
only the upper or only the lower signs. 

Example 1. Find the polar parameters of the plane 
x—2y--92—3—0 (A—1, B=—2, C=2, D= —3). 


Solution. Formula (1) yields 


1-31 


ааа Тыа 0 
Р= утту ? 
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Formulas (2), where we have to take the lower signs (becau- 
se D— —3 « 0) yield 


1 1 
Se = 


Vi*zy:z 3' 


-2 2 
iare raa LAC 
со: pou) =2. 

ЗҮ утау З 


Hence 
а = 70°32’, В 131?49', y = 48°11” 
Example 2. Find the polar parameters of the plane 
x—2y 4-22 —0 


Formula (1) gives p—0O (the plane passes through the 
origin); in formulas (2) we can take either the upper signs 
alone or the lower signs alone. In the former case, 


! 2 2 
cosa=— 7, cosp=+ 7, cos y= —-7 
hence 

@ = 109928’, В ғ 48°11°, vy = 131°49’ 
in the latter case, 

а, x 70°32’, Bm 131949", yæ 48°11’ 
138. The Normal Equation of a Plane 


A plane with polar distance p (Sec. 137) and polar angles 
а, B, y (cos?a--cos?f--cos?y—1; Sec. 101) is given by 
the equation 


x cos a-+-y cos B4-2 cos y—p—0 (1) 
This is the normal form of the nn of a plane. 

Example 1. Set up the normal form of the equation of a 
plane in which the polar distance is 7 and all the polar 
angles are obtuse and equal. 

Solution. For «a=B=vy the condition cos? о 4- cos? B + 
+ cos*y=1 yields cos æ= cos В = cos y= + Ys and since 
the angles a, В, y are obtuse, we have to take the minus 
і і і = и — NET Y 
sign. The desired equation is =% yy! VE? VF 

Note. The same plane can be represented by the equation 

x+y+z+1=0 
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(both members of the preceding equation have been multip- 
lied by — у 3), but this is not the normal form of the equa- 
tion because the coefficients of the coordinates are not cosines 
of the polar angles (the sum of their squares is not equal 
{о unity) and, what is more, the constant term is positive. 

Example 2. The equation leti 0—2 24-5—0 is not the 

Р 1 \? 2\2 243 

normal form, since even though (T) + (=) + ( Ыт) =; 
ihe constant term is positive. 

Example 3. The equation 10-5 z—5=0 is of 


the normal form; cos &— — i , cos f = 2. ‚ соз — 1 
р=5 (0:2:109°98/, В 248°11/, yx 131°49’). 


Derivation of Eq. (1). The plane under consideration (UVW in 

Fig. 167) goes throug | the point К (p соз о, р cos В, p cos y) perpen- 
—* 

dicular to the vector OK. Instead of OK we can take the vector a in 

{һе same direction with length equal to the scale unit. The coordi- 

nates of the vector а are соз о, cos p, pay (Sec. 101). Applying Eq. 

(1), Sec. 101, we get the normal form of Eq. (1). 


139. Reducing the Equation of a Plane 
{о the Normal Form 


To find the normal form of the equation of a plane spe- 
cified by the equation Ax-+By+Cz+D=0, it is sufficient 
to divide both members of the given equation by 
+ Y A®-+-B?--C%, the upper sign is taken when D > 0, the 
lower when D <0; if D=0, any sign may be taken. This 
yields the equation 


A B [^] 
А a 
ij VUE : Vau S. VA?t+B?+C* 
у ЖО шлу 
VAt+ ВС? 


It is in the normal form because the coefficients of x, у, 2, by 
virtue of (2), Sec. 137, are equal to cosa, cos B, cos v. respectively, 
and the constant term is equal to —p by virtue of (1), Sec. 137. 

Example 1. Reduce the following equation to the normal 
orm: 

x—2y+2z—6=0 (1) 

Divide both ^ members of the equation Ьу 

+ V + (—2)?-+ 2=3 (the sign before the radical is plus 
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since the constant term, —6, is negative). We get 


1 2 2 
зз 0+9 2—2=0 
Hence, p=2, cosa=+, созб=— + ‚ cosy =< 
(a~70°32', Bx131°49’, y z4811^). 
Example 2. Reduce the following equation to the normal 
form: 
x—2y+2z+6=0 (2) 
The constant term is positive. We therefore divide by 
-V PFF = —3 and get 
1 2 2 
тИ 5220 
Consequently, р=2, cos a=—+ , cos p — + , COS 1——4 
(a~109°28’, В =:48°11', y x13149’), 
Example 3. Reduce to normal form the equation 
x—2y 4-22 —0 
Since D—0 (the plane goes through the origin), we can 
divide either by +3 or by —3. This yields 4-х 2 y+ 
+ z—0or —34 r+ yiz. In both cases, p=0. 


The quantities a, B, ү in the-first case are the same as in 
Example 1, in the second case, the same as in Example 2. 

Note. If in the equation Ax--Bg--Cz-- D—0 the con- 
stant term is negative and A?+ B24-C2—1, then the equa- 
tion is in the normal form (Sec. 138, Example 3) and it 
does not need to be transformed. 


140. Equations of a Straight Line in Space 


Any straight line UV (Fig. 168) may be represented by a 
system of two equations: 


Aye -Byy 4- Cz 4- D, —0, (1) 

Ag + Bay Саг + Da —0 Q) 
which represent (if they are considered separately) any two 
(distinct) planes Р; and P, passing through UV. Eqs. (1) 


and (2) (taken together) are termed the equations of the 
straight line UV. 
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Note. The expression “the straight line UV is represented 
by the system (1)-(2)" means that (1) the coordinates x, y, 
z of any point М of the line UV satisfy both equations (1) 
and (2); (2) the coordinates of any point not lying on UV do 
not simultaneously satisfy both Eqs. (1), (2), though they 
may satisfy one of them. i 


Fig. 168 Fig. 169 


Example 1. Write the equations of the straight line OK 
(Fig. 169) that passes through the origin О and the point 
K (4, 3, 2). 

Solution. The straight line OK is the intersection of the 
planes KOZ and КОХ. Taking some point on the z.axis OZ, 
say L(0, 0, 1), form the Маш of the plane KOZ (the 
ies passing through three points O, K, L; Sec. 129). This 
ives us 


=0, that is, 3x—4y—0 (3) 


XL. 
432 
001 


In the same way we find. the equation 
2y—32—0 (4) 


of the plane KOX. The straight line OK is given by. the 
system of equations (3)-(4). 


Indeed, апу point М of line OK lies both in the KOZ plone and 

in the KOX plane; hence, its coordinates satisfy both Eqs. С ) and a 

at {һе same time. On the other hand, ihe point N, which does no 

lie on OK, cannot belong to both planes KOZ and КОХ at the same 

nner tenita coordinates cannot satisfy both Eqs. (3) and (4) at 
е. 


176 HIGHER MATHEMATICS 


Example 2. The straight line OK of Example | may also 
be given by the system of equations 


3x —4y —0, (3) 
{ 2x—42—0 (5) 


The first describes the KOZ plane, the second, the KOY plane. 
The same line OK can be represented by the system 


2y—32—0, 2x—4z—0 


Example 3. Do the points M, e 2, 3), М, (—4, —3, —3), 
Мз(—8, —6, —4) lie on the straight line OX of Example 1? 

he coordinates of point M, do not satisfy either Eq. (9 
ог Eq. (4; point M does not lie on the straight line UV. 
The coordinates of point Mg satisfy (3) but do not satisfy n" 
point М, lies in the KOZ plane, but does not lie in the Ki 
plane, Hence, М» does not lie оп ОК. Мз lies on OK since 
oth Eqs. (3) and o are satisfied, 

Example 4. Equation z—0 describes the xy-plane. The 
equation x--g—1—0 describes the plane P parallel to the 
z-axis (Sec. 124, Example). The straight line along which 
the planes XOY and P intersect (KL in Fig. 163) is repre- 
sented by the system 


А x+y—1=0, z=0 


141. Condition Under Which 
Two First-Degree Equations Represent 
a Straight Line 


The system 
{ Ayx-+ Byy+C,z+D,=0, (1) 
Ax Ву +Caz +D; =0 (2) 
represents a straight line if the coefficients A,, Ву, С, аге 
not proportional to the coefficients As, Ba, С, [in this case 
the net (1) and (2) are not Ree (Sec. 125)]. 
If the coefficients Ay By, C, are gipportiona! to the coef- 


ficients As, Bs, С,, but the constan! 
same proportion 


A: Ay= B3: B4—C3:C, # D:D, 


then the system is not consistent and does not present any 


geometric image [planes (1) and (2) are parallel and noncoin- 
cident}. 


terms do not obey the 
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If all four quantities Ar Ву, Сү, D, are proportional to 
the quantities Аз, Вз, Cs Da: 
Ag: Ay= Ba: В, =Са:С, = Ds: Dy 
then one of the equations (1), (2) is a consequence of the other 
and the system describes a plane [the planes (1) and (2) arc 
coincident]. 
Example 1. The system 
9х—7у4-122—4=0, 4x— 14g 4-362 —8—0 
describes a straight line (in the second equation the coeffici- 
ents A and B are twice those in the first, and the coeíficient C 
is three times as large). 
Example 2. The. system 
2x —7y-4- 192 —4—0, 4x —14у 4- 242 —8—0 
describes a plane (all four quantities A, B, C, D are propor- 


tional). 
Example 3. The system 


2x—7y+12z—4=0, 4x— 14g--242 — 12—0 


does not represent any geometric image (the quantities А, B, C 
are proportional and D does not obey that proportion; the 
system is inconsistent). 


142, The Intersection of a Straight Line 


and a Plane 
The straight line £ 
Ayx4- By 4 Ciz + Di—0, (1) 
Agx-+ Bay + Cuz + Da —0 (2) 


and the plane P : 
Ax-+By+Cz+D=0 (3) 


may not have a single common oint (if L |] P), may have an 
infinity of common points (if L lies on Р) or may only have 
one common point. The problem reduces t {о seeking common 
points of three planes (1), (2), (3), (see Sec. 134). 

Example 1. The straight line 


x+ty+z2—1=0, x—2y—3z—5=0 


1) The computations are simplified when the equations of the 
straight line are taken in parametric form (Sec. 152 and Note in Sec, 153). 
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does not have common points with the plane 
2x—y—22 —8—0 


(they are parallel) (see Example 2, Sec. 134). 
Example 2. The straight line 


x—2y—932—5—0, 2x—y—22—6 


lies іп the plane x-+-y+-z=1 (see Example 3, Sec. 134). 

Example 3. The straight line x+-y—z+-2—0, x—y+2=0 
intersects the plane x--2y—1—0 іп the point (—1, 1, 2) 
(see Example 4, Sec. 134). 


Example 4. Determine the coordinates of some point on 
the straight line L: 


2x —3y — 2 -3—0, 

5x—y+z2—8=0 
Assign some value, say x3, to the x-coordinate. We then 
have the system —3y—z+9=0, —y+z+7=0. Solving it, 
we find y=4, 2=—3. The point (3, 4, —3) lies on the stra- 
ight line L (at its intersection with the plane x—83 parallel 
to YOZ). In the same way, taking x—0, we find the point 
(o. — x) at the intersection of L and the plane YOZ, 


eic. It is also possible to assign various values to the у- or 
2-coordinate. 


Example 5. Determine the coordinates of some point on 
the straight line L: 
5x —3y 4-22 —4 —0, 
8x —6y 4-42 —3—0 
Unlike the preceding example, arbitrary values cannot 
be assigned to the x-coordinate. For instance, for x—0 we 
get the inconsistent system —3y -- 22 —4—0, —6y + 42 —3—0. 


he straight line L is parallel to the plane ZOY. We can 
assign arbitrary values to the y- or z-coordinate; for in- 


stance, putting z=0, we get the point ind * о). For х 
we will always obtain the same value x=% so that the stra- | 
ight line L lies in the plane х= parallel іо 20Ү. 


\ 
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143. The Direction Vector 

A. Any (nonzero) vector a{l, m, 4l lying on a straight 
line UV (or parallel to it) is called the direction vector of 
that line. The coordinates /, m, n of the direction vector are 
called the direction numbers of the line. 

Note. By multiplying the direction numbers /, m, п by 
one and the same number & (not equal to zero), we get num- 
bers fk, mk, nk, which will also be 
direction numbers (these are the co- 
ordinates of the vector ak, which is 
collinear with a). 

. For the direction vector of 
the straight line UV 

{ A\x+By+C,z+D,=0, (1) 

Agx + Ву Сәг 4- Dy —0 (2) 
we can take the vector product ух 
X №, where N,—(A,, By, Cy} ап 
М»= {А», Bo, Сз) are normal vectors to the planes P, and P. 
(Fig. 170) described by Eqs. (1) and (2). Indeed the straight 
line UV is perpendicular to the normal vectors Му, Ns... 

Example. Find the direction numbers of the straight line 

2x —2y —2 -8—0, x--2y—2z 4+1=0 

Solution. We have № ={2, —2, —!}, №10, 2, —9). 
Taking а= Мух Му for the direction vector of the given 
straight line, we find 


_!|—2 —1 —1 2 2 — Ls 
а= (73 zd lf a] fH 2 4 
The direction numbers will be 1—6, m=3, n=6. 

Note, Multiplying these numbers by =, we find the direc- 


tion numbers //—2, m'—1, n'—2. One can also take the 
numbers —2, —1, —2 and so forth for the direction numbers. 


Fig. 170 


144. Angles Between a Straight Line 
and the Coordinate Axes 


. The angles a, В, ү formed by a straight line L (in one of 
its two directions) with the coordinate axes are found from 
the relations 

П 


cos 4 =r 
Vixmixm ' 
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cos p— ji MIL Т 
Ут тї +л? ' 
n 
cos V= —————— 
Y Y i* am? ni 
where l, m, n аге the direction numbers of L. 
This is a consequence of Sec. 101. 


The quantities cosa, cos D, cos y are called the direction 
cosines ol the straight line L. 
Example. Find the angles formed by the straight line 
2x—9y—2--8—0,  x4-2y— 2z--1—0 
with the axes of coordinates. 


Solution. For the direction numbers of the given straight 
line (Sec. 143, Example) we can take 1—2, m—1, n=2. 
2 


Hence cos a=-———*—— = , cos pac ‚ cos y=; whence 
y291,1:34.2* 3 3 3 
a ж 48°11’, В = 70°32’, y z 48°11’. 


145. Angle Between Two Straight Lines 


The angle q between the straight lines L and L' (more 
«сү, one of the angles between them) is found from the 
ormula 


ix Ш cmm! nn 1 
C08 9— Viruntrm ЙКЕЛ 
where 1, m, n and J’, m', n' are the direction numbers of the 
straight lines L and L', or from the formula 
cos ф==соз а соз @'-}- соз B cos B/-cos y cos y — @ 
This follows from Sec. 109. 
Example. Find the angle between the straight lines 
бе iro 4x-- y4-32—21 —0, 
x--2y—22--1—0, | 2x--2y—32--15—0 


Solution. The direction numbers of the first line (Sec. 149. . 
Example) are 1—2, m—1, n=2. If for the direction vector 
of the second line we take the vector product 4/4, 1, 3}X 
x{2, 2, —3}, then the direction numbers will be —9, 18, 6. 


Multiplying them by + (to obtain smaller numbers, Sec. 143, 
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Note), we get /=—3, m=6, n=2. We thus have 
Ж E 2.(—3)4-1:64-2:2 к\ё 
C08Q—v RIVE 2 


whence Ф ~ 79°01'. 


146. Angle Between a Straight Line and a Plane 


The angle p between the straight line L (with direction 
numbers /, m, п) and the plane Ax 4- By 4- Cz - D —0 is found 
from the formula 

| AL Bm Cn | 
‘ Уд. BC? Vitxmten! 

This follows from Sec. 145 (if @ is the angle between the straight 
line L and the normal vector 1A, B, Cf. then ф=90° + Ф). 

Example. Find the angle between the straight line 

8x—2y—24, 3x—2——4 
and the plane 6x-+ 15y — 1024-31 =0. We have |—2, m=3, 
n=6 (Sec. 143) and find 

1 6-24+15-3+(—10)-6| — 3. 

Ga 15? 4(—10)? V 2:43:46? 133 


sin p= 


sin Ф= 5 


whence p ~ 1°18’. 


147. Conditions of Parallelism and Perpendicularlty 
of a Straight Line and a Plane 


The condition for a straight line with direction numbers 
1, т, п to be parallel to a plane Ax-+By+Cz+D=0 is 


АІ Bm -- Cn —0 (1) 


It expresses the perpendicularity of the straight line and the 
normal vector (A, B, С}. 


The condition for perpendicularity of a straight line and 
a plane (same notation) is 


1 п 
== (2) 


This expresses the parallelism of a straight line and a normal 
vector. 
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148. A Pencil of Planes 1) 


The collection of planes passing through one and the same 
Straight line UV is called a pencil of planes. The line UV 
is the axis of the pencil. 

If we know the equations of two distinct planes Р, and P, 


Ayx+By+Cz+D,=0, (I) 
Agx 4- Bay -- Csz + D, —0 9) 
belonging to a pencil (i.e. the equations of the axis of the 
pencil: see Sec. 140), then every plane of the pencil may be 
represented by an equation of the form 
my (Аух-Е Byy+-Cy2z+- Dy) + т» (Agx+ Bay +Cyz+ D:)=0 (3) 
Conversely, for any values of ту, т» (not all zero simul- 
taneously) Eq. a represents a plane belonging to the pencil 
with axis UV. 2) In particular, for m,—0 we get the plane 
Р» and for m,—0, the plane P,. Eq. (3) is called the equa- 
tion of the pencil of planes. *! 
When m, #0, we can divide Eq. (3) by m,. Denoting 
ms:m, in terms of A we get the equation 
Ax 4- Byy-Cq2 --D42- A (Ах Bgy--Co2-- D) =0 (4) 
Here, all possible values are given to the single letter À; but 
irom (4) we cannot obtain the equation of the plane P. 
Example 1. Let there be given the equations 
5x—3y —0, 6) 
3z—4x=0 6) 
of two planes of a pencil, i.e. the equations of the axis of 
the pencil. The equation of the pencil is 


ту (5x —3y) + т; (32 — 4x) —0 0) 
For example, taking m, = 2, ms —3 we will have 
2 (5x — 3y) + (—3) (32 — 4х) =0 (8) 
Bq. 8) of ( y) + (—8) ( x) 
22x —6y—92 —0 (8а) 
Tepresents one of the planes of the pencil. 


1) Cf. Sec. 24. | 
2 See below: explanation of Example |, 
) If planes (1) and (2) are parallel (but not coincident), then | 
Edi (8) represents (for all possible values of ту, mẹ) all the planes ра" 
rallel to the two given planes parallel pencil of planes). 
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Explanation. Оп the straight line UV take ап arbitrary point 
M (x, и, 2). Its coordinates x, y, 2 satisfy the Eqs. (5) and (6) and. 
hence, Eq. (8). This means that plane (8) Mee through any point M 
of the line UV, i.e. it belongs to the pencil. 

Example 2. Find the equation of a plane passing through 
the straight line UV of Example 1 and through the point 


Y, 


Solution. The desired plane is given by an equation, of 
the form (7). This equation must be satisfied for x=1, y=0, 
2==0. Substituting уве values into (7), we get 5m — 4m; = 0, 
ог ту:т„= 4:5. We get the equation 


4 (5x —3y) 4-5 (32 —4x) 20 
5z—4y —0 


Example 3. Find the equations of 
the projection of the straight line L: 


2x --3y -- 42 4- 5—0, | (9) 


or 


x—6y 4-32 —7—0 
on the plane P 
2x--2y 4- z J- 15—0 (10) Fig. 171 


Solution. The desired projection 
L' (Fig. 171) is a straight line along which plane P is cut by 
plane Q (drawn through L perpendicular. to P). Plane Q be- 
longs to the pencil with axis L and is given by an equation 
of the form j 


(2х4-3у-+ 42 4-5) - A (x —6y +3z—7)=0 (11) 

In order to find А give (11) in the form 
(24-3) x--(8—6A) y+ (42-33) z+5—74=0 (Па) 
and write the condition of perpendicularity of the planes (10) 


and (11a): 
2 (21-3) +2 (8— 63) --1 (44-39) —0 


From this we have A=2. Putting it into (Па), we obtain 
the equation of the plane Q. The sought-for projection is gi- 
ven by the equations 
4x —9y + 102 — 9 — 0, 
{ 2x--2y-Fz4- 15=0 


184 HIGHER MATHEMATICS 


149. Projections of a Stralght Llne 
on the Coordinate Planes 


Let a straight line be represented by the equations 


{ Аух-Е By - Cyz 4- D, = 0, () 
Ax + Bay + Csz + D —0 (2) 
where C, and Cy are not simultaneously zero (case C, =C,=0 
is considered below in Example 3). To find the projection of 
the straight line on the xy-plane, it suffices to eliminate z 
from Eqs. (1)-(2). The resulting equation (together with 


z=0) will represent the desired projection. The projections | 


on the yz- and zx-planes are found in similar fashion. 
Example 1. Find the projection of the straight line L 
2x + 4y—32—12 —0, (3) 
x—2y+4z2—10=0 (4) 
on the xy-plane. 


Solution. To eliminate z, multiply the first equation by 4 
and the second by 3 and add. This yields 


4 (2x --4y—32—12) 4-3 (x—2y -- 42— 10) —0 (5) 


or 
11x--10y—78 —0 (6) 
This equation together with the equation 
z=0 (7) 


is the projection L' of the straight line L on the xy-plane. 


Explanation. Plane (5) passes through the straight line L 
(Sec. 148), On the other hand, as will be seen from (6) (which does 
not contain z), this plane (Sec. 124, Item 2! is perpendicular to the 

plane. Hence, the straight line along which plane (6) intersects 


xy- 
plane (7) is the projection of L on the plane (7) (cf. Sec. 148, Exam- 


Example 2. The projection of the straight line L 
3x—5y4+42—12=0, (8) 
2x—5y —4—0 (9) 
on the plane z=0 is represented (in the plane coordinate 


system XOY) by Eq. (9). There is no need to eliminate the 
z-coordinate since it is already absent from Eq. (9). The 


3) See Example 1, Explanation. 
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plane (9) is perpendicular {о the xy-plane; it projects the 
straight line L on XOY. 

Example 3. Find the projections of the straight line L 

2x—3y=0, (10) 
х+0—4=0 (11) 
on the coordinate planes. 

Solution. In both equations 2 is absent, so that both pla- 
nes P, and P, (Fig. 172) are perpendicular to the xy-plane. 
The straight line L is perpendicular 
to XOY and is projected on the xy- 
plane in the point N with z-coor- 
dinate zy —0. From the system 
(0-11) we find xv— 2, Y= 

8 
=. 

The equation of the projection 
L' on the yz-plane may be found in 
the usual way by eliminating x from 
(10) and (11).We get y=, which 
is the same equality found above for yy (from the figure it 
is evident that the straight line L’ is at a distance OB from 
07, equal to yy =AN). The equation of the projection L” on 


the xz-plane is х= т - 


Fig. 172 


150. Symmetric Form of the Equation 
of a Stralght Line 


The straight line L passing through a point Mo (хо, Yo» Zo) 
and having the direction vector a |l, m, п} (Sec. 143) is gi- 
ven by the equations 

X-Xo = 0002—20 (1) 


=e 


п 


which express the collinearity oi the vectors a (I, m, n} and 
МЫЙ {хха у уо, 2—20} (Fig. 173). They ar called the 
symmetric (standard) form of the equation of a straight line. 

Note 1. Since for the point Мо we сап take any point 
оп L, and the direction vector а may be replaced by a di- 
rection vector ka (Sec. 143), an arbitrary value can be assig- 
ned separately to each of the quantities xo; Yo: 7o» ^ m, f. 
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Example 1. Write the symmetric equations of a straight 
line passing through the.points A (5, —3, 2) and B (3, 1, —2) 
For M, we can take the point A, for the vector a we can 


take AB={—2, 4, — 4}. The symmetric equations will then be 


Ep @ 


But if we take B for M, and the vector шы. АВ = {1, —2, 2 
for a, then the symmetric equations 


will be 
[ us £28 у-1_г+2 
1 


1 
— Sr oe @ 
[АУЛ a Note 2. Of the three equations 

0 Бон аса иез 

-2 А-9 -4" 4 - 
#4 (4) 
contained in (2), only two (no matter 
Fig. 173 which) are independent, while the third 


is a consequence of them; for instance, 

subtracting the second from the first, 

we get the third. Each of the Eqs. (4) represents a plane passing 
through the straight line AB perpendicular to one of the coordina- 
te planes, At the same time, it represents the projection of the straight 
line ABon the respective coordinate plane (Sec. 149) 


Example 2. The symmetric equations of the straight line 
passing through the points М, (5, 0, 1), М, (5, 6, 5) will be 


х-5 ES аа (5 


The expression хае conventional, signifying (Sec. 102, 


Note) that x—5=0, so that in place of (5) we have to write 
x=5, L= (6) 


The straight line ММ, is perpendicular to the x-axis 
(since /—0). 


Example 3. The symmetric equations of the straight line 
passing through the points А (2, 4, 3) and B (2, 4, 5) will be 


This notation means that x—2 and y—4. 
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The quantity z assumes various (any) values for distinct 
points oi the straight line AB. AB is parallel to the z-axis 


(since = m= 0) 


151. Reducing the Equations of a Straight Line 
to Symmetric Form 


In order to reduce the straight-line equations 


Ayx+ By +Cwzt+Di=9, (1) 
Asx + Bay-+Caz-+Da=0 (2) 
to symmetric form (Sec. 150), one has to determine the coor- 
dinates Xo, Yor zo Of some point lying on the straight line 
(Examples 4 and 5, Sec. 142) and the direction numbers /, 


m, n (Sec. 143). 
Example 1. Reduce the straight-line equations 


2x —3y—z+3=0, 5x—y+z—8=0 


to symmetric form. 
Solution. As in Sec. 142 (Example 4) we find on the given 


straight line the point М, (3, 4, —3), хо 3, йо=% 20=—3. 
Computing the direction numbers 


ET ке iv 
SN RU TS |= 7, 
Dd 
nz [ge A 13 


we get the equations in symmetric form 
x-3  y-^ 2+3 


+ 
panna n ii 
13 


=4 =7 
Example 2. Reduce to symmetric form the equations 
x--2y—32—2—0, зх 4y—62 4-21 —0 


Assign some value to the y-coordinate or z-coordinate 
(an arbitrary value cannot be assigned to the x-coordinate; 
сї. Sec. 142, Example 5); for example, put y=0. This gives 
the point M, (5, 0, 1). The direction numen will be /=0, 


m=15, n=10 or (multiplying by *) 1=0, m=3, n—2. 
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The symmetric equations are 


(сї. Sec. 150, Example 2). 
Example 3. The same for the straight line 


x-pgy—6-—0, x—y+2=0 (3) 


The values хо and yọ are fully determined by equations (3): 
Xo—2, yo=4. To the zycoordinate we can assign any value, 
say z9—3. We then find the direction numbers /=0, m=0, 
n=2. This yields the symmetric form of the equation (cf. 
Sec. 150, Example 3): 


x-2 4 _ 2-3 
2 


= 


152. Parametric Equations of a Straight Line 


Each of the ratios 5—7* , 20°, 228 (Sec. 150) is equal 


to the quotient (Sec. 90) obtained by dividing the vector 


—— 


oM {x—xo 0—00 2—20) 


by the (collinear) vector a (t, m, n). Denote this quotient 
by ¢. Then 


x — xo It, 
y=Yotmt, | () 
z=2Z)-+nt 


These are the parametric equations of a straight line. 
When the quantity / (parameter) takes on various values, 
the point M(x, y, z) moves along a straight line. When 
t=0 it coincides with Mo; Дн and negative values of 
t correspond to points located on the straight line on either 
side of Mo. 

In vector form, the three Eqs. (1) are replaced by one: 


r=r,+at @ 
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153. The Intersection of a Plane with 
a Stralght Line Represented Parametrically 


А common point (if such exists) of the plane P 


Ax-+ By+Cz+D=0 (1) 
and the straight line L 
x=% tlt, y=Yotmt, z—294- nt (2) 


is found from formulas (2) if into (2) is substituted the value 
of t as defined from the equation P 


(Al-+ Bm 4-Cn) t+ Ay + Bu Cto D= (3) 


This is obtained if expressions (2) are substituted into (1). 
Example 1. Find the point of intersection of the plane 


ох --3y --32 —8—0 


with the straight line 
х+ь  y-3 2*3 


SORGE Ty 
Solution. In parametric form, the equations of the straight 
line will be 


xy——5--34 у=3—Ь 2——34-2t (4) 


Substituting into the equation 2x--3y 4-32 —8—0, we get 
9t—18—0, whence 1—9. Putting this value into (4) we ob- 
tain x=1, y—1, 2=1. The desired point is (1, 1, 1). 
Example 2. Find the point of intersection of the plane 
3x--y—42—7—0. with the straight line of Example T 
Solution. In the same manner we get 0-£—7=0; this 
equation has no solution. There is no point of intersection 
(the straight line is parallel to the plane). 
Example 3. Find the point of intersection of the plane 
3x-+y—42=0 with the straight line of Example 1. 
Solution. In the same manner, we ge 0-t+0=0; this 
equation has an infinity of solutions (the straight line lies 
in the plane). í f 
Note. Taking advantage of the parametric e uations (4), 
we introduced a fourth unknown t and obtained four equa- 
1) In exceptional cases, Eq. (3) may not have any solution (see 


Example 2 below) or it may have an infinity of solutions (see Examp- 
1е 3 below). 
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tions (in place of the three that are given). This complica- 
tion is compensated for by the greater facility of solving the 
system. З 


154. The Two-Point Form of the Equatlons 
of a Stralght Line 


A straight line passing through the points М, (х1, Yay 24) 
and М, (хә, уз, 25) is given by the equations 


SAP Á ty 2524 (1) 
Xi—3, Y-Y; 2-25 


For examples see Sec. 150. 


155. The Equation of a Plane Passing Through 
a Given Point Perpendicular 
{о a Glven Stralght Line 


A plane passing through the point My (хо, Yo, Za) perpen- 
dicular to the straight line 


has a normal vector {һ, m, nı} and, hence, is represented 
by the equation Я 
lı (x— x) 4- m, (y — 99) +n (2—20) —0 
or, in vector form, 
a, (r—r)—0 
Example. A plane passing through the point (—1, —5, 8) 
Perpendicular to the straight line 2-0 2-3 iş represen- 


-5 
ted by the equation 2 (y+5)+5(z—8)=0, or 


2y +5z —30—0 


156. The Equations of a Straight Line 
Passing Through a Given Point Perpendicular 
to a Glven Plane 


The straight line passing through the point My (xo, Yo. Zo) _ 
Perpendicular to the plane Ax 4- By-+-C2-+ D= has the 
direction vector (4. B, C} and, hence, is given by the sym- 
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metric (Sec. 150) equations 
х-х,__у-й»__2-% @) 


AU E "С 
Example. The síraight line passing through the origin 
perpendicular to the plane 3x-+5z—5=0 is given by the 
symmetric equations фе or the parametric (Sec. 152) 
equations x —3/, y—0, 2= 5. 


157. The Equation of a Plane Passing Through 
a Given Point and a Given Straight Line 


A plane passing through the point Mg (хо, Yo. Zo) and the 
straight line L 


aK =" teres (1) 


which does not pass through M, is represented by the equ- 
ation 


хх  y—Y 2—20 
Xı—Xo Yı— Yo 21—20 
m n 


=0 (2) 


or, in vector form, 
(r—r9(ri—roa-0 (2а) 


The equation (2), or (2a), ех 
resses coplanarity of the vectors 


а dm 170 MoM, MoM, and 


saad le. A plane passing 174 
through the point Mo(5, 2, 3) and the straight line 


xxl Bri d ac 


EN 1 3 


sous анат өтөө " 
* os Pm 
o Top oo 
төө 


М р» P юне эней o dem nt m 
LI 


9 -ча-ча " 
“бренд do a diem pm є 
ПТ Бы "^ 


* mote МШЕ 
Agnetem mmn 
A m 

a tek 
mon ^ 


("Sm Xu. 
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or, in vector form, by the equations 


[| a, (г— го) =0, (2a) 
\ (пло) (ri — ro) 1 = 9 (да) 


Taken separately, Eq. (2) represents a plane Q (Fig. 175) 
drawn through Му perpendicular to L, (Sec. 155), while 
Eq. (3) represents plane R drawn 
through the point М, and the 
straight line L, (Sec. 157). 

Note. lí the straight line Ly 
passes through the point Мо, Eq. 
(3) becomes an indentity (Sec. 120) 
(an infinity of perpendiculars toL 
can be drawn through a point taken 
on the straight line L). 

Example. Find the equation of 
the perpendicular dropped from the 
point (1, 0, 1) onto the straight line 


х==32--2, y=2z (1a) 
Fig. 175 Also find the foot of the perpendi- 


cular. 
Solution. Eqs. (la) may be written in symmetric form 
(Sec. 151) as 


x-2 y 2 

SB КО oa (9 

The desired perpendicular is then given by the equations 
( 3(x—1) +2 (0—0) +1 (2—1) =0, (2b) 

x—l у 2—1 
| 2—1 0 0—1| =0 (3b) 
Slee 1 
or, after simplifications, 

3x + 2y 4-2 — 4 —0, (2c) 
x— 24y+z—2=0 (30) 


The coordinates of the foot К ої the erpendicular may be 
found by solving the system of three equations (1D) 
(2c). un (8c) should be satisfied by itself. We obtain 


K(T.—T:—T) 
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Note. The system of three equations аса has an infinity of 
solutions because the plane R passes through the straight line L, and 
does not intersect it. 


162. The Length of a Perpendicular Dropped 
from a Given Point onto a Given Straight Line 


Given: point Mo (Хо, Yo Zo) and straight line L, represen- 
ted by Eq. (1), Sec. 161. It is required to find the distance 
from M, to L, i.e. the length of the perpendicular MK 
(Fig. 175) dro ped from Ме onto Ly. 

One can first find the foot К of the perpendicular (Sec. 
161, Example) and then the length of the segment M 
A simpler way is to apply the formula (in the notation of 


Sec. 161) 
En ee ee 


Ys AA 26—21 Рин Ха Ху 00—01 
m, n 


nic oW li m 


d= -— 
V enini , 
d (1) 
or, in vector \orm, 
iit ae 
q- Ae Es (1a) 
a 


1 

The numerator of expression (1а) is (Sec. 111) the area of a paral- 
lelogram M,M,BA (Fig. 176, where М,А=а‹) 

and the denominator is the length of the 
base M,A. Hence, the fraction is equal to the 
altitude M,K of the parallelogram. 


Example. Find the length of the 
perpendicular dropped {гот point 
Mo (1, 0, 1) onto the straight line x= 
= 32--2, y—22 


Solution. In the example in Sec. 161 
we found 
11 2 1 
K (т, TEC ж) Fig. 178 
Consequently, 


d=|MoK |= 


ар ма R 
«уЗ 


DE 
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Now apply formula (1). According to (1b), ж we have 
o th 


122, y —0, 2, 50, 1,53, ae а 


90 — Уу таа er 
m 
2—2\ нз ту Ti 
n h T 
дарт Yol „ше 
1 А 


We obtain 
У(—®уб+ї+(—2)* 
RE УЗ +2 +1? ey P 


163. The Condition for Two Stralght Lines intersecting 
or Lying In a Single Plane 


If the straight lines 


4 т, п 
X-X: 0-0: 2—2, 
ly WE con. 


lie in a single plane, then 
X2—X1 урур 25—21 
h mi пу |=0 


or, in vector form, 
(72—71) a3, —0 


(0 
@ 


9 


(За) 


Conversely, if Condition (3) is fulfilled, then the straight lines 


lie in a single plane. 


Explanation. lí the straight lines (1) and 
(2) lie ina single plane, then the straight line 
M,M; (Fig. 177) also lies in that plane, i. € 
the vectors M,M a, are coplanar (and 
Seay era. This i is Shai Eq. (3) expresses (see 


Note. it = (here, (3) will de 


Fig. 177 linitely be Satisfied], " then the straight 
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lines are parallel, otherwise the straight lines satisfying 
Condition (3) intersect. 
Example. Determine whether the straight lines 


а за 5 (0 


х+1  y-1 2-41 (2) 


intersect, and if they do, at what point. 
Solution. The straight lines (1) ang (2) lie A one plane 
UD, UST RR 


since the determinant (3) equal to 1 1 3 | vanishes. 
4 

These lines are not parallel (the direction numbers are not 
proportional). In order to find the point of intersection, we 
have to solve a system of four equations (1), (2) in three 
unknowns. As a rule, such a system does not have any solu- 
tions, but in the given case [because Condition (3) is fulfilled] 
there is a solution. Solving a system of any three equations, 
we get x—1, y—2, z=3. The fourth equation is satisfied, 
The point of intersection is (1, 2, 3). 


164, The Equations of a Line Perpendicular 
to Two Given Straight Lines 


. The straight line UV intersecting two nonparallel straight 
lines (L, and L, in Fig. 178) 


d; v wes uM T 
xb dead tees da) 
l,m п, 


and perpendicular to them is represented (in vector form) by 
the equations 
(r—r1) aa —0, (1) 
(r—r:) aa —0 (2) 


where a,={1,, m4, m}, a= la, mg, п} and а=аухаз. 
Taken separate y ds (i) A "the p P, drawn throu; 

the straight line L, parallel to the vector а =; ds (Sec. 159). 

Similarly, (2) is plane P, drawn through Ly parallel to a. 
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Point Kı, where UV intersects L,, is found at the inter- 
section of L, with the plane Ру. Similarly, we find, the point 


Ks and then the length of the common perpendicular 


(2) become i 


Fig. 178 Fig. 179 


entities}, there is an infinity of straight lines 


Ky. 
Note. If E and Ly are parallel [then a —0 and Eqs. (1) 


UV. To obtain the equation of one of them, take on ц 
(Еїд. 179) ап arbitrary point K, and form the equation ol 
the straight line passing through К 1 in the direction of the 


vector a, X b, where 6=a,X(r.—r,). 


f ( : 
Example 1. Find the equations of the perpendicular to the 


straight lines 


x—2-4- 2t, y —14-4t, z— —]1—t, 
х= —31-Е3', y—6+21', 2—3-4-6!' 


(3) 
(4) 


Solution. We have a={2, 4 —1}, а= {3, 2, 6} 


a=a,Xa,={26, —15, —8}. 
The desired perpendicular is given by the equations 


x—2 0—1 z41 

2 4 —1 |=0, 
26: —15 —8 
*+31 y—6 2—3 

3 2 6 |=0 
26 15 +8 


or, after simplifying, 


{сук +1342+30 —0, 
74x--180y—972 --1505—0 
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The point K, of intersection of the common perpendicular 
with the straight line (3) is found from the system qo 
We get K,(—2, —7, 1). Similarly, we find K,(— 28, 8, 9). 
The length d of the common perpendicular is 
BUMP EE л. te 
4— Y (—24 8) (1 8 + 0 —9) = Y 965 
Example 2. Find the equations of the line perpendicular 
to the straight lines : 
x—2--20( y=3+2t, z=t, (7) 
x-5--2t, у=4+ 2, z=14ť (8) 
The lines are parallel: а = а= (2, 2, 1}, rs—r1— (9; 1, 1}, 
b=a,X(re—ri)={1, 1, —4}. The direction vector of the 
common perpendicular a,xb={—9, 9, 0) or, multiplying 
by +, {—1, 1, 0). For the initial point we take an arbit- 
rary point К, (24-2; 3-+-2£; t) of the line (7). We obtain 
the equation of the common perpendicular 
x-(2420) _ y-(8+2t) | z-t (9) 
-1 id 1 т} 


where ¢ is an arbitrary number. To find the point Ks of 
intersection of the common perpendicular (9) with the straight 
line (8), substitute expression (8) into Eq. (9). This yields 
342(-t) 142 (tt) _ 14 (70 
-1 өйү! Tes 0 
Any one of these equations yields /'—£—1; substituting into , 
(8), we get Kg (3-1-2t, 24-27, t), so that 


d=|K,Ki|= а 
=V BFA ра CA- Q 3-201 E— T = y? 


165, The Shortest Distance 
Between Two Straight Lines 


. The shortest distance between the straight lines L, and 
is the length d of their common perpendicular. It can foun 
by forming the equations of the common perpendicular (Sec. 
164, Examples 1 and 2). А simpler way, however, is to find 
d directly. 

(1) If Lı and Ly are not parallel (Fig. 180), then 


dar) atl _ [Русу азд () 
1а; Хаз | Иа, Хаз)" 
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(ry, Fa are the radius vectors of the ete Mı, My; di, 0 
are the direction vectors of the straight lines Li, L;). 


The numerator of the fraction (1) is (Sec. 121) the volume of a 


— 
parallelepiped constructed on the vectors M 4. The denomi- 


iMa, а, а 
nator is the area of its base (Sec. 111). Consequently, the whole frac- 
tion is the altitude K,K,=d. 
D, 
М, 
к; 
Ky M 
Fig. 180 Fig. 181 


For intersecting straight lines (the vectors KK. а\, d, are cop 
lanar), formula (1) yields d—0. For parallel straight lines (the vectors 


a, а, are collinear) it, fails (учат 3): 


B (2) If the straight lines Lı, Ly are parallel (Fig. 181), 
еп 


а Litem) xa | Virna] (2) 
1а, 1 та pi 
1 
(in place of a, we can take аз). 
The numerator of the fraction ie is the area of the parallelogram 
„М.С, the denominator is the length oí the base M,C. The whole 
fraction is the altitude K,K,-d. 

Example 1. Find the shortest distance between the straigh! 
lines of Example 1, Sec. 164 [rj — (2, 1, —1), ra={—3l 
6, 3}, a, = (2, 4, —1), a,—(3, 2, 6}). 

Solution. The lines are not parallel. We have 


4 =l —1 2 24 
хан {lp 6], [7% al, [s a| paims t 
(па r1) аа, = —33-26 +-5-(— 15) 4-4: (—8) = — 965 
Formula (1) yields 


aM 965 ш 965. 1/965 
ae A 
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Example 2. Find the shortest distance between the straight 
bri of Example 2, Sec. 164 [a4 — a5 —12, 2, I}, == 
= {3, 1, 


Solution. The lines are parallel, and formula (2) yields 


Eco ie ШР ГЕР. 
1 i 
VEMM yz 
d] VII 
Note. A sign can be prefixed to the shortest distance bet- 
ween straight lines (if they are not perpendicular and. not 
parallel) (see Sec, 165a). 


165a, Right-Handed and Left-Handed Palrs 
ot Straight Lines 


Definition. A pair of UA np" skew lines Ly, Ly 
Fig. 180) is called right-handed if for an observer standing 
on the extension of some transversal K,K; beyond Ly the 
shortest rotation of Lı to a position parallet to Ly is perfor- 
Н ОННО oix Otherwise the palr Ly, La is left. 


handed, 

Note 1. A right-handed pair remains паа and а 
left-handed pair left-handed irrespective either of the choice 
of points Кү, Ka on the lines Ly, la or of the labelling of 

Ye labelled La and the se- 


versal beyond the straight line Lı, so that for him the di- 
rection of the rotation remains unchanged. 
Note 2. The concepts of a left-handed and ri t-handed 
ir are meaningless with respect to the straight lines Ly 
lying in a single plane and also with respect to perpen- 
dicular lines, 


Example. If in going іп or out, the handle of the cork- 
screw turns through 60°, then the initial and terminal positions 
of the axis of the handle form a right-handed pair o pg 
lines (if for the straight line L, we take he axis of the 
handle in the upper position, then the observer mentioned 
in the definition must look upwards; otherwise, downwards), 
In a rotation of the handle through 120° the initial and 
terminal positions of the axis form а left-handed pair. 

Test for t-handedness and left-handedness. Let a,,a, 
be some (nonzero) vectors collinear with the straight lines 
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14, La. И the triple scalar product К.Кзааз is of the same 
sign as the scalar product 4143, then the pair L, L,is 
right-handed; if the signs are opposite, then it is left-handed. 


When КуКәауаз=0, the lines Lı, Lg lie in one plane; 
when a,a,=0, the lines L,, Ly are perpendicular. In neither 
Re ү the pair Lı, La right-handed ог left-handed (see 

ote 2). 

The ‘sign of the shortest distance between two straight 
lines. To the shortest distance between nonperpendicular 
intersecting lines we can prefix a sign: positive if the pair 
is right-handed, and negative if it is left-handed. 

sing the letter 6 to denote the shortest distance between 
straint lines (with sign taken into consideration) we have 


the following formula in place of (1), Sec. 165: 
(ЭШИК Л (г,-г,) аа, 1 
ут | ао; | Ta xai E 


It also holds true for intersecting (but not perpendicular) 
lines and then yields 6=0. For perpendicular lines, for- 


mula (1) does not hold true because the first factor таат 


becomes indeterminate, E (if the straight lines are not per- 


pendicular, then the first factor is equal either to +1 of 
to —1). Neither is (1) valid for parallel lines, since the se 
cond factor becomes indeterminate. See Note 2. 


166. Transformation of Coordinates 


1, Translation of the origin. When a system of coordinates OXYZ 

is replaced by a new system O'X'Y'Z' having axes in the same di- 

rections, the old coordinates (x, y, 2) of a point are expressed in terms 

of the new coordinates (x^, y’, 2’) by the formulas 

x=a+x', у=®+у,  z-cez (1) 

where а, b, c are the coordinates of the new origin О” in the old 
system (cf. Sec. 35). k 

In this replacement, thè coordinates of any vector remain | 


Ln 

2. Rotation of axes. When replacing a system OXYZ by a nei 
system 0'X'Y'Z' with the same origin, the old coordinates of a poin! 
are expressed by new formulas: 


7 — ee: 
x=x’cos(i’, i) y' cos (J', й) +2” cos (R’, à), 


y x' cos (I^, J)-y' cos (J’, J)-2' cos (K, J), 
oo “~~ “~~ 
г=х' cos (I^, k)+y' cos U’, Ё)+2' cos (R’, k) 
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„== 
where (27, i) is the angle between the vectors #’ and #, Le. between 


[~ 
the new and old axis of abscissas, (^ ,Ї) 15 the angle between the 
new axis of ordinates and the old axis of abscissas and so forth. 1) 
In this substitution, the coordinates of any vector are transfor- 
med in accordance with the same formulas. 


Pans 
Note. Of the nine quantities cos (t, 1), cos Q^, Ј), etc., any three 
m be specified in arbitrary fashion, the other six satisfy the rela- 
ons 


77. 7 2, 
cos? (1, i*)--cos! (i, J^) cos? (i, в)=1, 


os [~ ~ 
сов? (7, ї'у+сов? (J. J)y+cost J, Ё')=1, (3) 

~ ~ ~ 

соз? (k, 1’) +cos? (№, J^) cos? (k, в)=1 
апі 
соз [42 cos (Cry eos wy cos fy’) + соз Ск) соз Ле)=о, 
N ^ 

cos ati» cos dry cos d on cos (a y^) ccs (їй, k’) cos (А, k')z0, (4) 


^, 
cos ut cos (Ki) cos dn cos (KC ^) cos TA cos (№, k’)=0 


Relations (3) follow from (4), Sec. 101, and relations (4) follow 
from (2), Sec. 145 


167. The Equation of a Surface 


An equation relating the coordinates x, y, 2 is called the 
equation of a surface S if the following two conditions hold: 
(1) the coordinates x, y, z of an point of the surface S sa- 
tisfy this equation, (2) the coor inates x, y, 2 of any point 
not lying on the surface S do not satisfy this equation 
(cf. Sec. 7). 

Note. If we change the system of coordinates, then the 
equation of the surface will change (the new quu will 
follow from the old equation by means of the formulas for 
transforming soordinates, Sec. 166). t 

Example 1. The equation x+y z—1=0 is an equation 
of a plane surface. Given a properly chosen rectangular coor- 
dinate system, the same surface may be represented by any 
other first-degree equation. 

Example 2. The surface of a sphere of radius R with 
centre at the origin is given by the equation 


ару (1) 
because (1) if the point M (х, у, 2) lies on this surface, the 
1) Each of the coefficients of the new coordinates is the cosine of 


the angle between the corresponding new axis and the old axis asso- 
ciated with the coordinate written on the left side. 
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distance OM V XE + is equal to the radius R and, 
hence, Eq. (1) is satisfied; (2) if M does not lie on the sur- 
face, then OM # R, and Eq. (1) is not satisfied. 

Example 3. A sphere of radius A with centre at the 
point C (a, b, c) is given by the equation 


аи 0 -- (c) А 0 


An equation a the coordinates x, y, z is capable of repre- 
senting other geometric images or none at all (cf. Sec. 58). 

Example 4. The equation x*+y?+z?+1=0 does not represent any 
geometric image at all because it has no (real) solutions. 

Example 5. The equation x?+y?+2?=0 which has a unique real 
solution x=0, y=0, 2-0 represents a point. 

Example 6. The equation (x— y)!-- (z- y)? —0 is satisfied only when 
х-у=0 and z-y-0 simultaneously; it represents the straight line 
х=у=2. 


168. Cylindrical Surfaces Whose Generatrices Are Parallel 
to One of the Coordinate Axes 


A surface generated by the motion of a straight line (ge 
neratrix) which is parallel to some fixed line is called a cy- 
lindrical surface. у line intersected by the generatrix in 

z any of its positions is called a 
directrix. 


Fig. 182 


Any equation which does not have the z-coordinate and 
represents some line L in the xy-plane represents in space 
a cylindrical surface whose generatrix is parallel to the 
z-axis and the line L is the directrix, 

Example 1. The equation 


a += 0) 
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is, in the xy-plane, an ellipse ABA'B' (Fig. 182) with se- 
miaxes a— 0A, b=OB. In space it is a cylindrical surface S 
whose generatrices are parallel to the z-axis and whose di- 

rectrix is the ellipse ABA’B’ (elliptic cylinder). 
Example 2. The equation 1 represents а cylind- 
tical surface (Fig. 183) whose generatrices are parallel to the 
z-axis and whose directrix is the 


Д hyperbola CDC'D' (hyperbolic 
cylinder ) 
Y 
[E 
4 Y 
Fig. 184 Fig. 185 


Example 3. The equation 02==2рх is a parabolic cylinder 
(Fig. 184). 

An equation not containing the x (or y) coordinate is a 
cylindrical surface whose generatrix is parallel to the x-axis 
(or y-axis). 

Example 4. The equation y?=2pz is a parabolic cylinder 

located as shown in Fig. 185. 
. Note. If the directrix is a straight line, then the cylind- 
rical surface is flat. Accordingly, the equation Ax + By+D= 
=0 represents a plane in space parallel to the z-axis (cf. 
Sec. 124, Note). 


169, The Equations of a Line 


A line may be regarded as the intersection of two sur- 
faces and, accordingly, may be represented by а system of 
two equations. 

Two equations (taken together) relating the coordinates 
х, y, z are called the equations of the line L if the following 
two conditions are fulfilled: (1) the coordinates of any point 
M of the line L satisiy both equations; (2) the coordinates 
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of any point not lying on the line L do not ia both 
qu at once (although they may satisfy one of them; 
cf. Sec. 140). 

Example 1. The two equations y—z=0, x—z=0 repre- 
sent a straight line as an intersection of two planes (cf. 
Example 1, Sec. 140). 


Example 2. The two equations 
x+y Hza, y=z 


represent separately (the first) a sphere of radius a (Fig. 186) 
with centre at the point O and (the second) a plane LOX 
(the straight line OL bisects the 
angle YOZ). Together, these equa: 
tions represent the circumference of 
a great circle ALK. 

Note 1. One and tae same line 
can be represented by different 
(equivalent) systems of equations 
because it may be obtained as the 
intersection of various pairs of sur- 
faces. 


Note 2. Asystem of two equations 
Fig. 186 can represent geometric images Ot 

than a line or no geometric image at all. 

Example 3. The system of equations x?+y*+2*=25, z=5 repre- 

sents a point (0, 0, 5) at which the plane 2=5 touches the sphere 
x14 y*-21—25. 

Example 4. The system of equations x?+y*+2?=0, х+у+2=1 does 

not represent any geometric image at all because the first equation 


is satisfied only by the values х=0, y=0, but these fail to satisfy 
the second equation. 


170. The Projection of a Line on a Coordinate Plane 


1. Let a line L be given by two equations, one of which 
contains z and the other does not. Then the second repre 
sents a "vertical" cylindrical surface and, on the xy-plane, 
the directrix L; of this surface (Sec. 168); the projection of 


the line L on the xy-plane lies on the / line (covering it enti- 
rely or in part). 


%) If neither equation contains z, then L is a vertical straight 


line (or several such lines); it int (cl 
Senn (do, Example 3). les); is projected on XOY as a po 
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Example 1. The equations 
sy, ФІ 


represent (Fig. 187) the line ABA,B, (ellipse) along which 
the plane 2— (plane P in Fig. 187) and the circular 
cylindrical surface x*+ y?=1 intersect. In the xy-plane, the 
equation x*+-y?=1 represents the circle A’B’A’B,. The pro- 
jection of the line ABA,B, coin- 
cides with the line A’B’A {В\- 
Example 2. The equations 
024-04-22 =a, у=тх 
represent (Fig. 188) a great circle 
“meridian”) APA'P' of the sphere 
as the intersection of this sphere 
with the plane у = тх (the plane R 
in Fig. 188). The equation y=mx 
represents the straight line UV in 
the xy-plane. The нг of 
the meridian APA'P' on the xy- 
plane lies on UV, but covers only Fig. 187 
a part of it, the segment AA’. 

2. Let both equations representing L contain z; then 2 
has to be eliminated from the given equations in order to 
find the projection of the line L on the xy-plane. » The 
equation obtained by this elimination represents, in the xy- 
plane, a line L' on which the desired projection lies (cove- 
ring it completely or partially). Similarly, we find the pro- 
jections of the line on the xz-plane and yz-plane. 


This follows from Item 1. 


Example 3. Let us consider a circle (АК in Fig. 189) 
represented (cf. Sec. 169, Example 2) by the equations 


xir yt 23a, (1) 
у=2 (2) 


1) To eliminate 2 from the two equations means to find a third 
equation not containing z and satisfied for all those values of x and y 
which satisfy the system of the two given equations. 
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To find its projection on the xy-plane, eliminate z from 
(1) and (2). This yields the equation 


x? 2y?—=a? (3) 
which, in the xy-plane, represents the ellipse AL'K' with se- 
miaxes OA=a, QU The projection of the circle ALK 
covers the ellipse AL'K' enti- 


rely. 

"io find the projection of the 
circle ALK on the xz-plane, 
eliminate у from (1) and (2). 
This yields 


x2-4+222—a? (4) 


which, in the xz-plane, герге 
sents an ellipse of the same di- 


Fig. 188 Fig. 189 


mensions as AL'K'. The projection of the circle covers this 
ellipse completely. 

here is no need to eliminate x in order to find the pro 
jection of the circle ALK on the yz-plane because one of the 
equations (у= 2) does not contain x anyway. In the yz-plane, 
the equation y=z represents the entire line UV, but the de 
Fn projection only covers a portion of it (the segment 
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171. Algebralc Surfaces and Their Order 


An algebraic equation of the second degree (in three un- 

knowns x, y, 2) is any equation of the form 

дац By? +-Cz2-+ Dxy+ Eyz + Fex+-Gx-+Hy + Kz+L=0 
where at least one of the six qu. A, В; С, D, Е, Е is 
nonzero. Algebraic equations ої апу degree are defined simi- 
larly (cf. Sec. 37). 

{f a surface S is represented in some rectangular coordi- 
nate system by an nth-degree equation, then in any other rec- 
tangular system of coordinates it will be represented by an 
equation of the same degree (cf. Sec. 37). 

А suríace represented by an nth-degree equation is called 
an algebraic surface of the nth order. Any surface of the first 
order is a plane. Surfaces of the second order (quadric surfa- 
ces) are considered in the following sections. 

172. The Sphere | 
The second-degree equation 
xt y?+ 22= А? (1) 

represents (Sec. 167, Example 2) a sphere of radius R with 
centre at the coordinate origin. If the origin does not coincide 
with the centre of the sphere, then the latter is also represen- 
ted by a second-degree equation, namely 

(e—a) + y—b)+ (2-0? = R? Q) 
where a, b, c are coordinates of the centre of the sphere (cf. 
Sec. 38). 

The equation of the second degree 
ла + Byt + C214 Day + Eye + Fax +Gx-+ Hy + Kz 1009) 
represents a sphere only under the following conditions: 


A=B=C, (4) 
р=0, Е=0, F=0, (5) 
G?+ H3 -- KY —4AL > 0 (6) 


(cf. Sec. 39). Under these conditions we have 
fet H K Q3--H3-EKa—A4AL 
cum pao ete iat atarin mes Se Lo 

а Gb emg aa 

Example. The equation 
x2 yh p 22—2x —4 —4=0 
(A=B=C=1, D=E=F=0, , б=—2 Н=—4 
K=0, L=—4) 
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represents a sphere. Completing the squares in the expressions 
x1—2x and y*—4y and adding the numbers 12, 2? to the right 
member to compensate, we obtain the equation 
(к—1)%4-(у—9)1+:*=9 
or a=1, b—2, c—0, R—3. 
We find the same using formulas (7). 


173. The Ellipsoid 


The surface given by the equation !) 
2 


Dag mia % 


is called an ellipsoid?) (Fig. 190). The line of intersection 
ABA'B' of ellipsoid (1) with the xy-plane is given (Sec. 169) 
^ by the system 
x yp z 
wtwts 
It is equivalent to the sys 
tem of equations 


=1, z=0 


x у Ex 
Ch 20 

so that ABA'B'is anelli- 

Fig. 190 pse with semiaxes ОА=0, 


OB-—b. 

Sections of ellipsoid (1) by the planes YOZ and XOZ are 
ellipses M'CMB with ѕетіахеѕ з) OB=b, OC —c and L'CLA 
with semiaxes OA =a, OC —c. " 
__ The section of the ellipsoid by the plane z—& (LML'M 
in Fig. 190) is given by the system of equations 


х? 2] һ? К 
ЖҮЛ е 
z—h 9) 


1) Here and in the sequel, the letters a, b, c denote the lengths of 
certain segments so that the numbers a, b, c are positive. 

?) The word ellipsoid comes from the Greek and means ‘like an 
ellipse’. The ancient Greek geometers called ellipsoids of revolution 
(they did not consider any others) spheroids (i. е. sphere-like). Т 
erm is still used today. l 

з) Earlier (Sec. 41) the letter c was used to denote half the foc? 


length [= a*—5* so that c < a]. Here c has a different meaning an 
can assume any value. 
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However, if |h | >c, then Eq. (2) does not re| resent any 
locus (“imaginary elliptical cylinder"; cf. Sec. 58, — 5). 
In this case the plane does not intersect the ellipsoid. For 
pisc Eq. (2) is the axis OZ (х=0, y=0; сї. Sec. 58, 

xample 4). This means that the plane z—c has one common 
point C (0, 0, с) (point of tangency) with the ellipsoid; in the 
same way, the plane 2—— € touches the ellipsoid at the po- 
int C' (0, 0, — c) (not indicated in the figure). 

But if || <c, then the desired section is an ellipse with 
semiaxes 


e RN) тув 
KL=a ү ite KM=b ys W 


proportional to a and b. " 
The dimensions of the sections diminish (all are similar) 
as one recedes from the xy-plane. 

The same holds true for sections parallel to the yz- and 
zx-planes. 

The point O is the centre of symmetry of the ellipsoid (1). 
The planes XOY, YOZ, XOZ are planes of symmetry, the 
axes OX, OY, and OZ are axes of symmetry. 

General ellipsoid. If all three uantities a, b, c are different 
(i. e. not one of the ellipses A'CA, B СВ, ABA’ becomes a circle), 
then the ellipsoid (1) is called general (triaxial). The ellipses 
A'CA, B'CB, A'BÀ are called principal; their vertices [А (a. 
0, б), A’ (а, 0, 0), В (0, b, 0), B' (0. —b, 0), C (0, 0, c), 
C' (0, 0, —с)] are called the vertices of the general ellipsoid. 
The segments AA’, BB’, CC’ (axes of the principal ellipses) 
and also their lengths are termed the axes of the ellipsoid. 
И a» b» c, then 2a is the major axis, 2b the mean axis, and 


Ellipsoid of revolution. If any two of the quantities a, b, 
c (say a and b) are equal, then the corresponding principal 
ellipse A'BA and all the sections parallel to it become circles. 
Any section CRS passing throug! the z-axis may be obtained 
by rotating the ellipse CLA about the z-axis, i. е. the ellip- 
soid is a surface of revolution (ellipses CLA, CRS, CMB, etc. 
are meridians, the circle А'ВА is à 
of this kind is called an ellipsoid of revolution. lts equation 
is of the form 


xb ov uh 


wil © 
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И a>, the ellipsoid of revolution is called oblate (Fig. 
iine if a «c, then prolate (Fig. 1916). In an ellipsoid of 
revolution the positions of two of its axes are indeterminate. 

lf a=b=c the ellipsoid becomes a sphere, and the posi- 
tions of all three axes become indeterminate. 


Fig. 191 


Note 1. An ellipsoid of revolution may be defined as a surface ob- 
tained by uniform compression of a sphere towards its equator (СЇ. 
Sec. 40) An oblate ellipsoid of revolution is obtained when the coef- 
ficient of compression Ё < 1, prolate when & 21. 

A general ellipsoid may be defined as а surface obtained by the 
uniform Sopp regs tot of an ellipsoid of revolution towards its meridian. 

Note 2. The ellipsoid is represented by Eq (1) if its coordinate 
axes coincide with the axes of the ellipsoid. In other cases, the ellip: 
soid is described by other equations 


Example 1. Determine the surface defined by the equation 
16x? --3y* Д- 1622 —48—0 
Solution. The given equation is reduced to the form 


x p 2 
Be git. 


It defines a prolate ellipsoid of revolution with semiaxes 
а=с= Y 3, b—4, and with axis of rotation Oy. 
Example 2. Find the surface described by the equation x?—6*+ 
+ 4y? +927 +36z-99=0. 
Solution. Bring the equation to the form 
(x-3)!- 4y*-- 9 (24+2)2=144 3 
Translate the origin to the point (3, 0, —2); then (Sec. 166) we get 
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the equation x24 4y/2+927=144 or 
^ ^: 2 
xt кыйсык 


144136716 


This equation is a genera ellipsoid with semiaxes а=12, b=6, 
с=4; its centre lies in the point (3, 0, —2) and the axes are parallel 
to the coordinate axes. 


174. Hyperboloid of One Sheet 


A surface described by the equation 


ae y 22 
ata a 0 


is called a hyperboloid of one sheet (Fig. 192). 

The term hyperboloid 1) stéms from the fact that there are 
hyperbolas among the sections of this surface. Such, for in- 
stance, are sections by the planes x—0 
(MNN'M' in Fig. 192) and y=0 
(KLL'K'). In their planes, these sec- 
tions are defined by the equations 

à 122 
—_ @ 


Po 


x 2? 
=e (3) 
The words “one sheet” stress the 
fact that the surface (1), in contrast to 
a hyperboloid of two sheets (see Sec. 
175) is not separated into two “sheets”, 
but is a single infinite tube stretching 
along the z-axis. 
The plane 


z=h (4) 


for any value of Æ (cf. Sec. 173) yields, 
ina section with the surface (1), the ellipse”) 


Fig. 192 


ж у? hà 
жил! Ка i 
!) The term means "hyperbola-like". 
*) It is assumed here Yat ab. li a=b the ellipses (5) become 
circles; see Eq. (6) below. 
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with semiaxes ay i+= 4 уйн . АП ellipses 
are similar, their vertices lie on the hyperbolas (2) anc 
the dimensions of the ellipses increase as the section f 
from the xy-plane. A- section by the xy-plane is an 


LI 2 
wobei 


laid off on the 
principal hyperb 
hyperboloid of one sheet. h 

The point O is the centre of symmetry of the hypen 
of one sheet (1), the xy-, yz-, zx-planes are planes of s 
try, and the x-, y-, and z-axes are axes of symmetry. # 

A hyperboloid of revolution of one sheet. If a=b, 
Eq. (1) takes the form 


The gc:ge ellipse ABA'B' 
AIL 6 


(transver: 
axis coinc. 


Note. A hyperboloid of revolution of one sheet may be d 
as a surface generated by the revolution of a hyperbola about its 
ginary axis, a triaxial hyperboloid of one sheet, as the surface obtail 

у uniform compression of a Heng ee of revolution of one 
towards the plane of any one of the meridians. 


Example. Determine the type of surface 
x1—41—421--16—0 
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Solution. This equation is brought to the form 
2 Li 2 
— egt 


It represents a hyperboloid of revolution of one sheet with 
centre in the point (0, 0, 0) and axis of revolution OX (since 
the coefficient of x? is negative). The radius of the gorge 
circle r—2, the longitudinal semiaxis is equal to 4. 


175. Hyperbolold of Two Sheets 
The surface described by the equation 
х? з 2° 
пачи o 
is called а hyperboloid of ішо sheets (Fig. 193). 


The sections by the xz- and yz- 
planes are given by the equations 


mure (2) 
2 3 
2—91 (3) 


These are hyperbolas (KK'L'L and 
MM'N'N in Fig. Tk For each of 
them the z-axis is a real axis (cf. 
Sec. 174). 

The planes z= do not meet hy- 
perboloid (1) for | В| < c (cf. Sec. 174). 
For h=+ с, thev touch the hyper- 
boloid at the points С(0, 0, c) and 
C (0, 0, zii For |h|>c, the 
sections are ellipses 9 


x y? h* 
aret (4) Fig. 195 


which are similar to one another (KMK'M', LNL'N', and 
others). Their dimensions increase as they recede from the 
харе) 

hus, the surface (1) consists of two separate sheets, 
whence the name: Ayperboloid of two sheets. 

The hyperbolas (2) and (3) are called principal sections, 
their common vertices C and C' are the vertices of the hy- 


1) See footnote 2 on p. 213. 
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perboloid of two sheets, their real axis CC' is the longitu- 
dinal axis of the hyperboloid of two sheets, and the imaginary 
axes AA’=2a and BB'—2b are called the transverse axes 
of symmetry. 
hyperboloid of two sheets has a centre O, axes of 
symmetry OX, OY, OZ and planes of symmetry XOY, Y0Z, 
OX. The two sheets of the hyperboloid are symmetric to 
each other about the xy-plane. 
Hyperboloid of revolution of two sheets. Eq. (1, for 
a=b, takes the form 


x Li z 
VON CIRCA 


Фаўст" 


and defines a surface generated by the revolution of a hyper- 
bola about its real axis. It is called a hyperboloid of 
revolution of two sheets. A hyperboloid of two sheets with 
unequal transverse semiaxes a and b is called general 
(triaxial), 


Example 1. Determine the type of surface 
3x1 —5y1 — 223 30—0 


Solution. Transform this equation to 


This is a hyperboloid of two sheets (triaxial). The longitu- 
dinal axis is equal to V 10 and coincides with the x-axis; 
one transverse axis is equal to Уб and is directed along 
the y-axis, and the other is } 15 and directed along the 
z-axis. 
Example 2. The equation 
х%—у%—:2%— —1 


is a hyperboloid of one sheet (not two sheets). Although we 
have —1 in the right-hand member, and not +1, there аге 
two negative terms in the left-hand member. Representing 
the equation іп the form 43--22— x?— 1, we see that us 
hyperboloid is generated by the revolution of an equilateral 


hyperbola about its imaginary axis (which coincides with 
the x-axis). 
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176. Quadric Conical Surface 


of a straight line ( generatrix) passing through a fixed point 
(vertex of the conical surface). Any line (not passing through 
the vertex) which intersects the generatrix in any of its 
positions is called the directrix. 
The surface 
x? у? gh. 
ae op ud 1) 
which, as shown ‘below, is conical, is 
NE a quadric conical surface (Fig. 
A section by the xz-plane (y —0) 
is given by the equation 
" 


3 2% 
ater. 


(2+2) (2—2) 0 A 


This isa pair of straight lines (KL and 
K'L’) passing through the origin (Sec. Fig. 194 
58). The section by the yz-plane à 
yields a pair of straight lines (MN and M'N’): 


(£2) (4-4) о 


A section by any other plane y—kx passing through the 
z-axis is given (Sec. 169) by the system of equations 


yom, +85 =0 e 
This too is a pair of straight lines: 
y=kx, х + = 4-0 (5) 
and 
1 133 2 
у= іх, xy eei (6) 


passing through the origin. Hence, surface (1) is conical and 
point O is its vertex. 
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The section of cone (1) by any plane z—/ (for A #0) 
is the ellipse 


" oem 

БО 9 
It degenerates into a point o0. 0, 0) for ^0. All the 
onde) (7) are similar, their vertices lie on the sections (2) 
and (3). 


For a=b, the ellipses (7) become circles and the quadric 
conical surface becomes a circular conical suríace: 


агг — г =0 © 


A quadric conical surface may be. defined as a surface 
obtained by the uniform compression of a circular conical 
surface towards the plane of the axial section. 

Sections of cone (1) by planes parallel to the xz-plane 
(or the yz-plane) are hyperbolas. 

Note. Sections of any quadric conical surface by planes not passing 
through the vertex are circles, !) ellipses, hyperbolas. and parabolas. 
Any one of these curves may be taken for the directrix. It is therefore 
advisable to call quadric conical surfaces "elliptical". 

Example 1. The equation x?--y?— 2? is a circular cone; 
the section by the xz-plane is a pair of straight iines х= + 2. 
The generatrices form an angle of 45? with the axis. 

Example 2. The equation —x?--992--32?—0 is a (nom 
circular) quadric conical surface. A section by any plane 
z=h(h #0) is the hyperbola x?—992—3/2; for A4—0 it 
becomes a pair of generatrices. The same applies to sections 
y=l. The sections x—d (d + 0) are ellipses. 


177. Elliptic Paraboloid 
The surface given by the equation 
Uu. М 1 
z= tE (1) 
(p > 0, q > 0) is called an elliptic paraboloid (Fig. 195). 


Sections by the xz- and yz-planes (principal sections) 
are parabolas (AOA’ BOB’): 


x-—29pz, @) 
y= 2gz (3) 
both concave “ир”. 


1) A circular conical surlace has one system of parallel circular 
sections, a noncircular conical surface has two. 
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The plane 2:=0 touches the paraboloid at the point O, 
the planes z—/ for A > 0 intersect the paraboloid along 
similar ellipses 

T NM aur (4) 


with semiaxes V 2ph, V 2gh. For h <0 these planes do 
not meet the paraboloid. 

The elliptic paraboloid does not have a centre of sym- 
metry; it is symmetric with respect to the х2- and yz-planes 
and the z-axis. The line OZ 
is called the axis of the el- 
liptic paraboloid, the point 
0 is its vertex, and р and q 
are parameters. 

For p—q, parabolas (2) 
and (3) become equal, the 
ellipses (4) turn into circles 
and the paraboloid (1) beco- 
mes a surface generated by 
the revolution of a parabola 
about its axis (paraboloid of 
revolution). ) 

The elliptic paraboloid 
may be defined as а sur- 
face generated by uniform 
compression of a paraboloid 
of revolution towards one 
of its meridians. 

Example. The surface z-—x?4-y* is a paraboloid of revo- 
lution generated by the revolution of the parabola 2==х? 
about its axis (z-axis). The surface x—y*-Fz* is the same 
paraboloid situated differently (the axis of revolution coin- 
cides with OX). 

Note. A section of an elliptic paraboloid by the plane 


y=f yields the curve z=% +i; CDC’); this is a parabola 


Fig. 195 


equal (Sec. 50) to the parabola AOA’ (23): its axis is 
also directed "upwards", and point Dios R a is the 
vertex, The coordinates of point D satisfy the equations 
771) Parabolic reflectors are in the shape of a paraboloid of revolu- 


tion (they convert a beam of light emanating from the focus into 
parallel rays). 
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x=0, y*—2gz, i. e. D lies on the parabola BOB’. Hence, 
an elliptic paraboloid is a surface generated by the parallel 
translation of a parabola (AOA') in which its vertex moves 
along another parabola (BOB'). The planes of the fixed and 
moving parabolas are perpendicular and the axes are in the 
same direction. 


178. Hyperbolic Parabolold 
The surface defined by the eqnation 
ЭИ ч (0 


(р> 0, д> 0) is talled a hyperbolic paraboloid (Fig. 196). 
Sections by the xz- and yz-planes (principal sections) 
are the parabolas (А04 
BOB') 
x?=2pz, (2) 


y= —2q2 (8) 


Unlike the principal secti- 
ons of the elliptic para- 
boloid (Sec. 177), the para- 
bolas (2) and (3) are concave 
in opposite directions (the 
parabola АОА” is concave 
up, the parabola BOB’ is con- 
cave down). The surface (I) 
is saddle-shaped. 
A section of the hyperbole paraboloid (1) by the xy-plane 
(z=0) is defined by the equation 
511). 40 
га pa 0 
This is a pair of straight lines OD, OC (Sec. 58, Example 1). 
The planes 2= Л, parallel to the xy-plane, intersect the 
hyperbolic paraboloid along hyperbolas: 


Hh z—h (5) 


For Л > 0, the real axis of these hyperbolas (for example, 
the hyperbola UVV'U') is parallel to the x-axis; for h « 0 


4) The hyperbolic paraboloid has an infinity of straight lines; se 
Sec. 180. 
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(hyperbola LNN'L’), the real axis is parallel to the y-axis. 
All the hyperbolas (5) lying to one side of the xy-plane are 
similar; they are pairwise conjugate (Sec. 47) to the hyperbolas 
(5) lying on the other side of the xy-plane. 

The hyperbolic paraboloid does not have a centre; it is 
symmetric with respect to the xz- and yz-planes and about 
the z-axis. The straight line OZ is called the axis of the 
hyperbolic paraboloid, the point О is its vertex, and p and q 
are parameters. 

Note 1. The hyperbolic paraboloid is not a surface of 
revolution for any value of p and q (unlike the quadric 
surfaces discussed above). 

Note 2. Like {һе elliptic paraboloid, the hyperbolic 
paraboloid may be formed by a parallel translation of one 
of the principal sections (say BOB’) along the other (A0A’). 
But then the fixed and moving parabolas become concave in 
opposite directions. 

Example. The surface z—xt—y? is a hyperbolic paraboloid; 
both principal sections are parabolas equal to one another 
but in opposite directions. The surface may be generated by 
a parallel translation of one of these parabolas along the 
other. The section by the plane z— (h = 0) is an equilateral 
hyperbola with semiaxes a=V |21, b=V |һ|. For һ=0 
it becomes a pair of perpendicular straight lines (x+y=9, 
x—y=0). If these lines are taken for the coordinate axes 
(OX*, OY’), then the hyperbolic paraboloid under consideration 
will be represented (Sec. 36) by the equation z—29x'y'. 


Generally speaking, the equation :==®Ё defines the same 
hyperbolic paraboloid as the equation =Ё—ш} only in the 


former case, the x- and y-axes coincide with the rectilinear 
generatrices (Sec. 180) passing through the vertex. 


179. Quadrlc Surfaces Classifled 


Any second-degree equation 
A3 By?-+ C2 4- Dry + Eye + Pex -- Gx-- Hy + Ke dii aM 


can, with the aid of formulas for transforming coordinates 
(Sec. 166), be converted into one of the 17 equations given 
below called standard (canonical). Then, the equation 


з 
A eo (No. 14) defines а straight line (x=0, y=0) and 
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Drawing 
(Schematic) 


Ellipsoid (in parti-| 173 
xt sir id 221 cular, ellipsoid 
Pru air of revolution 
and sphere) 


Hyperboloid of "| 174 


Type of Surface Sten 


No.| Standard Equation 


sheet 


sheets 


Hyperboloid of a 175 


Quadric conical 176 
surface 


Hy erbolic parabo- 178 
foid 


Elliptic cylinder 168 


Hyperbolic cylin- 168 
der 
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Drawin т 
Standard Equation Бета) Type o! Surtace E 


Parabolic cylinder | 168 


»- 
Pair of intersecting 
planes 
11 x | Pair о! parallel 
a* planes 
Pair ot coincident 
planes 


Е quadric 


conical surface 
with real Ven 
tex (0 0. 


гент along 
real straight 


Imaginary к: "CA 


Pair o! imaginary 
planes (inter- 


cylinder 


Pair ot imaginary 
parallel planes 


Imaginary elliptic | 


pu cms 
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not a suríace. However, we say that it defines a pair of 
imaginary surfaces (intersecting along E real straight line) 
(cf. Sec. 58, Example 4). The equation £+545=0(No. 13) 
defines only one point (0, 0, 0). However, (by similarity 
with Eq. No. 4) we say that Eq. No. 13 defines an imaginary 
quadric conical surface (with real vertex). 

Equations Nos. 15, 16, 17 do not represent any geometric 
image. However, we say that they correspond to an i maginary 
ellipsoid (cf. No. 1), an imaginar, elliptic cylinder (ci. No. 1) 
and a pair of imaginary parallel planes (ci. No. 11), res- 
pectively. 

Taking advantage of this symbolic terminology, we can 
say that any quadric surface is one of the 17 surfaces given 
in the classification. 


180. Stralght-Line Generatrices of Quadric Surfaces 


A surface is called ruled if it can be generated by the mo- 

tion of a straight line (generatrix). Of the quadric surfaces, 

the cylinder and quadric conical 

surface and also the hyperboloid of 

one sheet and the hyperbolic para- 
boloid are ruled surfaces 


Fig. 197 Fig. 198 


Both in the hyperboloid of one sheet (Fig. 197) and the 
hyperbolic paraboloid (Fig. 198), two straight-line generatrices 
pass through each point. In Fig. 197, through point A pass 
the generatrices UU’ and VV' through point V, the genera- 
trices VA and VB. 

There are no straight-line (real) generatrices in the case of 
the ellipsoid, hyperboloid of two sheets and elliptic paraboloid. 


SOLID ANALYTIC GEOMETRY 225 


Example. A section of the hyperboloid of one sheet 
РИ ЫШ (1) 


by the plane х==@ (plane P in Fig. 197) is defined by the 
em ah) Pe 27 2А d 
equation 77 бг і.е. 
и = @ 


This is a pair of straight lines (UU' and vv’). They pass 
through the vertex A (a, 0, 0) of the gorge ellipse. In exactly 
the same way, through the vertex B(0, b, 0) pass a pair of 
straight-line generatrices 

ru БЕГ du 

27—570, у= [2] 
А hyperboloid of revolution of one sheet (ec ут be ge- 
nerated © by revolution of the straight line U' (or VV’) 
about the z-axis. : 


Note. The ruled-surface nature of a hyperboloid of o 
utilized by engineer V. Shukhov in the construction of w! 
the “Shukhov Tower’ of Moscow which for years was 
Moscow radio and television tower. It was 
constructed out of steel strips arranged along 
rectilinear generatrices of a hy! erboloid of one 
sheet. The strips were riveted together at the 
points of intersection of the two systems of ge- 
neratrices. Shukhov's structure possesses high 
strength, though a relatively small amount of 
material was used in the construction. 


181. Surfaces of Revolution 


Let L be a line lying in the xz-plane. 
The equation of a surface generated by 
rotation of L about the z-axis is obtai- 
ned їгот the equation of the line L by rep- 
lacingx by V х2. y^. 

Example 1. Let a straight line 2—2x 
lying in the plane y=0 (straight line Fig. 199 

P' in Fig. 199) be rotated about OZ. 
Then the equation of the conical surface generated by rota- 


1) If two matches not lying in the same lane are pierced with a 
in, and if, taking the end of one of the ma ches, we rapidly revolve 
he whole model about it, the other match will clearly sweep out a 
hyperboloid of one sheet. 
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tion of the straight line PP’ is of the form z—2 Y xx 
or x*-+y?—2=0 (cf. Sec. 176). 
Similar rules hold when L lies in another coordinate plane 
and the axis of revolution is some other coordinate axis. 
Example 2. Find the equation of a surface generated by 
гооп of the parabola y*—2px(LOL' in Fig. 200) about 
the x-axis. 


Solution. Replacing y by y pra, ie. y! by y?--23, we 
get y*--2?—2px (a paraboloid of revolution about the x-axis). 

Example 3, Find the equation of a surface generated by 
rotation of the parabola 
2? = 2px (KOK' in Fig. 201) 
about the z-axis. 


Fig. 200 Fig. 201 


Solution. Replacing x by V x1} yë, we obtain the equa- 
tion z?—2p V x?-- yi ог z4— 4р2 (x?4-y?) (a quartic surface). 


182. Determinants of Second and Third Order 


The second-order determinant 
by the expression 


A е is (Sec. 12) given 


ау» — agb, 
The third-order determinant 


a, by “| 


аз ba €, 
аз by Ca 
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is (Sec. 118) given by the expression 


30303 —а103сз + b Cag — 61343 + C133 — сүазбз (2) 
or, what is the same, 
by б [da Ce аз bs 
a —b с; б) 
ка| a rea (3) 


The letters ау, by, сү, аз, Dy Cas аз, bg, cg are called 
elements of the determinant. 

Minors, The determinants ba oe , а ba 

з Cs аз C3 аз 03 
formula (3) are called minors (from the Latin, less) of the 
elements ay, by, c. 

A minor of any element is the determinant obtained from 
the given determinant by deleting the row and column in 
which the element stands. 

Examples. The minor of the element b, of determinant (1) 


в Ca of 


is the determi e 2n --4—— 
e determinant aj; Cs #2 t 24 
a 5 9 
The minor of element бу is [а ^1 |, the minor of element 
2 
: [9 ё 
sp ul 


Note. In the second-order determinant a a element 

2 72 
by is the minor of element а;; it may be considered a “first- 
order determinant". Element by is obtained from a second- 
order determinant by striking out the upper row and the left 
column. Similarly, element 6, is the minor of element a;, etc. 
Cofactor. In formula (3) elements ау, bı, c, are multiplied 


by Ha A ; |2 Ks DT ж Е . These expressions аге 
3 "s 
called the cofactors of the elements 01, Ву; б. 


селеге, the cofactor of an element is its minor with 
its sign or the opposite sign prefixed in accordance with the 
following rule: ) 

If the sum of the position numbers of the column and the 
tow in which the element stands is an even number, then 
the minor has its own sign, if odd, then the sign is reversed, 
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The cofactors of the elements ау, b,, сү, аз and so forth 
will be denoted, respectively, by Ay, By, Cy, Аз, etc. 

Example 1. Element b, of determinant (1) lies at the inter 
section of the first row and the second column. Since 14-2—3 
аз Cy 

аз сз|` 

Example. Find the со!асїог of the element с. 
Solution. Striking out the second row and the third co- 


is an odd number, B,—— 


lumn, we find the minor А | of the element сз. The num- 
ber of the row of this element is 2, the number of the column,3. ; 
a, 5 
аз bs 

Example 3. In determinant (1) the cofactor B; of element 
b, is + ah d (2+2 is an even number). 


Theorem. 1. Determinant (1) is equal to the sum of the 
products of the elements of some row by their cofactors, Le | 


The sum 24-3 is an odd number. Therefore C; — — 


А= 0А, 3-5 B1 +С), si 
A 34 -- DB + CCa» (6) 
А=а,434-5,В,4-саСа (6) 


Formula (4) is identical to (3), formulas (5) and (6) are 
verified by direct computation. 

Theorem 2. Determinant (1) is equal to the sum of the 
products of the elements of some column by their cofactors, 1.6. 


А=а,Ау-Еа»А›-}-азАз, (7) 
A=6;B, + b,Bs+-bsBs, (8) 
А=суСу-Ес,С»--сзСз @) 


These two theorems facilitate computing a determinant 
that has zeros as some of the elements. 
Example 4. To evaluate the determinant 


25 —2 
A=|3 8 0 
1:35 19 


it is convenient to use (5) or (9). 
Formula (5) yields 


oio VE 8р5. |22 
л=—3 |5 вже; 5|=—8:31+-8-12—3 
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Formula (9) yields 
38 25 
А=—2 DX +5|5 6|=—2:1+51=3 


Example 5. In evaluating the determinant 


4 —3 2 
A=|6 111 
0 30 


it is best to use (6): 
4 2 
=—3 |а 1 = —3.—8= 24 


183, Determinants of Higher Order 


The fourth-order determinant 
a, b 6 d 
аз D; €» d; (1) 


SSj ags bs Cs ds 
a, b. С d, 
is the expression 
Aza, A by Bytes d Di (2) 
here ai B,, Cy, D, are cofactors (Sec. 182) of the elements а, б, 
1, dy, i.e. 
0, ca di а, б, ds 
A, =| ба бз d; By=- | 4% ©з ds 
b, Ca ds а, € d a 
a, b; d: a, bz С: 
с, =|а bs di D=- |9 bs 6 
a, b. d, a, b. Са 


Example 1, Evaluate the determinant 


Solution. 
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(since с,=0, it follows that С, does not need to be computed): 
A=6-8+3 (-16)+3 (-72)2 -216 
Theorems 1 and 2 (Sec. 182) hold true for fourth-order determi- 
nants. These two theorems are united by the following theorem. 
Theorem. A determinant is equal to the sum of the products of the 
elements of any row (or any column) by their cofactors, i.e. 


А=а,А,+Ь,В,+с,С,+4,[,, 


КАШ Ар ТОКА АЕ è 4 
Aza, A, a5 4, 05 As 14A, ( ) 

A b,B, b, Bs baBs+ В, 

The first of formulas (4) coincides with formula (2) taken as the 
definition. The remaining may be verified by direct computation, 


though this is a cumbersome procedure. There are shorter ways. , 
Example 2. Evaluate the determinant of Bxample 1 by expanding 


it in terms of the elements of the second column. We have 
A=3B,+4B,+4Bst+7B, 
where 
421 6 03 
By=-|0 4 i-e B,=|0 4 ipe. 
785 $-8 5 
603 603 
В,=-|4 2 1|=-66, В,=|4 2 1)=48 
т8 5 о 4 2 


so that A=3-(-16)+4-(-60)+4-(-66)+7-48=~ 216. 
Example 3. Evaluate the same determinant by expanding it in 
terms of the elements of the third row: 
A=0- A, +4By+4C3+2D3= 
6 0 3 633 630 
оаа. d 4 442 
785 


к р Te 
The fifth-order determinant 


а, by cy dy ё, ! 
а, ba Cy d: ез 
A=| а, ba €» ds es 6 
а, b. €, dy ё 
dy bs Cs d, б 


=-4 =? =-216 


is the expression 
N24 Ay +b, By 30,01 d. D? +е,Е; (6) 


where Ay. B4, C4, Dy, E, are cofactors of the elements ау, 51, б, dy, Cs 
these cofactors are themselves fourth-order determinants. de 
Similarly, we define a sixth-order determinant in terms of a de 
terminant of the fifth order, etc. 
The theorem of this section holds true for determinants of any 0^ ders 
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184. Properties of Determinants 
1. The magnitude of a determinant does not change if 


each of the rows is substituted by a column of the same 
position number. 


Example 1. 
a, bı a, da 
ag | |&i d 
Example 2. 
a, 06 Сү ар аз аз 
dy by Co |=| b1 b, bs 
аз Dg ©з сү б @з 


2. If any two rows or any two columns are interchan| ed, 
the absolute value of a determinant remains unaltered, while 
the sign is reversed. 

Example 3. 


a, by a| a, by c, | (second and third rows inter- 
а 0 б; --| аз bg Сз | changed, сї. Sec. 117, Item 1) 
аз bs Cs аз by б . 
Example 4. 
2: i5 51 2| (first and third columns 
336: 0| le Or к=) interchanged) 
—4 2 | | 2 —4 


3. A determinant, the elements of one row (ог column) 
of which are respectively proportional to the elements of the 
other row (column), is zero. In particular, a determinant 
with two identical rows (columns) is equal to zero. 

Example 5. 

9? n2 (second and third columns 
gem QS. у are the same) 

о—1—1 

Example 6. 

a a а (elements of third row are ороо 

=0 i: 


bi sp DE io elements of first row; cf. Sec. 117, 
3a 3a’ 3a" Items 1, 3, 4) 
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4. A common factor of all the elements of one row (o 
of one column) may be taken outside the sign of the deter- 
minant. 

Example 7. 


ma ma' ma" a.a'.a" 
b b! b |—m|5 b b| (cf. Sec. 117, Item 3) 
сере pu. 0” 


5. If every element of some column (row) is the sum of 
two terms, then the determinant is equal to the sum of two | 
determinants: one containing only the first term in place of 
each sum, the other only the second term (the remaining 
elements of both determinants are the same as in the given 
determinant). I 


Example 8. | 
а bite d, a b dy] аа d 
аз з-с d, |=|а by dg |--|ds с ds 
аз ӧз d, аз by ds dy Cg ds 


(cf. Sec. 117, Item " 
6. If to all the elements of some column we add terms 
ila pens to the corresponding elements of .. »ther column, 
hen the new determinant is equal to the olc «ne. The same 
holds true for rows. 
This follows from Items 5 and 3. 


| 
2 —1 3 
Example 9. The determinant | 4 1 —3| is equal to 12. | 
5 0 2 
Let us add the elements of the second row to the elements 
60 0 
of the first row. We get |4 1 —3]. This determinant is 
50 2 


also equal to 12, but is evaluated in simpler fashion (two | 
terms are zero in the expansion in terms of elements of the 
first row). 


Example 10. To evaluate the determinant 


42 3 
25153458 
63 —I 


add the elements oi the second column multiplied by 20 
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0:09:33 
the elements of the first column. This yields T3 5/7 
03 —1 


This determinant is readily evaluated by expanding the first 
column in terms of its elements [Sec. 182, Formula (7). We 


have 


2 
Ae ree 
Example 11. To evaluate the determinant 
6303 
4421 
0442 
7:1 7^ Б 


subtract the elements of the third column from the elements of the 
second column. This yields 


6 303 
4 24 2.4 
0 04 2 
T1, 85 


Now subtract the elements of the fourth column multiplied by 2 from 
the elements of the third column. This gives 


6 з -6 3 
4 2 0 1 
0 0 02 
7-1-25 


, Expanding in terms of the elements of the third row, we get (as 
in Example 1, Sec. 183): 


6 3 -6 
-2|4. 2 0|=-216 
Tony ^2 


185. A Practical Technique 
for Computing Determinants 


The device explained below is particularly convenient when 


the elements of the determinant are integers. 2 
Pick а row (or column) in terms of the elements of which 


we shall carry out the expansion. It’ is desirable to have 
zero. The device is calculated to create fresh zeros in the 
chosen row. To do this, use Property 6, Sec. 184. 
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Example 1. Evaluate the determinant 


2:5 "8 
A=|0 6 .2 
73 —1 


Expand it in terms of the elements of the second row (it 
has a zero). We then establish another zero (in place of 
Element 6). To do this, subtract tripled elements of the 
ue column from the elements of the second column. This 
yields 


D 2 —4 3 2 —4 
A ОО 2|2—2 = — 80 
7 6 —1 7 6 


Now expand in terms of the elements of the first column 
where there is one zero. In place of Element 7 we create 
another zero by subtracting from elements of the third row 


elements of the first row multiplied by T. which gives 


2 5 
: A 25 3 
0 6 2 1 
А= 29 23 =—+|% 6 2|= 
Qs s. 0 29 23 
1 6 2 
—-—3? |29 2 n ques 


Note. One could foresee that the first way would be more conve 
nient since in the second row Element 6 is a multiple of Element 2, 
whereas in the first column Element 7 is not a multiple of Element 
2. It is desirable for all elements in a chosen row (or column) to be 
multiples of one element. If one of the elements is equal to 1 or -1, 
then we should take the row or column with that element. 

Example 2. Evaluate the determinant 


-1 292. 4s 
276/871 0h65 
AS ор. ЛУКА 
3 1| -2 -1 


We choose the third column (it, has a zero and a one). To create 
а zero in place of Element 4, subtract quadrupled elements of ue 
third row (which has Element 1 of the chosen column) from elements 
of the first row. The first row will become 


-9 6 0 -16 
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In order to turn element —2 into а zero in the third column, add 
doubled elements of the third row to elements of the fourth. This 


fourth row will then take the form 


71.28 0 7 
Now, expanding in terms of elements of the third column, we have 
-9 6 0 -15 -9 6 -15 
2 3 0 6 
к= | рон 251%! АТ! Si Bi. 
7 -3 7 


7 -3 0 7 


їп the third-order determinant all elements of the second column 
3. Therefore, we add elements of the third 
t —3) to the elements of the second, an 


then (first doubling them) add them to the elements of the first row. 


5 0 -1 
9 0 13 
7 T 


=-|§ pene 


Example 3. Evaluate the determinant 
acumine Д5 d 
-3 -2 6 -4 
^-| s 58-3 2 
2 6 -5 3 


in the second row it is easy to make two 


There are no zeros, but 
ts of the first row to the elements of the 


zeros by adding the elemen 
second row. This yields 


1-24 
05 40 
А= |5 5 -3 2 
26 -5 3 


w by subtracting the ele- 


Another zero can be created in the second ro 
from the elements of 


ments of the second row multiplied by = 


the third column, It is more convenient to produce a one in the se- 
cond row by subtracting the elements of the third column {гот the 
elements of the second. This gives 


з 9 -2 4 3 9 -38 4 
ДА ЛУ АЧ ые 00 
Б 8-3 2 5 8 -35 2 
2 11 -5 3 2 1 -49 3 


(we subtracted quadrupled elements of the second column from the 


elements of the third column). We now have 
9 -38 4 
2-303 


Й 


Б -35 2 
2 -49 3 


à= 
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186. Using Determinants to Investigate 
and Solve Systems of Equations 


system. About a hundred years later the theory of deter- 
minants was taken far beyond the limits of algebra into all 
divisions of mathematics. 

In the sections which follow we give basic information 
on investigating and solving systems of first-degree equations. 
Geometrical facts are invoked for greater pictorialness. 


187. Two Equations In Two Unknowns 


Consider the system of equations 
ayx+by=hy, (1) 
gx + bay = ha @ 


(each of which defines a straight line in the xy-plane; cf. Sec. 19). 
Introduce the notation 


a—|% h (determinant of the system) (3) 
аз bz 

№ b [а ^d 4 

A= hil Ay= aati (4) 


The determinant A, is obtained from A by replacing the 
elements of the first column by the constant terms of the 
system; Ay is obtained in similar fashion. 

Three cases are possible. 

Case 1. The determinant of the system is nonzero: А # 0. 

Then the system has a unique solution: 


pate ES 6 


(the straight lines (1) and (2) intersect, formulas (5) yield 
the coordinates of the point of intersection]. 

Case 2. The determinant is equal to zero: A=0 (i. e. the 
coefficients of the unknowns are proportional). Let one of the 
determinants A,, Ay be different from zero (i. е. the constan 
terms are not proportional to the coefficients of the unknowns). 
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In this case the system does not have any solutions [the 
straight lines (1) and (2) are parallel but not coincident]. 

Case 3. A—0, А„=0, A —0 (both the coefficients and 
the constant terms are proportional). 

Then one of the equations (1), (2) is a consequence of the 
other and the system reduces to a single equation in two 
unknowns and has an infinity of solutions [the straight lines 
(1) and (2) coincide]. 


Example 1. 


2x -+3y=8, 7х—50= —3 
Here 


dq. д Bad 
A-| a 9 n=l eie 
9 78 
aj" spem 
The system has a unique solution: 


А Ил 
xctl, y="? 


Example 2. 
2x43y=8, 4x+6y=10 
Here ^һ=|% $|=0 and ^, | 10 HELL 
The coefficients are proportional but the constant terms do 
not obey the same proportion. The system has no solutions. 
Example 3. 
2x-p3y—8, 44-6016 
Here 


23 8 3 B a= 
урен A. | is |= ay=|4 MES 


One of the equations is a consequence of the other (for 
example, the second is obtained from the first by multiplying 
by 2), The system reduces to a single equation and has an 
infinity of solutions contained in the formula 


A= 


y= 255 (о а ed) 
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188. Two Equations In Three Unknowns 


Consider the system of equations 
ayx by A ez == hy, (1) 
ayx T bay + Coz = he (2) 
(each of which defines a plane in space; cf. Sec. 141), 
Three cases are рүн. 
Case 1. Of the following three determinants 
a, by by сү | а 
аз Ь|' 15 в|' 1% ae 
at least one is nonzero, i. e. the coefficients of the unknowns 


are not proportional. Then the system has an infinity of so- 
lutions, and any value can be assigned to one of the unknowns. 


@) 


For instance, if D s z 0, then to the unknown 2 we can 
2 Us 


assign any value; the unknowns x and y are determined in 
unique fashion (Sec. 187, Item 1) from the system 

aX 4- by — hy — 632; 

aax + boy = ha — Co 
[the planes (1) and (2) are not parallel, the system defines 
a straight line, the quantities (3) are direction numbers, 
(Sec. 143)]. 

Case 2. All determinants (3) are equal to zero, but one 

oi the determinants 
a h by а ly 4 
la Ha ba hal’ 1% ha o 
is nonzero; i.e. the coefficients of the unknowns are propor- 
tional but the constant terms do not obey that proportion. 
In this case the system has no solutions [planes (1) and 2 
are parallel but not coincident]. 

Case 3. All the determinants (3) and (4) are equal to zero, 
i.e. the coefficients and the constant terms are proportional. 
The system then reduces to a single equation and has an 
infinity of solutions; we can assign any values whatsoever 
to two of the unknowns. For example, ife 40, then the 
unknowns x, y can be given апу values [the planes (1) and 
(2) coincide]. , 

Example 1. Solve the system of equations 


x—2y—2—15,. 2x—4y+ 2z =? 
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Неге 
a, | |! m. b, уч 9 bus 
a, ы|=| c m los Ca -|z = j^ 
e, 0 |2 —1 j^ 
la с: -| Че 


Неге, {һеге аге determinants which are not equal to zero. 
This means that the system has an infinity of solutions. 
We can assign any value to the unknown x alone or to the 
unknown y alone, since |^: бү #0 and |а e #0. We can- 
by Co Cg а 
not assign an arbitrary value to the unknown 2 (cf. Sec. 142, 
Example 5). 
We solve the system for y and z and get 


—2y—z=15—*, —4y+2z=2— 2x 


Whence 
15-х = | іа 15-х 
_ | 2-2x 2 1 ‚Йй, 241 QE Ie es 
= = =—4+7" AETATIS ТОТ тА 


(The system defines а straight line perpendicular to the 
z-axis.) y 


Example 2. The system 
Tx—4y+2=5, gix—12y+-32= 12 


does not have any solutions since all the determinants (3) 
are zero (ће coefficients of the unknowns are proportional) 
and а hj T0 
the determinant | Pa ba 12 


stant terms are not proportional to the coefficients). 
(The planes are parallel but not coincident.) 
Example 3. Solve the system 


Tx—4y 4-25, 21x — 12y 4-32 —15 


Here, both the coefficients and the constant terms are 
proportional. The system reduces to a single equation. To 
any pair of unknowns (x and y, say) can be assigned arbit- 
rary values (then 2=5—7x-+4y). 

(The planes are coincident.) 


is nonzero (the con- 
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189. A Homogeneous System of Two Equations in Three Unknowns 


A system of first-degree equations is called homogeneous 
if the constant term in each equation is zero. 
Consider the homogeneous system 
аух+ byy - i2 0, (1) 
asx + bay +Ca2 = 0 @ 
This is a particular case of the system of Sec. 188. The 
aig is that Case 2 cannot occur [the determinants (4), 
ec. 188, are always zero]. The system (1)-(2) will always 
have an infinity of solutions. 
[The planes 1) and (2) pass through the coordinate origin 
and, consequently, either intersect or coincide.] 
Case 1. The coeíficients are not proportional, i.e. at least 
one oí the three determinants (3), Sec. 188, is nonzero. Then 
the solution may be written in symmetric form: 


з=] [71 с ML zu ML & | 
by сз Cg da as ba 
(the parameter ¢ is an arbitrary number; cf. Sec. 152). (The 
arametric equations (3) define the straight line of intersec- 
ion of the planes (1) and (2).] 

Case 2. The coefficients are proportional, ie. all the de- 


t, y= 


[^ 
4 are zero. 


, 


terminants | h 
b, 


e al | by 
Cy а; ' |а, ba 
The system reduces to a single equation (the planes are 
coincident). 
Example 1. Solve the system 


2x—85y--82—0, x+4y—3z =0 


Ca 


Here 
by 03 | afd 8] ааз [=н 
bs al-l ФӘ. pum ү a| |—31 М 
a, |. |? = 
i sili 4 m 


According to (3) we have 
x=—I7t, y=l4t, z=13t 


In this example, an arbitrary value may be assigned to any 
one of the unknowns. For example, putting z= 39, we find 
t=3, hence, x= — 51, y= 42. 
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Example 2. Solve the system 
x—2y—z=0, 9x —Ay 4-22 —0 


Here 
by 6 —2 —1 Cy ау 4 [м p 
— = — 8, = —4, =0 
ba б G 2 $ Cg йз аз ba 
Hence 


x=—8t, у=—4% z=0 


An arbitrary value may be assigned to one of the unknowns 
x or y, but not to the unknown 2, which can only be equal 
to zero (the straight line lies in the xy-plane). 

Example 3. The system 


7х—4у4+2=0, 21x —12y-- 32 —0 
reduces to a single equation. Arbitrary Values may be assig- 
ned to any pair oi unknowns. 


190. Three Equations In Three Unknowns 


We consider the system 


ayx A byy tiz — Pt (1) 
axx + bs +622 = hy, (2) 
asx + Бу + Cuz = hs - (3) 
We introduce the notation 
а у 
А = |аз by С (determinant of system). (4) 
аз bs al 
hy by Cy a, № Сб a, by hy 
Ax=| h, ba Ca)» nola hg са |. А |а bz | (5) 
hs bg ©з аз hs ©з аз bs hs 


The determinant A, is obtained from A by replacing the 
elements of the first column by the constant terms. In simi- 
lar fashion, we obtain Ay and Az. f 

If it turned out that'in the determinant A the appro- 
priate elements of any two rows, 58 the first and the se- 
cond, were proportional, the Eqs. ti) and (2) would either 
be inconsistent (Sec. 188, ltem 2» or would reduce to a 
single «Зао (Sec. 188, Item 3). In the first case the given 
system does not have any solutions, in the second case, in 
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place of the given system we obtain a system of two equa- 
tions (1) and (3) (which in turn can be reduced to a single 
equation). Since all of this has already been considered in 
Sec. 188, we can confine ourselves to the assumption that 
the determinant A has no pair of rows with proportional 
elements {there is no pair of parallel planes among the three 
planes (1), (2), (3). 
Three cases are possible in this assumption. 


Case 1. The determinant of the system is not equal to zero: 


А#0 
The system has a unique solution: 
PNE UR © 


A" А 
(The three ges intersect in one point.) 
Case 2. The determinant of the system is equal to zero: 
A=0; and one of the determinants Ay, Ay, Az is nonzero, 
then the other two are nonzero: 1) 


А, #0, Ay #0, Ae #0 


In this case the system has no solutions. 

[The equality A=0 signifies that the normal vectors to 
the planes (1), (2), (3) are coplanar, hence, all three planes 
are parallel to a single straight line. In the case at hand, 
the three planes form a prismatic surface (Fig. 202).] 


BEPA 


Fig. 202 Fig. 203 


Case 3. A=0, А„=0, Ay=0, А„==0. In this case, опе of 
the three equations (no matter which) is a consequence 0 
the other two. The system reduces to two equations in three 
unknowns and has an infinity of solutions (Sec. 188. Case, 1; 
Cases 2 and 3 cannot be represented due to the foregoing 
assumption). 


1) If the corresponding elements in two rows of the determinant А 
are proportional (ve did not consider this case), then it may happen 
that of the three determinants Ag, Ду, Az only one or only two are 
equal to zero. $ 
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(As in the preceding case, ihe three planes are parallel 
io one straight line, but this time they form a pencil; 
Fig. 203.) 

Example 1. Solve the system 

3x --4y 4-22 —5, 5x —6y—42— —3, —4x+5y+3z=1 


Here 


Sy 42 B 34:2 

ial 5 —8 4| 12, „Ду E SALTS 
RC: а нна 
8,..5. 42 З cios b 

Ay=| 5 —3 —4|=—24, A= Б —6 —3|=60 
—4 1 3 Cop УКАША 

The system has a unique solution: 

x eol, y—«——3 г=2=5 


Example 2. Solve the system of equations 
xtytz=5, x—y+2=1, x42—2 


Here 
1 pu 
А=|1 —1 1\=0 
121770161 
апі 
praal st 
А„==|1 —1 1|=-—2 
9. 0. 


(the determinants Ay and А, need not be computed.) The 

system has no solutions. This is evident by inspection: com- 

bining the first two equations termwise, we get 2x 22=6, 

i.e. x--2—3, which contradicts the third equation. 
Example 3. Solve the system 


xty+z=5, x—yt+z=1, x+z=3 


V The rows of the determinant А аге not proportional pairwise; 
see footnote on p. 242. 


244 HIGHER, MATHEMATICS 


Here 

1 к 

A=|1 —1 1|=0 
1 01 

and 

5 1:1 

А„= =l 1]==0 
& 19.1 


The determinants A, and A; are definitely equal to zero.” 

The given system of equations reduces to a system of two 
equations (any two of the three given equations; the third 
is a consequence) and has an infinity of solutions. An arbi- 
trary value can be assigned to the unknown x alone or to 
the unknown z alone (but not to y; see Sec. 188, Item 1). 

Let us take the first and third equations and solve them 
for x and z. We then get 


x+y=5—2, x—3—2 
Whence 
=3—2, y—2 


Note. |f a system of three equations in three unknowns is homo- 
eneous (hı=hħs=h;=0), then the second case is impossible. In the 
he only solution will be x=0, y=0, z=0 (the planes inter. 
sect at the origin). Taking (in the third case) any two equations of 
the system, say (1) and (2), we find all the solutions of the given 
system from the formulas (3), Sec. 189 (the three planes form а реп" 
cil, the axis of which passes through the origin of coordinates). 


к+у+2=0, 3х-у+22=0, x- 3y=0 


Here 
1 DE 
A=|3 -1 2 |=0 
1 -3 0 


One of the equations is a consequence of the other two. An arbi- 
trary value may be assigned to one of the unknowns (ПО matter 
vaic: Terg he frst and third equations, we find [from formulas 

, Sec. 


11 Yi 1 1 

= = = = 2-4 
а -3 o| test v-| o ide 2-1 “ү 4 
ee 


1) The rows oi determinant A are not proportional pairwise; se 


footnote on p. 242 
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190a. A System of n Equations In л Unknowns 


An exhaustive list of possible cases is too involved. We theretore 
confine ourselves to the following. 
Let there be given the following system of n equations in л un- 
knowns: 
a,x ab. laum 
a,x +bey ttz + NL ч) 


аһх+ Day t Cn +++ +fnu=hn 
1. If the nth-order determinant 


a, by Cy ere h 
а, bg Cg. h 
A= (determinant of the system) (2) 
аһ bn Сп ees Is 
is not equal to zero, then the system has а unique solution 
A A. 
y ч 
L— =- = 3 
x ym hM bere (3) 
where Аш is the determinant obtained from А by replacing the ele- 
ments а, dg, ---» C by the corresponding constant terms hy, hg, vee М 
similarly, we get the determinants Ду, Ag ,; +1 Ou 

2. If A=0 and there are nonzero ‘determinants among Aa Ay e Ôw 
then the system has no solution. 

. Now let A=Ag=Ay=. ..=du=0 and let one of the minors of 
the (n—1)th order of the determinant A (say, the minor obtained by 
striking out the second row and the third column) be nonzero. Then 
the system reduces to л—1 equations; one of the equations (the secon 
one in accord with the number of the row) is a consequence of the 
others. To one of the unknowns (the unknown 2 ln accordance with 
the number oí the column) we can assign an arbitrary value. The re- 
maining n—1 unknowns аге determined in unique ashion from the 
system of n — 1 unknowns. 

Note. When all the (n - 1)th-order determinants, which are minors 
of the determinant A, are equal to zero, the system may not have 
any solutions and may be reduced to n-2 equations or to a lesser 
number of equations. . 

Example 1. Solve the system 


зхъту-22+4и=3, 
—3х-2у+62- 4и=11, 

5х+5у-32+2и=6, 

2х+60- 5z+3u=0 


The determinant A of the system (see Sec. 185, Example 3) is 
equal to —303. Using the techniques explained in Sec. 185, we find 


Ав=- 303, Ау= — 606, A,=-303, Ац=909 
According to formulas (3) we have 
xol, y=2, 2=1, us-3 
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Example 2. Solve the system 
x=. yt2z- u-l, 
x+ yt z+ и=4, 
2х+ Зу -5u-0, 
5х+2у+ 52- 6би=0 


Неге 
P =i 2-1 
1 1 1 
ái a о. -5|7° 
6 25 -6 
Yet 
1-1 2 -1 | -1 2 -1 
«Usenet 1 D Уч Мә: M 
Ag 0 3 0 -5 "|o 3 0 -5 =144 50 
0 25 -6 0 2 5 -6 


And so the system has no solutions (if the first equation is term- 
wise multiplied by 2 and the resulting equation is termwise combint 
with the second and third, we get 5x4 2y--52—6u—6, but this contra- 
dicts the fourth equation) 

Example 3. Solve the system 

x- y*22- и=1, 
x+ y+ z+ и=4, 
2х+3у -5 ' 
5х+2у+5г2-6и=6 


Неге 
A=Ag=Ay=Az=Ay=0 


Striking out the fourth row and the fourth column, we get the minor 


1 -1 2 
1 1 1j=-340 
2 m 


The system reduces to three equations 


x- y+2z- и=1, 
\ (0 


x+ yt z+ и=4, 
2х+3у -5u=0 


The fourth equation is a consequence of these three (cf. Example 2). 
To the unknown u we can assign any value. From (4) we find 


ааа eu 164-19 
EU nem emm s samy T 
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191. Introductory Remarks 


Mathematical analysis comprises a system of disciplines 
united by the following characteristic features. 

Their subject matter embraces quantitative relationships 
of the surrounding world (in contrast to geometric disciplines 
which treat of spatial properties). These relationships are 
expressed by means of numerical quantities as in arithmetic. 
But whereas in arithmetic (and in algebra) one deals mainly 
with constant quantities (which characterize states), in ana- 
lysis one deals with variable quantities (which describe pro: 
cesses, Sec. 195). The underlying concepts involved in the 
study of relationships between variable quantities are those 
of the function (Sec. 196) and the limit (Secs. 203-206). 

In this book we consider the following divisions of ana- 
lysis: differential calculus, integral calculus, the theory of 
series and the theory of differential equations. The subject 
matter of each is discussed in its proper place. : 

In embryo, the methods of mathematical analysis are 
found in the works of the ancient Greek scholars (е. g Archi- 
medes). The systematic development of these methods began 
in the 17th century. On the borderline of the 17th and 18th 
centuries; Newton © and Leibniz 2! completed, in the main, 
the construction of the differential and integral calculus, and 
also laid the foundation of the theory of series and differen- 
tial equations. In the 18th century, Euler elaborated the latter 
two divisions and laid the foundation for other disciplines of 
mathematical analysis. f 

By the end of the 18th century an enormous quantity of 
factual material had been accumulated, but it was still 
lacking in logical development. This drawback was overcome 
through the efforts of such prominent mathematicians, scien- 
tists of the 19th century, as Cauchy in France, Lobachevsky 
in Russia, Abel in Norway, Riemann in Germany, and others. 


D 
1) Isaac Newton (1642-1727), grest English _mathematicite and 
[Нуна шеует the law oP universal gravitation, formulated the 
asic laws of mechanics and applied them to a study of the motion of 
reca cun celestial bodies; investigated the laws of optics experi- 
ntally and theoretically. 
a Gotiried Wilhelm Leibniz (1646-1716), celebrated German 
philosopher and mathematician. 
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192. Ratlonal Numbers 


The concept of number grew out of the counting of objects. 
Counting resulted in the numbers 1, 2, 3, and so on, which 
are now termed natural numbers. Later came the concept of 
a fractional number, which grew out of the measurements 
of continuous quantities (lengths, weights, etc.). The negative 
numbers (and zero) came into mathematics 1) with the deve- 
lopment of algebra. 

The integers (i.e. natural numbers 1, 2, 3, etc. and the 
negative numbers —1, — 2, —3, etc. and zero) and fractions 
are called rational numbers (in contrast to irrational numbers; 
Sec. 193). Any rational number may be written in the form 


£ (where p and q are integers). 


193. Real Numbers 


In practical affairs, measurements are carried out by 
means of instruments. The result of a measurement is expres 
sed as some rational number (say, the thickness of a metallic 
filament measured by a micrometer may be expressed in 
millimetres as the number 0.023). Every instrument is limited 
in accuracy and so in everyday activities the range of ratio: 
nal numbers is quite sufficient, even redundant. But in mathe- 
matical theory, where measurements are assumed to be abso- 
lutely exact, the rational numbers do not suífice. Thus, no 
rational number is capable of precisely expressing the length 
of the diagonal of a square if its side is taken as the unit of 
measure; neither can a rational number express exactly the 
sine of а 60? angle, the cosine of a 22° angle, the tangent of 
a 17° angle, the ratio of the circumference to the diameter 0! 
a circle, etc. Speaking generally, it is impossible to express 
the ratio of incommensurable segments exactly by means of a 
rational number. 

In order to express exactly the ratio of incommensurable 
segments, it is necessary to introduce new numbers calle 
irrational numbers.?) An irrational number expresses the 


часи Is 

1) In China abouf 2000 years ago and in India about 1500 years 
ARS In Europe, negative numbers were recognized only in the 17th 
century. 
3) A ratio of commensurable line-segments can be expressed by à 
ratio of integers; this is not possible in the case of incommensurable 
рети emen is. Originally, the ancient Greek mathematicians conside- 
red only the ratios of integers, and so when incommensurable. quat- 
tities were discovered, they received the name irrational, which means 
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length of a segment that is not commensurable with the unit 
of measure (scale unit). Together, the rational and irrational 
numbers are called real numbers (in contrast to imaginary 
numbers; see Note 2). Real numbers suffice to express with 
exactitude the length of any line-segment. 

An irrational number cannot be exactl equal to any 
rational number, but it is possible to find, for every irratio- 
nal number, à rational number (say, а decimal) which is 
approximately equal to the irrational number (too large or 
too small) and which can be made to approach it to any 
arbitrary degree of accuracy. 

Example. For the number log 3 (which is irrational) we 
can find approximate values 0.4771 (with defect) and 0.4772 
(with excess); they differ by only 0.0001 so that the error in 
each does not, in absolute value, exceed 0.0001. H it is 
Pared that the error not exceed 0. 1, we can find the 
values 0.47712 (with defect) and 0.47713 (with excess). For 
the evaluation of logarithms see Sec. 272 and also Sec. 2. 

Note 1. Rational numbers are also often expressed in 
approximate fashion. For example, in place of the fraction 1/3 
one often takes the values 0.33, 0.333, etc. (with defect), 
ee aga on the accuracy required, ог 0.34, 0.334, etc. (with 
Xcess). 

„Мое 2. An imaginary number has the notation bi, where 
b is a real number and i is the "imaginary unit" defined by 
the equality j2— — 1 (there is no real numbel 
this equality). An expression of the form a4-5i is called 
a complex number. Complex numbers were introduced into 
algebra in the middle of the 16th century in connection with 


otherwise stated. 


194. The Number Line 


On the straight line X^X (Fig. 204) choose an origin 0, 
Е scale unit ОА and a positive direction (say, from X' to X). 
hen every real number х wil be associated with a definite 
point M, the abscissa of which is equal to x 
“having no relation (translated f the Greek *210505"). Later (in 
t 4th century B. c.) the Greek Toathematicians (Eudoxus and then 
uclid) began to consider the ratios of incommensurable quantities as 
UE When new numbers were introduced to describe these relations, 
ey too were called irrational. 


pw 
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In analysis, numbers are depicted in this way (for greater 
pictorialness) by points. The straight line X'X on which the 
points are specified is called the number line (number scale, 
or number axis). 


> TRITT. ЖА 


Fig. 204 


195. Variable and Constant Quantities 


A variabie quantity is a quantity which can take on 
different values within the framework of a given problem. In 
contrast, a constant quantity is one which, within the frame- 
work of the given problem, has one and only one value. One 
and the same quantity can be a constant in one problem айй 
a variable in another. г 

Example 1. In most physical problems, the boiling point 
T of water is a constant quantity. But when one has to take 
into account changing atmospheric pressure, 7 becomes а 
variable quantity. 

Example 2. In the equation of the parabola j?—2px, the 
coordinates x, y are variables. The parameter p is a constant 
if we consider only one parabola. But if we consider a set of 
parabolas with a common x-axis and а common vertex O, then 
he arva р is a variable quantity. 

ariables are ordinarily denoted by the last letters of the 
wt (х, у, 2, и, о, ш); constants by the first letters: a, 
Gowns 


196. Function 


Definition 1. A quantity y is called a function of a vari- 
able quantity x if with every value assumed by x we can 
associate one or several definite values of y. Here, the vari- 
able x is called the argument. 

We can put it otherwise: the quantity y depends on the 
uantity x; accordingly, the argument is called the indepen- 
m variable and the function is termed the dependent vari- 

able, ; 

Example 1. Let T be the boiling point of water and p, 
atmospheric pressure. Observations have shown that to every 
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value that p can assume there always corres onds one and the 
same value of T. Hence, T is a function of the argument p. 

The relationship between 7 and p enables one to determine 
the pressure (without a barometer) from the boiling poin. of 
water using a table (a portion is given below): 


Table 1 


95 100 


634 | 760 


р, тт Е | 289 355 | 434 Е 


In turn, p is а function of the argument T; the depen- 
dence of p on T enables one, by observing the pressure, to 
determine the temperature of the boiling point of water (with- 
out-a thermometer) using the same table. However, it is 
more convenient to use a table like the following: 


Table 2 


р, mm | 300 | 350 | 400 | 450 | 500 | sso | 600 | 650 | 700 


|| 


Here, the argument p increases in equal jumps (like the 
argument T in Table 1). 

Note 1. Table 1 may be supplemented by other values of 
the argument T, say, i. 73°, 104°. But there are values 
which the boiling-point temperature cannot assume. For 
example, it cannot be less than absolute zero (—273°C). 
And, of course, there is no value of p that corresponds to the 
impossible value T= —300 °C. That is why Definition 1 reads: 
uo every value assumed by x ..." (and not "every value 

Ж О 

Example 2. А body is thrown upwards; s is the height 
above the earth, ¢ is the time elapsed from the launching. 

The quantity s is a function of the argument ¢ because the 
body reaches a definite height at every instant of the flight. 
In turn, f is a function of The argument s because to every 
height reached by the body there correspond two definite 
Ru t (one during the upward flight, the other during 


23.5] 9.7| 97.7 


T. *C ЕЕ 83.0 85.9 |s8.7 
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Definition 2. If to every value of the argument there cor- 
responds one value of the function, the function is termed 
single-valued; if there correspond two or more values, then it 
is called multiple-valued (double-valued, triple-valued, etc.). 

In the second example, s is a single-valued function of the 
argument /, and the quantity ¢ is a double-valued function of 
the argument s. 

A function will be considered single-valued unless it is 
specifically stated to be multiple-valued. 

Example 3. The sum (s) of angles of а polygon is a function 
of the number (n) oí the sides. The argument 7 can only 
take on integral values of 3 or more. The dependence of s 
upon z is expressed by the formula 


s=n (n—2) 


(the radian is taken as the unit of angular measurement). In 
turn, n is a function of the argument s; the dependence of n 
upon s is expressed by the formula 


5 
n=—+2. 


The argument s can only take on values which are multiples 
of n(n, 2л, Зл, etc.). 

Example 4. The side x of a square is a function of the 
area of the square, 5 (х= V S). The argument can assume 
any positive values. 4 

Note 2. The argument is always a variable. The function 
is too, as a rule. But a function can also be constant. For 
instance, the distance of a moving point from a fixed point 
is a function of the time of motion and, as a rule, varies. 
But in the motion oí a point about the circumference of a 
circle the distance from the centre does not change. 

When a function is a constant quantity, the argument and 
the function cannot be interchanged (in our example, the 
duration of motion about the circumference is not a function 
of the distance from the centre). = 


197. Ways ої Representing Functions 


A function is considered to be specified (known) if for 
every value of the argument (from among possible values) 
one can find the corresponding value of the function. There 
are three frequently used modes of representing functions: 
(a) tabular, (b) graphical, and (c) analytical. 
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(a) Tabular; this mode includes such familiar tables as 
those of logarithms, square roots, etc.; see also Example 1, 
Sec. 196. It gives the numerical value of the function directly. 
That is its advantage over the other methods. 

However, it has drawbacks: (1) a table is hard to survey 
as a whole; (2) it often lacks certain needed values of the 
argument. 

(b) Graphical: this method consists in displaying the curve 
(graph) in which abscissas depict the values of the argument 
and ordinates give the corres- 
ponding values of the fun- 
ction. To facilitate graphical ш [i Te] 


display, the scales on the LL EI 
axes are frequently different. · 210 [| 
Example 1. Fig. 205 gi- АШ 
ves a graphical depiction of 245 HN 
the dependence of the modu- ШШ 
lus of elasticity E of forged 200 -H EH 
iron (in tons per cm?) upon EN 
the temperature ¢ of iron. .f$5[7[7] ШШ 


The scales оп the axis of 
abscissas (f) and the axis of А 
ordinates (E) аге labelled 

with numbers. The curve Fig. 205 

permits us, for example, to 

tead the modulus of elasticity Е 420.75 tons/cm? at 
iz С. 

The advantage of the graphical mode is its surveyability 
as a whole and the continuity of variation of the argument. 
The disadvantages are: restricted degree of accuracy and dif- 
ficulty in reading off values of the function with sufficient 
accuracy. ү 

(c) Analytical: this mode consists in specifying a function 
by one or several formulas. ; ; 

Example 2. The functional relationship between the radius r 
of a circle and the circumference 5 is given by the formula 


=2л/ (1) 
Example 3. The functional relationship between the vo- 
lume У (m3) and the pressure p (tons/m*) of 1 kg of air at 0°C 
is given by the formula 
pV =8.000 (2) 
If a relation between x and y is expressed by an equation 
solved for y, the quantity y is called an explicit function 
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the argument x, otherwise, it is an implicit function. In 
Example 2 the quantity s is an explicit function of the ar- 
gument r, while r is an implicit function of the arguments. 
In Example 3, p is an implicit function of the argument V 
and V is an implicit function of the argument p. If Eq. (2) 
is written in the form М 
8.000 
PSY 8) 


then p becomes an explicit function of the argument V. 
Example 4. In Fig. 206, the function given graphically by 
the polygonal line ABC тау be represented by two formulas. 
For x «2 (i. e. for the line seg- 
ment BA) take the formula 


y=7* 


and for x> 2 (i. e. for BC) take 
the formula 


1 1 
у= ух 


Fig. 206 For х==2, both formulas yield 
у==1 (point B). 

Example 5. The distance (by road) between points A and B 
is 90 km. A motor car covered the first half of the distance 
from A to B at a speed of 0.6 km/min, the second at a s 
of 0.9 km/min. Let s (km) be the distance of the car irom 
point А. The time ¢ (min) in transit is a function of the ar- 
gument s. Two formulas will suffice to specify it: 


Без for 0=<5< 45 


t— 164-575 for 45 < s « 90 


198. The Domain of Definition of a Function 


1. The collection of all values which (under the conditions 
of the problem at hand) the argument x of a function F9 
can assume is called the domain of definition (or simply, 40- 
main) of the function. 
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Note. A value of x that does not lie within the collection 
pone above is not associated with amy value of the fun- 
ction. 

Example 1. Given the conditions of Example 5, Sec. 197, 
the domain of the function £—f (s) is the set of all the num- 
bers from 0 to 90 (including the end-points 0 and 90): 


0<s<90 


Indeed, to every distance from 0 to 90 km there corresponds 
a definite time 1 of transit of the motor car, while there is 
no value of ¢ corresponding to s <0 and s > 90. 

Example 2, The sum of the terms of the arithmetic pro- 
gression 

s=14345+...+@n—l) 
is a function of the number of terms л; it is expressed by 
the formula 
s=n? 

. In itself, this formula is meaningful for any n. But in the 
given problem, п can assume only the values 1, 2, 3, LEM 
The domain is the set of all natural numbers (values such as 
n=7 ‚п—=—5, n=V 3 and the like do not correspond to 
any values of the function). 

2. A function is frequently specified by a formula without 
any indication of the domain of definition; then it is assu- 
med that the domain is the set of all values of the argu- 
ment for which the formula is meaningful. 

Example 3. The function s is given by the formula s=n* 
(without any indication of the domain). It is assumed that 
the domain of definition is the set of all real numbers (cf. 
Example 2). 

Example 4. The function y is given by the formula 


y-yx—àt YT—x 
which is meaningful only for 2 x «7. The domain is the 
set of all numbers from 2 to 7 (including the boundary po- 
ints). The graph in Fig. 207 lies wholely above the segment 
Example 5. The function y is given by the formula 
s=}. The domain of definition is the set of all numbers 


except zero. For the value x=0, the graph has no point 
(Fig. 208). 
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Example 6. The domain of the function y=Vx is the 
collection of all positive numbers and zero (Fig. 209). 

3. When the domain of a function is the collection of 
natural numbers, the function is called integral; speaking of 


- у & d 


qoM a ENS ONT X 
Fig. 207 Fig. 208 


the values of an integral function, we say that they form a 
sequence ог are terms of a sequence. 

Example 7. The function {,= 1-2-3 ... nis integral. The 
values t;=1, to=1-2=2, tg=1- 3= 
= 6,... form a sequence. 

The product 1-2-3 ... n is deno- 
ted by n! (read “n factorial") so that 
this function may be represented by 
the formula 


ъ= n! 


| 


Fig. 209 А 
Example 8. The function “=> where n takes on the | 


| 1 
values 1, 2,3,..., is integral. The values um am 


ug= + , ... (terms of a geometric progression) form a sequence. 


Example 9. The function sl cop m (the 


sum of n terms of a geometric progression) is integral. The 


values a=) =, =, ... form a sequence. 
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199. Intervals 


The domain of definition of functions considered in ana- 
lysis is usually in the form of one or several "intervals". 

‘An interval (a, 6) is a collection of numbers x contained 
between the numbers а and b; in the notation (a, b), the 
first letter ordinarily denotes the smaller number, the second 
letter, the larger number, so that " 


a<x<b 


The numbers a and b are termed 
the end-points of the interval It fre- 


quently happens that the end-points 1X 
a and b, ог one of them, are adjoined RR ard 
to the set of points of the interval. Fig. 210 


An interval to which both end points 
have been adjoined is called a closed interval. 

The interval (a, оо) is the collection of all numbers greater 
than a; the interval (—со, a) is the collection of all numbers 
less than a; the interval (—o, ©) is the collection of all 
real numbers. 

Example 1. Under the conditions of Example 5, Sec. 197, 
the domain of the function Ё is the closed interval (0, 90), 

in other words, the argument 5 
can assume all values satis- 
fying the inequality 

Qe s <90 


Fig. 211 Fig. 21? 


Example 2. The domain of the function у= Y 1—% is 
the closed interval (—1, 1) The graph (semicircle) lies above 
this interval (Fig. 210). 
Example 3. The domain of the function 
1 


у= у 
y2—» 
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is the interval (— V 2, V 2) (open). The function is not 
defined on the end-points of the interval (it becomes infinite). 
The graph (Fig. 211) lies above the interior points of the 
interval. There are no points above the end-points of the 
interval and exterior to it. 

Example 4. The domain oi the function 


y=—V 2—1 Á; 


is the pair of intervals (— со, —1) and (1, + о) with adjoined 
end-points —1 and 1. The graph (lower half of the hyperbola 
x?—y2—1, Fig. 212) lies under these intervals. 


200. Classification of Functions 


(a) Functions are divided into single-valued and multiple- 
valued types (Sec. 196, Definition 2). 

р) Functions represented by formulas are divided into 
explicit and implicit types (Sec. 197). 

(c) Functions may be elementary or nonelemeniary.) 

A list of the so-called basic elementary functions is given 
in Sec. 201. Each of them represents some kind of “operation 
on the argument (squaring, extracting a cube root, taking a 
logarithm, finding the sine, etc.). New functions (which аге 
also elementary) result from repeated performance of these 
operations together with any limited number of the four ope- 
rations of arithmetic. 


34x* 


J—ixgi' y=log 


Example 1. The functions 
sinj/1—3sinx, y=log log (8+2 V/ sin x) are elemen: 
tary. Functions which cannot be expressed in this manner are 
termed nonelementary. k 

Example 2. The function s=1+2-+3-+ ... +7 15 an ele- 
mentary function because it may be expréssed by the formula 


sU, which contains a limited number of elementary 


operations. 

Example 3. The function s—1-2:3...n is n nelementary 
because it cannot be expressed by a limited number of ele- 
mentary operations (the greater n, the greater number 0 


1) The nature of this subdivision is more ‘historical than mathe: 
matical, 
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multiplications have to be performed; it is impossible to trans- 
form the expression 1.2.3 ... n to an elementary form). 

Note. We have intentionally refrained from subdividing functions 
into algebraic and transcendental since an exact definition of an alge- 
braic function can only be given on the basis of more sophisticated co- 
neepts (continuity or differentiability). What is more, there is no need, 
within the scope of this book, to differentiate between algebraic 
and iranscendental functions 


201. Basic Elementary Function? 


(1) Power function y=x" (where п is aconstant real num- 
ber). For n=0, the power function is a constant quantity 
(y=1) (cf. Sec. 196, Note 2). 

(2) Exponential function y=a*, where а is a positive 
number ») (the base number). 

(8) Logarithmic function y= loga x, where a is a positive 
number different from unity 9 ( logarithmic base). 

(4) Trigonometric functions y=sin x, y= COS X, y=tan x, 
y=cotx, y—sec x, y= С05еС Х. 

(5) Circular (inverse trigonometric) functions: 
у=агсѕіп х,  y-arccosx, Y= arctan x 


y=arccot x, y=arcsec x, y-—arccsc х (or у= arccosec x) 


202. Functional Notation 


The symbol f (x) (read: “f of x”) is an abbreviation of the 
phrase “a function of x”. 4 

lf two or more diferent functions of x are being conside- 
red, then, in addition to f(x), we can use such notations as 


f(x), fa lx) Ро). ph ФО) 
The notation 
y=f(*) (1) 


expresses the fact that the quantity y is equal to some func- 
tion of x, or that y is a function of the argument х. 
The symbol f (x) can be used to designate both an un- 
known function and a known function. 
Examples. (1) The notation f (х) =logx expresses the fact 
that the function f (x) is а logarithmic unction. | 
"m (х) = х" states that ihe function Ф (х) 55 4 ромег 
ction. 


1) Some writers exclude a=1 (here И is a constant). 
*) For base a—1, no number (except unity) has à logarithm. 
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(3) The notation F ep ЕГ) means that the func- 
tion F(x) is the sum of the functions Ф (x) and f(x). If 
f (x)=logx and ф(х) — x", then F (x) =log x 4- x^. 

(4) The notation [4 (x) = fs (x) signifies that the functions 
fa (х) and fs (x) are equal (either identically or only for cer- 
tain values of x). 

(5) The notation и= Ф (v) means that the quantity uis 
some function of the argument v. 

The letter f (or Р, q etc.) used in these notations is called 
the function symbol. 

If it is necessary to state that y is dependent upon x in 
the same way that и is upon v, then the same function sym- 
bol is used in notation; thus, 


и= Ф (0) and у= Ф (x) @ 
ог 

u=F (о) and y—F (x) (3) 
and so forth. 

Thus, if the relationship of u and v is expressed by the 
formula u=nu?, then the relationship of y and x is, by vir- 
tue of (2), expressed by the formula y=nx*. If u= ee ‚Шеп 

__ logx 


Y= T etc. 


Examples. (6) If f (x)= Y 14-x*, then f (0) = Vite. 

(7) lf F (о) =1—tan? a, then F (B) = 1— tan? B, F (y=! — 
— tan? y, etc. 

(8) 1f f (x)=4 (i.e. for all values of the argument the func- 
tion has one and the same value; cf. Sec. 196, Note 2), then 
f(y)=4, f @)=4, etc. 

The notations f (1), /(V 3), f (a), etc. state that we take 
the values of the function f(x) for x=1, for х= И 3, for 
х=а, etc. or the values of the function f(y) for у=1, 
y—Y 3, y=a, etc. 

Examples. (9) lf f (x) — V x? 4-1, then 


f(02Y3, V d=} а= Y à 41 


1 
(10) If 9 @= Thar’ then Ф(0)=!, (2) 


Ф(л)=1, °(Ф)=+. 


9 
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203. The Limit of a Sequence 


The number b is called the limit of the sequence (Sec. 198, 
Mem 3) yp. Yor io Yar, о" if the term Yn approaches b 
without bound as the number л increases. 
The exact meaning of the expression “а proaches without 
bound" is explained below (immediately after Example 1). 
The notation» 


lim y; == 
or, expanded, 
lim y, =6 
n-o 


The symbol n —»o stresses the fact that the number n in- 
creases without bound (tends to infinity). 
Example 1. Consider the sequence 


y —93, ya — 0.33, уз 0.333, AB (1) 
The term y, approaches + without bound (in decimals: 
03, 0.33, ... which give increasingly exact values of the 


fraction 4). Hence. 1L is the limit of the sequence (1): 


1 


lim y5—73 
Note. The difference ja 8 successively equal to 
1 1 1 1 gi ee) up Q) 
h—3-—-—30 95^ sore 8 ^ (8000 
ie. 
jeu 1 
jarag 8710" (3) 
1 
The unbounded nature in the approach of yn {0 > is expressed 
(3) beyond 


by the fact that the absolute magnitude of the difference 
some number N remains less than ат (preassigned) positive number 
è. Thus, if we specify =0-01, then N72, which means that starting. 
with the second number the absolute value va-l remains less than 


0.01. И в=0.005 (=з is specified, then, again, nee. M e= 


=0.001, then N=3; if 2=0.00001, then N=5, etc. 
1t i$ now easy [о understand the exact statement of the definition 
given at the beginning of this section. 


————— 
зу The abbreviation lim stands for the Latin limes=limit. 


—_— 
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Definition. The number 5 is called the limit of the sequence yp 
Yar ses Une os И the absolute value of the difference yp—b beyond 
some humber N remains less than any preassigned positive number e: 


|¥n-o|<e for n>N 

(the integer N depends on the magnitude of е). 
Example 2. In the sequence ya=2 4 (ie. у=1, 
Yg=2 T ‚ уз=1 E i n=24 ‚... \ the term y, tends to 2 as 
the number n increases. Hence, 2 is the limit of the sequence. 


Indeed, we have | ya-2 jet ‚ while +. beyond some integer, 


remains less than a preassigned positive number € (if e=2, then from 
the first integer on; if e=0.02, then from the 51st integer on, etc.) 


Example 2 shows that the terms of a sequence can oscil- 
late about the limit and (see Example 3) can also be equal 
to the limit. 

Example 3. The sequence 


1 1 
Yi=0, =l, ug — 0, yam 5—0, yer 
specified by the formula wart has the limit 6=0. 


Indeed, the absolute value | Yn- 0 ie| 440" | beyond some 


integer, remains less than any preassigned positive number £ (i e= 


- then from the seventh integer; if £0.01, then irom the 201st 


integer, etc). 
Example 4. The sequence y,—(—1)" has no limit: the 


terms y, — —1, уз = 1, уз==—1, y=l, etc. do not approach 
any constant number. 


204. The Limit of a Function 


The number b is called the limit of the function [(*) 2 
х——а (read: "as x approaches а”, or “as x tends to a”), i 
as x approaches a either from the right or the left, the value 
of f(x) approaches (tends to) b without bound. ? 


1) The mathematical meaning of the expression “aj roaches with- 
out bound” is explained in Bee! 205, Wut the plant definition 
(with account taken of Note 1) is quite sufficient for an understanding 
of the sequel. 
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Notation: 
lim f () —5 


х-а 


Note 1. 14 is assumed that the function f(x) is defined 
within some interval containing the point х=а@ (at all points 
on the left and on the right of а); at the point х=@ itself, 
the function f (x) is either defined or is not (the latter case 
is no less important than the former). 

Example 1. Consider the function f (9 = pT (it is defined 


at all points with the exception of к=) . Take х=6б, 


Then f (= 581 — 13. As х approaches 6 (from the right 
or from the left) the numerator 4x?—1 tends to 143 and the 
denominator tends to 11. The fraction as 4 whole tends to 
143 _ 13. The number 13 (equal to the value of the function 
at x—6) is at the same time the limit of the function as 
x— 6: 
tal 
lim 57—13 


x76 
Example 2. Consider the same function = but 
take =+ ‚ The function / (х) is not defined here (the formula 


yields the indeterminate form ГА . But the limit of the func- 


tion exists as х —* I It is equal to 2. 

Indeed, the expression i-i is indeterminate only [or 
х=, but as х approaches дё it is quite determinate and 
р awaya equal to 2x+ l- This expression tends to the num- 
er 2. Hence, 

ахі l 
lim 272 


x 


TAM 
Note 2. The graph of the function y= 5 the stra- 
1 


ight line UV (Fig. 213) devoid ol the point A ( 2). The 
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graph of the function y—2x--1 is the same straight line UV 
taken in its entirety. 


Example 3. The function f (x) = cos = (it is defined at 


all points except x—0) does not have a limit as X ch. 
This is evident from the graph (Fig. 214): when the abscissa 


Fig. 213 Fig. 214 


approaches zero, the ordinate does not approach anything 
(the point of the graph performs infinite oscillations with 
a constant amplitude). 


205. The Limit of a Function Defined 


The unbounded nature of the approach of a variable quantity to 
a constant is expressed (cf. Sec. 203) by the fact that, from some 
instant onwards, their difference is less (han any preassigned positive 
number, Accordingly, the definition in Sec. 204 can be stated preci- 
sely: 

Definition. The number b is called the {тїї of the function f (+) 
аз х-а, if the absolute value of the difference f (x) — b remain 
less than any preassigned positive number & every time that the 
absolute value of the difference x — a, for xa, is less than some 
positive number 6 (dependent on е). th 

More briefly (but less rigorously): the number b is the limit of ily 
function f (х) as x + a, if the absolute value 1 (x) — b | is arbitrarily 
small when | x — а | is sufficiently small. yr 


Example. The number 2 is the limit of the function / (х) = 3x—i 


as x T (сї. Sec. 204, Example 2). 
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Indeed, let us require that 

4x! — i 

2x — 1 

(te ae T) be less than g. We get the inequality 
12х— 1| «e 

which is equivalent to the inequality 


-e| 


1 e 
х— zl < T е 
st 
Hence, the absolute value of the difference H 2 remains less 
than any preassigned positive number e every time that the absolute 


value of the difference x — xi is less than 3 . In the given instance, 


e 
b=: 


206. The Limit of a Constant 


Definition. The limit of a constant quantity b is the 
quantity b itself. 

This definition is introduced so that the basic theorems 
on limits Se 213) should hold true in all cases without 
exception. It agrees with the definitions of Secs. 203 and 205 
(the quantity |b6—b|=0 is less than any positive number e). 


207. Infinitesimals 


An infinitesimal is a quantity whose limit is equal to 
zero. 

Example 1. The function x?—4 is an infinitesimal as 
x—+2 and as x—— 2. As х—=1, the same function is 


not an infinitesimal. 0 E ; 
Example 2. The function 1— cosa is an infinitesimal as 
о — 0, because lim (1— cos a) —0. Я 
. ,In words: "the quantity 1—cosa is infinitely small for 
infinitely small о”. а ; 
Example 3. The quantity see as x—> is not an 
infinitesimal because its limit is equal to 2 (Sec.204, Example 2). 
Example 4. The integral function y — zr . 198, 
Example 7) is an infinitesimal because the limit of the se- 
1 1 


quence cr, тт, Ta? 5 is equal to zero. 
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Note 1. The statements “the number b is the limit of the 
variable y" and "the difference y—b is an infinitesimal" 
are equivalent. 

Example 5. We have lim =н ==2. The same fact may 

my 
be expressed as “the quantity i — 2 isan infinitesimal”. 

Note 2. Of all constant quantities, only zero is an infini- 

tesimal (cf. Sec. 206). 


208. Infinitles 


An infinite quantity is a variable whose absolute value 
increases without bound. 

The exact meaning of the phrase “increases without bound” 
will be given at the end of this section. 


Example 1. The integral function y=n! is an infinitely 
large quantity because the terms of the sequence |, 1-2, 
1-2-3, ... increase without bound. 


Example 2. The function + is an infinite quantity for 
infinitesimal x because as x approaches zero the absolute 
value of + increases without bound. 


Example 3. The function tan x is an infinite quantity as 
x— 2 м 
No constant quantity can Бе an infinitely large quantity. 


Note. The expression "the absolute value of the quantity Y in- 
creases without bound” means that from some instant onwards | y | re- 
mains greater than any preassigned positive number. ‘Accor dingl: , 
the concept of an infinitely large quantity can be defined rigorously 
as follows: 


Definition 1. An integral function y is an infinitely large quantity 
if the absolute value ої yn beyond some number N remains greater 
than any preassigned positive number M (cf. Sec. 203). 


Definition 2. The function f (x) is an infinitely large quantity a$ 
x +a if the absolute value of f (x) remains greater than any preas- 
signed positive number M every time that fhe absolute value of the 
i erence is less than some positive number 6 (dependent on 
cf. A Á 
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209. The Relationship Between Infinities 
and Infinitesimals 


If y is an infinitely large quantity, then Il is an infini 
tely small quantity (infinitesimal); if y is an infinitesimal, 
then T is an infinitely large quantity. 


Example 1. The quantity a is infinitely large as x —> 2. 


; | x-2 TRES 1 "eel 
The reciprocal fruction —— (= =) is infinitesimal as 
х—›2. 


Example 2. The quantity tan x is infinitesimal as x — 0, 
— cot x is infinitely large as x — 0. 


the quantity 


tan x 


?10. Bounded Quantitles 


A quantity is called bounded if its absolute value does 
not exceed some (constant) positive number M. ? 
Example 1. The function sin x is a bouded quantity on 
the entire real number axis be- 
cause | зіп х |< 1. ү 
Example 2. The function = 
is bounded in the interval (3, 5) 
but is not bounded in the inter- i 
val (2, 5) because the argument ipasex 
x can tend to 2 within the 
interval (2, 5), and then the fun- 
ction is infinitely large (Fig. 215). 
Every constant quantity is 
bounded. Every infinitely lar- Fig. 215 
ge quantity is unbounded. 


the integral function n4 (—1)" is not infinitely large because for odd 
nit is always zero; but neither is it bounded because for even п, 
Iront soma point onwards, it remains greater than any positive 
number M. 


211. An Extension of the Limit Concept 


li a variable quantity s is infinitely great, then we say 
that s “approaches infinity" or “has an infinite limit". 
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Notation: 
s— œ or lim 5 = 00 (1) 
If from some instant onwards ™ an infinitely large quan- 
tity remains positive, then we say that it “tends to plus 
infinity” and we write 


s— +o or lim s= -4+ (v (2) 


If from some instant onwards ап infinitely large quantity 
remains negative, we say that it “tends to minus infinity” 
and we write 


s—— o or lim 5== — © (3) 
In place of (1) we often find more expressive the notation 
s— + œ. ог lins— t © (4) 
* тоте 1. As x — 0 the function cot x has an infinite 
д lim cot x= o 
x70 


To stress the fact that the function cot x can assume, 
as x— 0, both positive values (for x> 0) and negative 
(for x « 0), we write 

lim cot x= +% 
x0 


Example 2. The notation lim +=0 means that when 
x= 
the absolute value of x increases without bound, then the 


function + tends to zero. 


Example 3. We can write 


lim 2%=+@ 
x +0 
or 
lim 2®=® 
хо +o 


The latter notation leaves the question of the sign of the function 2* 
open. But one cannot write x + « in place of x- +o in the left- 
hand members. The former notation would include the case when 


——————— 


1) This expression is made precise in the e way as in Sec. 208 
(definitions 1 and 2). P ne may 
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х», but then the function 2° would tend to zero and not to 
infinity, i. e. 
lim 2%=0 
х» – 0 

Note. An infinite quantity does not have a limit in the 
earlier established meaning (Secs. 203-205) for the simple 
reason that one cannot, for instance, say that *the difference 
between f (x) and oo remains less than any preassigned posi- 
tive number”. Thus the introduction of an infinite limit 
extends the limit concept. In contrast to an infinite limit, 
the limit defined earlier is called a finife limit. 


212. Basic Properties of Infinitesimals 


It is assumed here that the quantities under consideration 
are functions of one and the same argument. 

Theorem I. The sum of two, three and, in general, any 
fixed number of infinitesimals is an infinitesimal. 

Note |. li the number of terms is not fixed, but varies 
together with the variation of the argument, then Theorem 1 
may become invalid. Thus, if we have n terms equal sepa- 


rately to + ‚ then as n — оо each term is infinitely small, but 


1 1 1 1 ; 
the sum тте a Lu и is equal to 1. 


Note 2. The difference between two infinitesimals is an 
infinitesimal (a particular case of Theorem pet 

Theorem 11. The product of a bounded quantity (Sec. 210) 
by an infinitesimal is an infinitesimal. | 
. Та particular, the product of a constant quantity by an 
infinitesimal and also the product of two infinitesimals is an 
infinitesimal. (jux 

Theorem 111. The quotient of an infinitesimal divided by 
a variable quantity tending to a limit not equal to zero is 
an infinitesimal. i 

Note 3. If the limit of the divisor is equal to zero, i.e. 
if the dividend and divisor are both infinitely small, then 
the quotient may not be an infinitesimal. Thus, the quanti- 
ties x2 and x? are infinitely small as x — 0. The quotient 
xb is also infinitely small, but the quotient ао 
is infinitely great, The quantities 6х2 4-х and 2x2 are infi- 
nitely Pu s — 0, but the limit of the quotient (6x? 4-3): 2x? 
is equal to 3. 
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It is assumed here that all the given quantities (sum- 
mands, factors, dividend, and divisor) depend on one and 
the same argument x and have finite limits (as x — a ог as 
x — ©). 

Theorem 1. The limit of a sum of two, three and, депе 
rally, any fixed number of terms is equal to the sum o the 
limits of the separate terms (cf. Sec. 212, Note 1). 

More concisely: the limit of a sum is equal to the sum 
of the limits: 

lim (u+ t+ - -- uy) lim u+ lim ug - - -lim ug (1) 
Here, the symbol х а (or х œ) is assumed for each 
limit sign. 

Theorem la (particular case of Theorem 1): 

lim (иу — ug) = lim иу — lim ш (2) 

Theorem Il. The limit of a product of two, three and, 
ecd any fixed number of factors is equal to the pro- 

uct of their. limits: 
lim (ише... ug) —lim uj -lim из... lim ug 8) 

Theorem Ila. A constant factor may be taken outside the 
sign of the limit: 

lim cu=c lim u @ 

Theorem 111: The limit of a quotient is equal to the 


quotient of the limits if the limit of the divisor is not equal 
io zero: 


lim =E (lim v # 0) 6) 
Example 1. 
lim “44 = lim (+4): lim (x—2) —9:3—3 
уе? Am + е ) 


И the limit of the divisor is zero and the limit of the 
divident is nonzero, then the quotient has an infinite limit. 
Example 2. 


Here 
lim (x—2)-—0 and lim (x4 4)—6 # 0 
x2 x-2 
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Note J. lf both the dividend and the divisor tend to 
zero, then the quotient can have either ап infinite limit or 
a finite limit (Sec. 212, Note 3). It can also have no limit. 


Thus, lim x? cos ®=0 and lim x*-0, but the quotient 
x0 х х+0 


ж соз 2да соз T does not have a limit as x+0 (Sec. 204, 


Example 3). 
Note 2. When limv=0, but limu # 0, then Theorem 111 holds 
true if it is interpreted in a broader sense: namely, that the notation 
lim Fwi (c is a number not equal to zero) is to be understood 
xa 
in the sense that lim f(x) = %. 

xa 


Example 3. Find lim pr. 


xa QZ 
The limit of the divisor is zero, the limit of the dividend is 6. 


Taking the notation 4 in the indicated meaning, we obtain 


x+4_ 6 
im етее 
x52x-2 0 


(cf. Example 2). 
Note 3. When lim v=0 and lim и=0, Theorem 111 is tnapplicable 


since the expression T is indeterminate. However, even in this case 


Theorem 111 cannot yield an incorrect result. For example, let it be 
required to find 
4х%-1 
lm сур 


x=- 


2 


Applying Theorem 111 formally, we obtain T. This indeterminate 


expression serves as a signal that the direct route is closed and a de- 
tour route has to be sought (see Sec. 204, Example 2). 
It is of course impossible to cancel out the zeros and write 1 in 


0 
place of — . 
of 0 


214, The Number е 


The integral function u,= (1 44)” increases as n» ©» 
but remains bounded. But every increasing, yet bounded, 


1) It might seem that the unbounded increase in the exponent 
would imply an unbounded increase in the function pe). But 
the growth in the exponent is compensated for by the fact that the 
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quantity has a (finite) limit. The limit to which їч 
tends as л — оо is e: 
lim (1++)"=e (1) 
no 


The number e (which is irrational) is equal (to six signi- 
ficant figures) to 
e—2.71828 


In many cases it is advantageous to take ihe number e as 
a logarithmic base (сї. Sec. 242). 


The function (1+-)" has the number e as its limit 


not only for integral values of n but even when n approa- 
ches infinity ranging over the entire number line in conti- 
nuous fashion. What is more, the argument л can assume 
both positive and negative values provided only that it inc- 
reases without bound in absolute value. To bring this cir- 
cumstance out more vividly, let us replace the letter n by 
the letter x and write 


lim (1+4) =e @ 
(зее 5ес. 211) ог S 
lim (12-2 =e (8) 
х + о 


base 1+ tends to 1. It is useful to verify this computationally 
using five-place tables of logarithms: 


(1+-)° 2248, (1+15)'°=2.59. (idt unen 


Ly too 
(reu =?! 


1t is possible to prove the bounded character of (42) by means 
of the binomial formula. The first term is 1, the second is also 1, 


the third is equal to niei. au for any л less than T the fourth 
is always less than 347 the fifth is less than +: etc. And so any 


value of 4, is less than 


ї+ї+ (+++. " 3! 


that Is to say, it is less than 3. 
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sin x 
x 


215. The Limit of as x — 0 


li x is the radian measure of the angle, then 


; " li 
lim =*-=1 and lim S (1) 
x 0 sin x x 0 x А 
T. Explanation. Let us take ше radius KN 
í 
E ig. 216) as unit length. en aye 
х= АВ, sinx=BD, We have x:sin х= АВ: l} 


м — 
:BD-B'AB:B'B. The arc B'AB is greater 
than the chord B'B. Therefore x:sin x > 1. 


— 
On the other hand, the arc B'AB is less Fig. 216 


than BC+B’C=2BC, 1. е. AB<BC, Hen- 
ce, x:sin x < BC:BD=sec x (from the triangle DBC) 


Hence, the ratio 3 lies between unity and sec x. But the mag- 


nitude of sec x itself tends to unity as x +0, and hence дүү surely 
does. 


216, Equivalent Infinitecimals 


Definition. Two infinitesimals are called equivalent if the 
limit of their ratio is equal to unity. 
Example 1. The quantities x and sinx, which are infini- 


. i 
tesimal as x + 0, are equivalent because (Sec. 215) [ш E ==, 
x- 


The quantities 2x and sin 2x are equivalent. The quantities 
x? and ѕіп? х are also equivalent. 

Example 2. The infinitesimals a2-- 3a? and a— 40 (a — 0) 
are equivalent because 


а» 0 


The equivalence of infinitesimals is denoted by the same 
symbol % as approximate equality. Thus, 


sin x z x, sin x x 2x, sin?x ду x*, 024-303 ~ 02—408 


Note. Indeed, equivalent quantities are approximately equal (the 
equality is the more exact, the closer to zero the equivalent quanti- 
ties approach). Thus, for «0.01 the quantity a*+3a® is equal to 
0.000103; and a?—4a® is 0.000096. The difference amounts to 
$.000007, which is about 79/, of one of the equivalent quantities. 
The closer they are to zero, the smaller is the percentage. 
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Theorem. The limit of a quotient (ratio) of two infinite- 
simals remains the same if one of them (or both) is replaced 
by an equivalent quantity. 
sin 2x 
E 


Example 3. Find lim 


x0 


Substituting for sin 2x the equivalent quantity 2x, we get | 


1 ох 1 2x | 
lim CA TF lim =? 
х0 x0 
Example 4. 
in 2x S 2x 2 
lim 5 = lim ==> 
za 0510 55 v, 95x 5 


Example 5. Find 


lim 1-cosx 
х»о X 


Solution. We have 


1— cosx — 2 sin? 4 


sin м (+ 3 
2 = (3 


and since 


it follows that 


217. Comparison of Infinitesimals 


Definition 1. If the ratio В. of two infinitesimals is itself 
infinitely small [i if lim =o, and, hence (Sec. 209) 
lim =}, then B is termed a quantity of higher order 


relative to о; and œ is a quantity of lower order with res- 
pect to p. | 
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Definition 2. Ii the ratio È of two infinitesimals tends to 


a finite limit not equal to zero, then а and В are called in- 
fnitesimals of the same order. » 
Note. Equivalent infinitesimals always have one and the 


same order ? к 
Example 1. As х +0, the quantity x* is of higher order 
5 
than x? because lim A =0. Conversely, x? is of lower order 
х + 0 


than х5 because lim io. 
x= 
Example 2. As x +0, the quantities sinx and 2x are of 
the same order because (Sec. 215) 


х» 0 хә 0 


Example 3. As x — 0, the quantity 1—cos X is of higher 
order than sin x since (Sec. 216, Example 5) 


x^0 


As a — 0, each of the quantities 9, a2, 05,00,00, . .. is of 
lower order than any successor. Therefore, the following de- 
шие is the keystone of the jurther classification of infini- 
esimals. 

Definition 3. An infinitesimal p is of the mth order with 
respect to an infinitesimal o if B is of the same order as ©, 


Le. (see Definition 2) if the ratio 28. has a finite limit not 
equal to zero. А 
Example 4. As х — 0, the infinitesimal = *° is of third 


Rae se d 
order with respect to x because pun (ree) ru the 
ЖЕ 


Ж Жын УА a 
D [n place о! the ratio £ we can take the reciprocal ratio= + 


ae 
since it too will have a finite limit not equal to zero (+ lim =" 


then: lim cay 
т 
2) The converse does not hold true. Thus, the quantities 2x and 
2 
Зх have, as х > 0, the same order ( lim Bay but they are not 
x4 09* 


equivalent. 


т" 
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infinitesimal + 2 is of second order, the infinitesimal Ух 


is of order i 


Example 5. Тһе infinitesimal 1— cos a (œ — 0) is of second 
order with respect to @ since (see note on Definition 2) 


1— cos «—2 sin? 5. x 2 (Л 


Example 6. The intinitesimal T a3 -+ 1000 o (œ — 0) is of 


third order, that is, the same as the term — a’, the order of 


which is lower than that of the other term. That always 
occurs in the case of a sum of two or more terms. 

Example 7. The infinitesimal x?sin?x (х — 0) is of fifth 
order with respect to x (the number 5 is the sum of the or- 
ders of the factors; this always occurs in the case of a pro 
duct of two or more factors). 

Theorem 1. The difference ~-f of two equivalent infinitesimals a 
end p is of higher order with respect to either œ ог В. К Д 

xample 8. We have х = sin x as х > 0. Therefore, x—sinx is of 
higher order with respect to x (and also with respect to sin x). 

Theorem 2 (converse). If the difference of the infinitesimals = and 
В is of higher order with respect to one of them (then it is of higher 
order with respect to the other as well), then a= В. р 

Example 9. The infnitesimals 0:2+30* and о? (a 0) differ by 
3a*: this is a quantity of higher order than 02. And so 


02 +302 = а? 


217а. The Increment of a Variable Quantity 


Definition. If a variable z assumes the value 2=21 and 
then 2= 23, then the difference z; —2, is called the increment 
of 2. The increment may be positive, negative, or zero. The 
increment is denoted by the Greek letter A (delta) (the sym- 
bol Az reads “delta z”). It denotes the change іп 2, “їпсге- 
ment of the quantity 2”; we have 


Az=2,—2, 


The increment of a constant is zero. 
Example. The initial value of the argument x=3, the 


increment of the argument Ax— — 2. Find the corresponding 
increment Лу of the function y= x?. 
Solution. Since x, —3 and x,—x,=—2, it follows that 


x,=1. The function у= first takes on the value y; —3*— 
and then y, — 1?— 1. 
The increment of the function is Ay y —9 —1—92-—9 
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218. The Continuity of a Function at a Point 


Definition. A function f (x) is called continuous at a point 
ха ii the following two conditions are fulfilled: 

1. For x—a the function f (х) has a definite value b. 

9. Asx >a, the function has 
a limit which is also equal to 5. 

If even one of these condi- 
tions is violated, the function 
is called discontinuous at the 
point x—a. 

Example 1. The function 


=; is continuous at the 


point x—5 (M in Fig. 217) be- 
cause (1) at x=5 it has ade- 
finite value IO- у (2) as Fig. 217 
x—5 it has a limit which is 
also equal to T. The function is discontinuous at the point 
х3 because the first condition is not fulfilled (the function 
does not have a definite value). Neither is the second condi- 
tion fulfilled. 

Example 2. Let us specify the 
function Ф (х) as follows: 


p= for x Æ 3, 


ф(х) =2 for x—3 


This function (its graph is 
obtained from the graph of Exa- 
mple 1 by adjoining the point 

Fig. 218 N; see Fig. 217) is also dis- 
continuous at the point х=3. 
This time the first condition is fulfilled but the second is 
not: the function @ (x) has an infinite limit as x —3. 
. Example 3. The quantity Q of heat imparted to a body 
is a function of the temperature Т of the body. Fig. 218 
depicts the graph of this function. The line RB corresponds 
to the solid state (T; is the initial temperature, Ta the mel- 
ting point), the line CE corresponds to the liquid state 
(Ts is the temperature of vapourization), the line FS corres- 
ponds to the gaseous state. The function Q is discontinuous 
at T=T, and T = Та; it does not have a definite value at 


m—— s 
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these points. Thus, the melting point Т; is associated with 
all possible quantities of heat from Q— АВ to Q—AC. 


219. The Propertles of Functions Continuous 
at a Point 


Property 1. The sum, difference and product of two func- 
tions continuous at a point х —a are continuous at this point. 


The quotient T of two functions continuous at the point 


х==а is continuous if the divisor v does not vanish for x —4. 
Property 2.1) If the function f (x) is continuous for some 
value of x, then the increment in the function is infinitesimal 


for an infinitesimal increment in the argument. 
Example 1. The function OS is continuous at the 
1 


point х=5, and [(5)—— (Sec. 218, Example 1). For 
х=54- Ах the function has the value 


1 
The increment in the function is 


НБА) —1 ©) = — тт 


It is infinitesimal for an infinitesimal Ax. 


219a. One-Sided (Unilateral) Limits. f 
The Jump of a Function 


If the value of a function f (x) tends to the number b, as Х tends 
to a from the side of small values, then the number 5, is termed the 
left-hand limit pE limit on the left) of the function f (x) at the point 
x=a and is written 

lim f (x)—bi (1) 

x-a-0 
If Р(х) tends to b, as х tends to a from the side of larger valis 

then b, is called the right-hand limit (or limit on the right) of t 
function f (x) as x > a and is written 

lim F (=: (2) 


х + а+0 
The quantity | 5,—5,| is called a discontinuity (a jump ог saltus) 


1) property 2 may be taken for а definition of continuity of à 
function at a point (equivalent to definition of Sec. 218). 
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The left and right limits are generically termed a *one-sided (uni- 

a lateral) limit". 
Example 1. The function Q depicted in Fig. 218 has at the point 
my a leit-hand limit AB and a right-hand limit AC. The jump is 


shown as BC= – АВ. 1 
Ехатріе 2. Тһе function f (x)=— 777, (Fig. 219) has, at the 


z 
point x—0, а right-hand limit ba=0 and а left-hand limit 5,—1. The 
jump is equal to unity. 


Fig. 219 Fig. 220 


Two one-sided limits of a function f (X) at a point x=a may be 
equal. If the function is defined at the point x=a, jt is continuous 
at this point. Я 

х? 


Ехатріе 3. The function f (x)= xe has one-sided limits at the 


point х=2 both equal to 4. But at the point х=2 itself the function 
Ps not defined and is therefore discontinuous. The graph (Fig. 220) is 
a straight line у=х+2, without the point M(92,4). И we further 
agree that /(2)=4, then f (x) will 

become continuous. The graph will n 

include the point M as well. 

М by means of the supplementary 
condition defining the function f (X) 
at the point a it is possible to con- 
vert a discontinuous function into a 
continuous function, the discontin- 
uity is called removable. |n Example 
3 the discontinuity is, remova le 
while in Examples i and 2 it is non- 
removable. 


220. The Continuity of a Function 
on a Closed Interval 


Definition. A function is cal- 
led continuous on a closed in- Fig. 221 
terval if it is continuous at every К 
point of the interval including the two end-points. —. 
. Ме similarly define the continuity of a function in open 
intervals. 


Example. Consider the function woo (Fig. 221). It is 


continuous on the closed interval (1 T 2), but is discon- 


— 
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tinuous on the closed interval (0, 1) because both end-points . 
х=0 and x=] are points of discontinuity. It is also discon- 
tinuous on the closed interval (1, 2) since one end-point 
х==1 is a point of discontinuity. It is also discontinuous on 
the closed interval (4.2) since there is a point of discon- 


tinuity (x—1) inside the interval. 


221. The Propertles of Functions Continuous on a Closed Interval 


Let a function / (х) be continuous on the closed interval 
(a, b). Then it possesses the following properties: 

Among the values which the function assumes at points 
of the given interval there is a greatest and a least. 

Note 1. Among the values which the function Í (x) assumes 
at pont of an open interval 
(a, b) there may not be a great- 
est or a least value. 


Fig. 222 Fig. 223 


For example, in the open interval (1, 3) the function 
2x has neither a least value nor a greatest value (it could 
assume these values at the end-points x—1 and х=3, but 
the extremities are excluded from the open interval). 

If m is a value of the function f (x) for x=a and nis 
a value of f (x) for x—b, then the function f (x) assumes any 
value p, lying between m and л, at least once inside the 
interval (a, b). 

Geometrically, any straight line drawn parallel to the axis 
of abscissas above the point A but below the point 
Eig. "ur x meet the curve AB at least once (three times 
in Fig. р 

Note 2. A discontinuous function may not have Property 2 
(see Figs. 218 and 219). "D 

2a. In particular, if the function has a positive value at 
one end of the interval and a negative value at the other 
end, then it will vanish at least once within the interval. 
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Geometrically, if one of the points A, B (Fig. 223) lies 
above the x-axis and the other below the x-axis, then the 
curve AB will meet the x-axis at least once (twice in Fig. 223). 

3. If the variables x and x’ vary so that the difference 
y—x' is infinitesimal, then the difference f (x) —/ (x) is also 
infinitesimal. 

Note 3. If x’ is a constant c, the difference f (x) — (c) is 
an infinitesimal, by Property 2 of Sec. 219. By roperty 3 
of Sec. 221, the difference Го) is infinitesimal for 
infinitesimal x—x’ not only when x’ is constant but also 
when x' is variable. 

Note 4. Property 3 may not hold true in the case of con- 
tinuity of the function in ап open interval. Thus, the func- 


tion is continuous in the interval (0, 1) devoid of the end- 


oint x—0. Let x and x’ vary so that x'—2x as x — 0. 
hen the difference x—.x' is infinitesimal, but the difference 
fG)—1 G6) L—3: 3 is infinitely great. 


x 
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222. Introductory Remarks 


The source of differential calculus lies in two problems: 

(1) finding the tangent to an arbitrary line фес: 225), 

(2) finding the velocity, given an arbitrary law of motion 
(Sec. 223). 

Both problems led to one and the same computational 

roblem which lies at the heart of differential calculus. 
he problem is that of finding, on the basis of a given func- 
tion f (f), a certain function /'(£) (which later became known 
as the derivative) representing the rate of change of the func- 
tion f(t) with respect to the variation of the argument 
(a precise definition of a derivative is given in Sec. 224). 

It was in this general form that (he problem was posed 
by Newton and, in similar form, by Leibniz in the 70s and 
80s of the seventeenth century. But even during the preced- 
ing half century, Fermat, Pascal and other scholars had 
actually given rules for finding the derivatives of many 
functions. 

Newton and Leibniz brought this development to its cul- 
mination. They introduced the general concepts of derivative aw 
and differential ® and also the symbols which вауу шии 
fied computations. They refined the apparatus ої differential 
calculus and applied it to the solution of numerous problems 
in geometry and mechanics. It was only in the 19th century 
that the whole system was placed on a rigorously logical 
basis (see Sec. 191). 


223. Velocity ? 


In order to determine the velocity of a train, we note 
the point at which it is located at time /—4/, and then at 
time ¢==¢y. Let these be the distances ss, and s—s,. The 
increment (Sec. 217a) in distance As=sy—s, is divided by 


') Newton used the term “fluxion” The term “derivative” was 
introduced at the end of the 18th century by Arbogast. 

2) The term “differential” (from the Latin differentia) was given 
by Leibniz. 

з) This section introduces Sec. 224 
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the increment in the time Лі = =: The quotient 
А 
Ly 0) 


mo the average velocity of the train for the interval (#1, t2)- 
n the case of nonuniform motion, the average velocity does 
not describe the rate of motion at time t=ty with sufficient 
exactitude. But the smaller Aż, the more exact is this speed. 
For this reason, the speed at time t=t; is the limit to which 


the ratio 5 tends as At — 0: 


А ^s 
v= lim = 
Ato Af 9 


Example. Free [all of а body. We have 
1 
s=7 gt? (3) 
Since 4, — f, 4- At, it follows that 


hs 5,5 = gs А0978 


Hence 
1 _— 
= g (ae AD*- -7 шү 
v= lim UR. tee MET (4) 
A0 м 


Having computed the limit, we find 
U—gl (5) 


The notation 4, is introduced to bring out the constancy 
of t when computing the limit. Since t is an arbitrary value 
of time, the subscript | can best be dropped; then from the 


formula 
v=gt (ба) 


it is evident that the velocity v (like the distance 5) is a 
function of the time. The form of the function v depends 
completely on the form of the function s, so that the function 
5 generates ("derives", as it were) the function v. Hence the 
name, the “derivative function”. t 
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224, The Derivative Defined и 


Let y=/ (x) be a continuous function (of the argument x) 
defined in the interval (a, 6) and let x be some point of this 


My] (x-+Ax)—I @) (1) 
If Ax is infinitesimal, then Ay is also infinitesimal (Sec. 219). 


The limit to which the ratio oe tends as Ax —7 0, i.e. 


im Гох Ах) Г 00) 
U a 


is itself a function of the argument x (сї. Sec. 223). This 
function is called the derivative of the function f (х) and is 
denoted by f’ (х) or y". 

Briefly, a derivative [unction is the limit? to which tends 
the ratio of an infinitesimal increment in the function to a 
corresponding infinitesimal increment in the argument. 

Note. In the process of finding the limit (2), the quantity 
x is regarded as a constant. y 

Example 1. Find the value of the derivative of the func- 
tion y=x? {ог x=7. 

Solution. For x—7 we have у=72=49. Give to the ar- 
gument x an increment Ax. The argument becomes equal to 
7-+-Ax, and the function becomes (7-+Ax)?. 

The increment Ay of the function is 


Ay=(7-- Ax — T2 — MAx F A? 
The ratio of this increment to the increment Ax is 
Ay. l14Ax t Ax? 
PLE CNN 144 Ax 
Now find the limit to which $4 tends as Ax — 0: 


lim 4¥— lim (14 =14 
дх 0 ^^ tek 29 
The desired value oi the derivative is 14. 


a 
1) It is advisable to read Sec. 223 first. 
з) For cases when the limit does not exist, see Sec. 231. 


a 
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Example 2. Find the derivative of the function Их? 
(for ап arbitrary value of x). Give to the argument an incre- 
ment Ax. The argument becomes x-- x. The increment Ay 
of the function is (x }-Ах)#—х%=2х Ax--Ax*. The ratio 
2 x? 1 " " 
na is equal to Gran re ox AN The derivative function 


is the limit oi this ratio as Ax +0: 


y= lim = lim (2x + Ax) = 2x 
Ах >o Ax 
The sought-for derivative y' —2x. For x—7 we get y'=14 


(ci. Example 1). 
Example 3. Find the derivative of the function y=sin x 
(the argument is expressed in radian measure). 

Solution. Give to the argument an increment Ax. The 


increment of the function is 
Ay=sin (x-+Ax)—sin x= 2 COS (x44) «sin Ar 


The ratio AY is 


Ах 
Ax 
з cas (x+ SE) ан у 2 sin ->- 
кше DL Бен (24:6) me 
Ax na 2 Ах 


The limit of this ratio as Ax —> 0 (Secs. 213, 215) is 
equal to 


2 sin 2х 
Ы А AXN 4; 
lim 27 = lim cos (х DR) lim 57 2 —cosx 
Ах +10: M Nee 0 TJ Ax co AR 


Hence, y'= С05 X. 


225. Tangent Line 


The tangent line to the curve L at the point M (Fig. 224) 
is the straight line T'MT with which the secant line MM 
tends to coincidence © when the point M^, always on L, tends 
to M (either from the right or from the left). 

Note. From Fig. 225 it is evident that the tangent can 
have, besides the point of tangency, points common to the 
curve and the tangent. 


1) The expression “tends to coincidence” means that the acute 
angle Hoe the fixed straight line 7' МГ and the rotating line MM 
tends to zero. 


E нин" 
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If the curve L is the graph of a function y—f (x), then 
the slope of the tangent is equal to the value of the deri- 
vative function at the correspo 

á), nding point.» 


Whe 
к” AA 
# М WNT 
Fig. 224 Fig, 225 


This is clear from Fig. 226. The slope of the secant 


ine is b — E Av n imi 
line is h— Mg ax If M' tends to M. then & has as a limit 


p Ay P: 
the slope т of the tangent. Hence, ш= шй ae 
X0 
(Sec. 224) m—f' (x). 


Fig. 226 Fig. 227 


Example 1. Find the slope and the equation of the tan- 
gent to the parabola y—x? at the point M (1, 1) (Fig. 227) 

Solution. We have y’=2x (Sec. 224, Example 2). For 
х=1 we get y/—2. The desired slope of the tangent m=2 
i equation, di the tangent will be y—l=m(x—l) 
. e y-—2x—l. 


1) If the graph has no tangent, the function f (x) has no derivative, 
and vice versa. 
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Example 2. Find the equation of the tangent to the curve 
y=sin x (sine curve, Fig. 228) at the point O (0, 0). 
Solution. We have y’=cosx 
(Sec. 224, Example 3). For x=0 Y J 
we get у'==1. The equation of 
{һе tangent is y—x. 


Note that the sine curve lies 0 
on both sides ої the tangent line 
T'OT. T 
Example 3. The slope of the Fig. 228 


straight line y—ax--b (it is equal 
to а) is the derivative of the function y=ax+b (the 
tangent to a straight line is the line itself). 


298. The Derivatives of Some Elementary Functions 


1. The derivative of a constant quantity is equal to zero 
(a)’=0 (1) 


Physical meaning (Sec. 993): the velocity of a fixed 
point is zero. i 
Geometrical meaning: the slope of the straight line y=a 
UV in Fig. 229) is zero (сї. Sec. 225, 
xample 3). 

Note. For some values of x a fun- 
n ction can have a zero derivative with- 
out being a constant. Thus, the de- 
0 x rivative (sin x)’ ==С05 X (Sec. 224, Exam- 
et ple 3) is zero for х= t= E, etc. 
But if the derivative [^ (x) is identically zero, then the 
function f (x) must definitely be constant (Sec. 265, Theorem 1). 

2. The derivative of an independent variable is unity: 


=l (2) 


. Geometrical meaning: the slope of the straight line y=* 
is equal to unity. ? 

Physical meaning: if the distance covered by a body is 
numerically equal to the time spent in motion, then the velo- 
city is numerically equal to unity. А 

3. The derivative oj the linear junction y=ax-+ is the 
constant quantity а: 
(ax 4-5) =a 8) 
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4, The derivative of a power [unciion is equal to the pro- 
duct of the exponent by the power function with exponent 
decreased by one 


(xn)! = nx") (4) 
Examples. 
(1) (2) = 2x. 
(2) (3) = 3x". 


FU V 1 
к (85) atx ‘=: 


e (+) <== 1 


221. Properties of a Derivative 


1. A constant factor may be taken outside the sign o! 
the derivative: 
laf (x) —aP (х) 
Examples. 
(1) (3x3)! =3 (x?) —3-2x = 6x. 


e (ets (3) -— н. 


@ (И УУ) =-= 


2. The derivative of an algebraic sum of some fixed num- 
ber of functions is equal to the algebraic sum of their deri- 


vatives: 
{һ (а) А-А 00) — № 9I fi (0) + s 69 з 09 
Examples. 
(4) (0.312 — 2x -- 0.8)! = (0.3x2)’— (2х)' + (0.8)' —0.6x —2 


(the derivative of the last term is zero; Sec. 226, Item 1) 


e (&-sv3) =(2) -svxr-- 2-7 
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228. The Differential 


Definition. Let the increment (Sec. 217a) in the function 
у= (x) be split up into a sum of two terms: 


Ау= ААх+а (1) 


where А is not dependent on Ax (i. e. is constant for a given 
value of the argument x) and « is of higher order (Sec. 217) 
than Ax (as Ax — 0). 

Then the first (“principal”) term, which is proportional 
to Ax, is called the differential oi the function f(x) and is 
denoted by dy or df (x). 

Example i. Take the function у= х3. Then? 


Лу 3х° Ax-+ (9x Ax? + Ах?) (2) 


Here, the coefficient A—3x* is not dependent on Ax, so 
that the first term is proportional to Ax; the other term, 
a—3x Ax?-+ Ax? however is of higher (second) order with res- 
ect to Ax. Hence, the term Зх? Ax is the differential of the 

unction x? 
dy=3x? Ах ог d (x3) —3x* Ах (3) 


Theorem 1. The coeíficient А is equal to the derivative 
Р (x); in other words, the differential of a function is equal 
to the product of the derivative by' the increment in the 
argument: 
йу=у' Ax (4) 
or 
df (X) =f" (x) ^x (42) 


Example 2. In. Example | we found that d (33) =3x? Ах. 
The coefficient 3x? is the derivative of the function х3. 


Example 3. И у=, then y-— (Sec. 226, Item 4). 


Therefore dy—— E 5 


-Ах 


1 1 
mulus IFW 
Let us verify this. We have Аў=т A y x (FAX) Н 


А. 
split up this expression into two terms, the first being -5 ‚ then the 


1) The notation Ах? is the same as (Ax)? (parentheses are dropped). 
If it is necessary to indicate the increment of the function x*, then 
we write A (x?). 


290 HIGHER MATHEMATICS 


second will be zr The latter term is of higher (second) order 
with respect to Ax. ') 

Theorem 2. If the derivative is not equal to zero, then 
the differential of the function and its increment are equi- 
valent (as Ax — 0); if the derivative is zero (the differential 
is then also zero), they are not equivalent. 

Example 4. If у= х“, then Ay = 2x Ах 4- Ах? and dy=2x Ах. 
For x—3 the quantities Ay—6Ax+-Ax? and dy—6Ax are 
equivalent, for x—0 the quantities Ay— Ах? and dy=0 are 
not equivalent. 

The equivalence of the differential and the increment is 
frequently employed in approximate calculations (as a rule, 
it is easier to compute a differential than a derivative). 

Example 5. We have a metal cube with edge x= 10.00 cm. 
When heated, the edge increased by Ax —0.0] cm. How much 
did the volume V of the cube increase? 

Solution. We have V=x* so that dV —3x* Ax = 
— 3.102.0.01 —3 (cm). The increase in the volume AV is 
equivalent to the differential dV so that AV z З ст. The 
total computation would have ielded AV—10.013—105 = 
— 3.003001. But in this result all the digits, except the first, 
are unreliable and so we have to round ой to3 cm? in any case. 

Other examples of the employment of a differential in 
approximate computations are given in Sec. 243 (Example 4) 
and Sec. 248. 


229. The Mechanical Interpretation 
of a Differential 


Let s— f (t) be the distance of a rectilinearly moving point 
from its initial position (f is the time in transit). The incre- 
ment As is the distance covered by the point during the 
time interval At, while the differential 45==]' (f) At (Sec: 2%, 
Theorem 1) is the distance the point would have covered 
during time A£ if it had maintained the speed f’ (D) reached 
at time f. For an infinitesimal At the imagined distance ds 
differs from the true distance As by an infinitesimal of order 
higher than Aż. If the velocity at time ¢ is not equal to АЛ 
then ds yields ап approximation of the small displacemen 
of the point (cf. Sec. 228, Theorem 2). 


: 4 1 
1) |t is assumed that x0 (= x=0 the function QU is 
not defined ). d 
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230. The Geometrical Interpretation 
of a Differential 


Let curve L (Fig. 230) be the graph of a function y =f (*)- 


Then 
Ax — М9, Ay —QM' 


The tangent line MN divides the segment Ау into two 
parts QN and NM’. The former is proportional to Ax and is 
equal to QN=MQ-tan ZQMN= 
= Ах (x) (see Sec. 225), i.e. QN 
is the differential dy. 

The latler part NM‘ yields the 
difference Ay—dy; it is of higher 
order with respect to Ax. In the gi- 
ven case, when f'(x) # 0 (the tan- 
gent line is not parallel to the 
x-axis), the segments QM' and 
are equivaient (Sec. 228, Theorem 2). 
In other words, NM’ is also o! 
higher order with respect to Ay= 
QM'. This is evident from the figure Е 
(as M' approaches М, the segment NM‘ comprises an ever 
smaller portion of the line segment Q/ Р" е 

Thus, the differential of а function. is graphically depicte 
as the increment in the ordinate of the tangent line. 


231. Differentiable Functions 


A continuous function which (at a given point) has a dife- 
tential is called differentiable at that point. КА 

A discontinuous function cannot have either а derivative 
or a differential at а point of discontinuity (the graph oss 
iet have a tangent line; see Fig: 214 on page 264 an 

ig. 219 on page 279). " 

А function ee continuous at some point may not 
have a differential at that point. Below we consider three 
characteristic cases. 


Case 1. The function y=f (0 
point, i. e. 


has an infinite derivative at the given 


or 
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(thus, Ay is of lower order than Ax) The graph has a vertical tan- 


gent line. 
Notation (by convention): 


DOLI 
37— 
Example 1. The function / (= y x (Fig. 231) 15 not differenti- 
able at the point х=0. The quantity 
y 


has an infinite limit +o as Ax+0. 
At the point x=0 the tangent line 
coincides with the y-axis. 
Fig. 231 Nole 1. A function which at a given 
point has a finite derivative is differen- 


table. Conversely, a differentiable function has ә finite derivative. 
Case 2. The ratio a has no limit as Ax +0 (i. e. the function 


y=} (x) has no derivative), but it has a right-hand limit (as Ax 40, 
Sec. 219a) and a left-hand limit (as Ax  —0). The former is called a 
right-hand derivative and is denoted by /^(x-0) and the second is 
called a left-hand derivative and is denoted by / (x-0). 


Fig. 232 Fig. 233 


At the point of interest (M in Fig. 232) the graph has no tangent 
line, but it has a ri ER аел Tine Mr, and a left-hand tangent 
line MT,; that is, the secant line M М” tends to coincidence with Т, 
when M’ tends to M from the right, and with MT, when M’ tends 
to M tromi the jeit: х is not diffe- 

xample 2. The function f (x)=1-|1—- Fig. 233) is no 
rentiable at the Point х=1. the ‘ine КМК has nó tangent line at ite 
point M (1, 1). The right-hand derivative /’ (1+0)=~1, the left-han 
derivative f^ (1—0)=1. 
$ NT ДЕ nca iml (x) has no left-hand or righ 
ь or as . 
Meg Men er). e graph does not have a со! 


Example 3. The function given by the formula f (x)=x sin E (Fig. 234) 


t-hand deri- 
responding 


and redefined as / (0) 0 (the expression sin + is meaningless for x) 


| 


| 
| 
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Is continuous a! the point x=0. However, when M’ tends to О from 
the right (or the left), the secant line OM’ oscillates between the straight 
lines UV (y=x) and U'V' (у= - X) and does not tend to either straight 


2, io i 


line. The graph, at point О, has neither right-hand nor left-hand tangent 
line, and the асо Ff (x) ћаѕ neither right-hand пог left-hand deri- 


Note 2. One can even think up continuous functions that have no 
derivative at any point at all.) hence, the existence of a derivative 
does not follow lo ically from the continuity © 

first pointed out by the great Russian mathematician М. 1. Loba- 
chevsky.2) 


1) We can neither construct nor even imagine a curve graphically 
curve involves an 


depicting such a function, for our conception of a 
abstraction from the properties of real objects and it is intimately 
bound up with the concept of direction. Even in Example 3, the “line 


y=x sin + is devoid of direction at the point х=0. Here, however 


eee is aided by {не fact ш the graph has a definite 
on in any neighbourhood of point 0, 
à *) Nikolai AA s Lobachevsky (1792-1856) created non-Eucli- 
lean geometry and made valuable contributions to а 

е was also a prominent public figure, and an outstanding teacher 
who did much in the sphere of education, His whole life and work are 
closely bound up with Kazan University irom w 
at which he was professor and rector. 
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232. The Differentlals of Some Elementary Functions 


1. The differential of a constant is zero: 


. da=0 (1) 

2. The differential of an independent variable is equal to 
its increment: 

dx = Ах @ 


3. Generally, the differential of a linear function is equal 
to its increment: 


d (ax -|- b) = ^ (ax 4- b) =a ^x (3) 


With respect to the other functions, the differential and 
increment are not equal. (They differ by a quantity of higher 
order of smallness with respect to Ax; Sec. 298.) 

4. The differential of a power function x^ is equal to 
nx^ -! Ax [cf. (4), Sec. 233]: 


dx" = nx^ -1 Ax (4) 


233. Propertles of a Differential 
1. A constant factor may be taken outside the sign of the 


differential: 
d [a j (3)] —a df (x) () 
2. The differential of an algebraic sum of a fixed number 
of functions is equal to the algebraic sum of their differentials: 
d [fs @ +h 6) — із 1 — dfi (9 dje (х) df) O 


3. The differential of a function is equal to the product 
of the derivative by the differential of the argument: 


df (x) =f’ (x) dx 9 
This follows from Sec. 228 (Theorem 1) and Sec. 232, Item 2 
In particular (cf. Sec. 232, Item 4), 

d(x”) = nx? -! dx () 


234, The Invarlance of the Expression /' (x) dx 


The expression /'(x)Ax represents (Sec. 228, Theorem | 
the differential a (x) when x is regarded as the argument. 
But if the quantity x itself is regarded as a function of som 
argument /, then the expression /'(x) Ax, as a rule, does n?! 
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represent the differential (see Example 1 below); the only 
pation is the case of a linear relation; x=at 4-5. 
the contrary, formula (3), Sec. 233, 
df (x) =Р @)ах 4 (1) 

is true both when x is the argument (then dx= Ax) and when 
xis a function of ¢ (see Example 2 below). 
_ This property of the expression f’ (x) dx is called its inva- 
гіапсе. 

Example 1. The expression 2x Ax is the differential of the 
function y— x? when x is the argument. 


Now put 
х=й (2) 
and we will consider f as ће argument. Then 
yit (3) 
From (2) we find 
Ax =2t M EA Ке) 
Непсе 
2x Ax 2t (2t At + М?) 6) 


This expression is not proportional to M and therefore 
now 2x Ax is not a differential. The differential of the function 
y is found from (3): 

dy = 48 At (6) 

Co i that 2x Ax and dy differ by the quan- 

tity d png (2) ane | at eee with аре io f 


Example 2. The expression 2xdx is the differential of the 
action y=x? [ог any argument t. For example, let х=. 
еп 


dx =2t At 
Hence 
2x dx = 212.91 At = Ai? At 
Comparing with (6), we see that 
dy —2x dx 


235. Expressing a Derlvative In Terms 
of Differentials 


_ The derivative of a function y with respect to the argument x 
is equal to the ratio of the differential of the variable y to — 
the differential of the variable x: 


ғ dy 
Ux = dx 


P 
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The subscript x on the symbol y’ emphasizes the fact that 
when we are seeking the derivative, the argument is x. The 
differentials dy and dx may be taken with respect to any argu- 
ment (see Sec. 234). 

An extremely convenient notation for a derivative is often 


the expression E and similar expressions: Ve (the deriva- 


аф (t) ? 
= (the deriva- 


d (3x?+2x+1) vib, 
dx Q 


tive of the function f(x) with respect to x), 


tive of the function Ф (f) with respect to £), 
= 6x-1-2 and so forth. 

The following conventional notations are also employed: 
alo. dx Beta!) and so forth, which are particularly 
convenient when taking the derivative of a complicated ex- 
pression. 


236. The Function of a Function (Composite Function) 


A quantity y is called a function of a function (composite 
function) i$ it is regarded as the function of some (auxiliary) 
variable u, which in turn depends on an argument x: 


y=} (и), u=ọ (x) () 
In this way, y is a function of x, and this may be written as 
yoQ) @ 


If f (u) and Ф (х) are continuous functions, then the fun- 
ction fg (x)] is also continuous. ; 

Example. If у= из and u=1-+-x%, then y is a composite 
function of x, and we write 


y—(ü xy 


237. The Differential of a Composite Function 


Finding the differential of а composite function does not 
require any special rules (due to the invariance of the expres- 
sion f’ (x).dx, Sec. 234). "o 

Example 1. Find the differential of the function у= (1 -X ж 

Solution. Regarding y as a composite function (y—"^ 
u-l-4-x?, we have 


dy=3u? du, du=2xdx 


— - 
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Whence 
dy —3 (1 4- x2)2-2x dx = (6x 4- 12x3 + 6x5) dx 
The same result is obtained directly: 
dy = d (1 4- 3x - 3x3 -- x*) — (6x + 12x3 4- 6x5) dx 
Note. In actual practice, no special designation is intro- 
E. the auxiliary variable и. In Example 1, the pro- 


a (1b xt) (1-94 (1 4-9) 73 (1 ba 2e de 
Example 2. Find d V a? —x*. 


Solution. 
1 ey AY 
ауа 5-4 (r) =p (002—9) *@(а*%—)= 
ый x dx 
TANTO at= xi 


238. The Derivative of a Composite Function 


The derivative of a function of a function is equal to the 
derivative of the function with respect to the auxiliary 
variable multiplied by the derivative of the auxiliary vari- 
able with respect to the argument: 

уй (1) 


dx du dx 
Example 1. Find the derivative of the function 
у= Уа 


(with respect to the argument х). 


Putting 
1 
y=u*, и=а—% 
we have 
1 

agit nit ica uy T аи 

дато ЧӘР MET Ey Ere as P 
By formula (1) we get 


pmo de 
2Yai-xt 


dy _ dift aree SH 20 
Zn re» yn 
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Note. When using the notation (V ат xi)', beginners frequently 
make the following mistake, Knowing that (Y i)'- —.—, they write 


x 


the result as and forget to multiply by (a?— x)'— – 2%, The 


2 Vat—xt 
error is due to imperfect notation (it is not seen with respect to what 

~ variable the derivative is taken). Therefore, it is advisable at the 
beginning to write as follows: 


d ya 1 d es ne 1 
gi! ax r3 vaza dx (a* х =: Voc (-2x) 
When sufficient skill has been developed, the intermediate transforma: 
tion is done mentally. 
The best safeguard against mistakes is a preliminary computation 
-x dx 
of the differential d Уа? x*. Obtaining (Sec. 237, Example 2) Dri 
rum 
we take the coefficient of dx (i. e. we divide by dx) and find for the 


derivative the expression E 


Уа-х* | 


Example 2. Find the derivative of the function y=sin? 2x. 
Solution. Here we have a chain of three relations: 


y-—u?*, u-sin v, v—2x 


By analogy with (1) we have ww . A . ^ Taking into 
account that ON cosy (Sec. 224, Example 3), we find 


24 — 2u-cos v-2—4 sin 2x-cos 2x —2sin 4x 


To avoid mistakes, it is best to proceed as follows: 
d sin? 2x=2 sin 2x-d sin 2x=2 sin 2x cos 2x-d (2x)=4 sin 2x-cos 2x«dt 
Dividing by dx we obtain 
d sin? 2x 


== 4sin 2x cos 2x 
dx 


239. Differentiation of a Product 


Rule. The differential of a product of two functions is 
equal to the sum of the products of each of the functions by 
the differential of the other: 


d (uv) =u о-о du (1) 
For three factors we have 
d (uvw) — vw -du uw. do + uv- dw @ 


and similarly for a greater number of factors. 
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The derivative of a product is computed by the same 
rule (the word "differential" is both times replaced by the 
word "derivative"): 

(uv) = uv' + vu" (1a) 
(uvw)! = vwu' -- ишо" + uv (2a) 

Example 1. Find the differential and the derivative of 
the function (2x? 4- Зх) (33 — 2). 

Solution. 
d[(2x2-1-3x) (x3 — 2)] = (2x -3x) d 39 — 2) - (9 — 2) d (22-32) = 

= (2x2 -4- 3x) 3x? dx + (2—2) (4x +3) dx= 
= (10x4 + 12:3 — 8x — 6) dx 

The coefficient 10x*-I- 123 —8x —6 is the derivative. By 
formula (1а) we would have found 
(2x2 + 3x) (x8 —2)]! — (9x 4 3€) (x9 — 2)! + (x8 — 2) (2x? + 3x)’ 
and so forth. f 

Example 2. 

d (xsin Lou sin----sinz-dx— 


1 
=x cos — 
=xeostd(4)+sintdr= = dx-- sin - dx— 


1 1 TOM ) 
=(-+ cos — + sin dx 
Whence 
d Гуа 1 PEU 
4 (sin +) =—+ eos іп (3) 
1 
Note. it is assumed that x0. For x=0 the function xsin- is 


not defined. But even if it is redefined (Sec. 231, Example 3), it is 
not differentiable for x=0 is х->0. the derivative (3) does not tend 


{о any limit; see Fig. 234 


240. Differentlatlon of a Quotient (Fraction) 


Rule, The differential of a fraction is equal to the pro- 
duct of the denominator by the differential of the numerator 
minus the product of the numerator by the differential of 
the denominator, the whole expression divided by the deno- 
minator squared: 

и | vdu-udo 
dom TE S (i) 
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The same rule holds for the derivative of a fraction (the 
word "differential" is replaced in each case by the word 


* derivative") 
(+) ои Е, uv (la) 
Example 1. Find y’ if у= 
We have 
‚ __ (1) (2x4 1)' -(2z 1) (2+1) (et 1) 2—(2x41) 2x 
i y Ge (+1)? 
.е. 


Example 2. Find ay 122. 
First consider the given expression as a composite func- 
tion (,= Y. u=qt): 


x 


ay T lj ast T (1-х) dx (1-3) dx 
1I-x 2 ї+х |-x 2 lx (1-х)* 


Simplifying, we get 
ey itt = dx 
I-x — (-25Vi-2 


241. Inverse Function 


If from the relation y=f(x) there follows the relation 
mm (y), then the function q (y) is called an inverse function 
of f (x). 

Example 1. The inverse of the function y=? is the 
(double-valued) function x= +V y. ` 

Example 2. The inverse of the function y=sinx is the 
(infinitely multiple-valued) function x—arcsin y (defined for 
all values of y less than unity in absolute value). ` 

Note. As a rule, an inverse function is multiple-valued. 2) De 
multiple-valuedness can be avoided if we narrow the range 9 


variation of the argument of the initial function. For instance, in 
Example 1 we can eliminate the negative values of the argumen 


and then the inverse function x— 4 will be single-valued. 


1) The only exceptions are those cases when the value of the 
direct function, as the argument increases, either constantly inereases 
or constantly decreases (such functions are termed monoton c) 
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If the earlier notations of the variables are retained, the 
graph of the function y=f (х) also serves as the graph of 
the inverse function x= Q (y). 

Ordinarily, however, the notations of the variables change 
roles and the argument of the inverse function is denoted 

by x, like the argument of the 
direct function. 


Fig. 235 Fig. 236 


Example 3. The inverse (single-valued) function of EL 
is Leda the inverse function of y=2* is the function 
y — logs x. А 
In this notation, the graphs of the initial and inverse 
functions are symmetric with respect to the straight line 
y=x (Fig. 235). j 

The derivative of an inverse function. The derivative of 
an inverse function is equal to unity divided by the deriva- 
tive of the original function: © 


рүш @) 


Example 4. Let us consider the function y — x? for positive 
values of x. The inverse function (Fig. 236) is х= У y. We 
ave 


1) If the derivative 22 vanishes, then formula'(1) may be under- 
slood in the sense that the inverse function has an infinite derivative - 


a? (see Sec, 231, Case 1; cf. 


at the point in question, i.e lim 
рота i Ay > 0 4 


Sec. 213, Note 2). 


302 HIGHER MATHEMATICS 
242. Natural Logarithms 


The formula for differentiating a logarithmic function 
(Sec. 243) is of the most elementary form when the: base is 
the number 

; 1\* 
e Jim (1+ p) © 2.71828 
(Sec. 214). The logarithm is then called natural and is de- 
noted by ln." 

In order to transform a natural logarithm to a logarithm 
to any base a, multiply it by the modulus for changing from 
natural logarithms to the other system of logarithms (equal 
to loga ё): j 

log, x— log, e In x (0 


Conversely, to change from a logarithm to the base а to 
the natural logarithms, multiply it by їп а (i.e. by log, a): " 
In х= In a log, x @ 


Мпетопіс rule: Writin the formula (1) in complete form, we get 
loga x=logue log, x. Discar the log signs and form fractions of the re- 
maining letters =й ү ы EL then the first is the product of the last 
two. The same holds for formula (2). 

The modulus for changing from natural to common loga- 
rithms is denoted by M: 

M — log e— 0.43429 (3) 
(it is easy to remember the first four digits: M =0.4343). 
Formulas (1) and (2) take the form» 


log х= M In x, (4) 
Inx= a log x 6) 


— 


1000, etc.). The transcendence of the number e was prove in КА, 
by the French mathematician Hermite, the transcendence of the ofi 
» rithms was proved by the Soviet mathematician ‘A. Gelfond in 1934. 


3) The quantities loga ё and log, a are reciprocal (loga e: logo 27 1): 
3) To avoid confusion as to when to multiply by M and when by 


ET , remember that the common logarithm of any number is less than 
the natural logarithm (for example, In 10 = 2.3, while log 1071? 
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where 

1 pr 

м=!" 10 ғ 2.3026 (6) 
For multiplication by M and x there are special tables 


p. 843). 

Example 1. Find ln 100. 

Using formula (5) we get Inx = 2.30262 = 4.605. 

Example 2. Compute е3 using tables of common logarithms. 

We have log (63) —3 log e= 3M = 1.3029, whence e? x 20.09 

One can also use the table of natural logarithms 
рр. 839-842). We have In(e)=3; it is necessary to inter- 
polate to find iour decimals of the number 62. 

Example 3. The common logarithm ої some number is 
0.5041; find its natural logarithm. 

We have } 


Inx—; loge © 9,303-0.5041 ж 1.161 


This product, may be found with the aid of the table on 
p. 843; namely, 
1050 я 11518 


1 = 
570-004! = 0.0094 


а ааа 
1 ч 
570-5041 æ 1.161 


243. Differentiation of a Logarithmic Function 


The differential and derivative of a natural logarithm 
(Sec. 242) are expressed by the formulas 


dinx=%, (10) 
а 1 
qni (2) 


If the base of the logarithm is an arbitrary number, 
then P 


d log, «= loda € F> (3) 
E log, x = loge € = (4) 


— 


D Formula (3) may be obtained from (1) by taking into account 
(1), Sec. 242. 
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In particular, for the common logarithms 


d log x= M4, (3а) 
d П 
zz log x — M E (4a) 


Here, M ~ 0.4343 is the modulus for changing from natural 
logarithms to common logarithms (Sec. 242). 
Example 1. 


d 1 а а 
ag In ota атр: de (000) — e 
Example 2. 
dx 2dx 


1+ d. 
din iX—d In (1 4-x) —d In (== 171 


Example 3. Find the value of the derivative of logx for 
x= 100. 
Formula (4a) yields (log x= z E = 0.0043 
Example 4. Find log 101 without using tables. 
The increment Alogx is approximately equal to the 


differential dlogx МХ. For x—100 and Ax—1 we obtain |. 


Alogx л 0.43131 z 0.0043. Hence, 
log 101 = log 100+ A log 100 = 2-+ 0.0043 — 2.0043 


which coincides with the tabular value. 


244. Logarithmic Differentiation. 


When differentiating expressions which are in a form. 
convenient for taking logarithms, the latter operation may 
be performed first. К . 

Example 1. Differentiate the function у=хе-** 

(1) Taking logs to the base e, we get 


1пу=1пх— x? (1) 
(2) Now differentiate both sides of (1): 


dy dx — 
S T 2x dx 
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(8) Substituting for y the expression хет, we get 
dy=xe-** bate 2x) dx—e-* (1—2x2) dx 
Example 2. Differentiate the function y—X*. 
Take the following steps. 
(1) Iny-xln x, 
2) fax (in x) 4- In z=1 + 1n x, 
(3) y =y (1+ In x) 2 x* (1+ In x) 
Example 3. Differentiate the function 


(сї. Sec. 240, Example 2). 
(1) Iny—4 In (14-3) —4 In (1 —%), 


Example 4. Differentiate the function 


„ыы АЕ GU 
Y= (xx2y (х+3)* 


йу In g21n (r2) —31n (к+2)—41п(к+), 
2 
O $—ui-x n3 
‚_ Оман» Sgen а 
Ке лы ысу 
(x41) (5хї+14х+5) 
(х+2)*(х+3*% | 


The foregoing method is called logarithmic differentiation, 
and the derivative of the logarithm of the function y=f (x), 


] Fo) 
(In y) == (х) 


is called the logarithmic derivative of the function / (X). 


' 
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245. Differentlating an Exponential Function 


The differential and derivative of the exponential func- 

tion e* [ where = 118 (1+) = 2.71828 are ons 
x= © 

sed by the formulas») 7 


det —exdx, Lex =e* () 


(the derivative of the function e* is equal to the function 
itself). For an arbitrary base a we have 
da* — a* In a dx, ах =ах Ina (2) 
In particular, 
d 105 — 10* dx, 4 10: — 107 57 (2a) 


Here, + = |n 10 ~ 2.3026. 


Example 1. 
4 (eae Bx) =3e 
Example 2. 
d (xe~**) — x de-**- e-** dx= xe- **d (— х) Бет dx= 
=e-*? (1—2x?) dx 


Example 3. 
qct eoe d et e7t- (6-767 d (#+е—) _ 
erent (ее 6)? 
(6002-061-603 E 4dt 
(et ce ty (ec e7 t) 
Example 4. 


d 715 — 7! in 7d (02) — 21 7t* 1n 7 dt 


——— 


D Formulas (1) and (2) may be obtained by logarithmic difieren 
tiation (Sec. 244) or by regarding the exponen jal function as the 
verse of the logarithmic function (Sec. 241). = 
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246. Differentiating Trigonometric Functions 1) 
Differentials Derivatives 
1. dsin х==со$ x dx, БЕШ X=COS X, 
Il. d cos x=— sin x dx, 4 cos x —— Sin x, 


dx 4 NALE. 
IIl. d tan x— qose; d; An t= eost x 


dx d „р 1 
IV. dcotx=— pry’ d; OU m 


These formulas should be memorized. The following two need 
not be: 
4 sec x — tan x: sec x, 


V. dsec х==1ап х+зес x dx, dx 
VI. d cosec x= — cot x-cosec x dx, £ cosec x= — cot x:cosec X 
Example 1. 


dsin 2x —cos 2x d (2x) =2 cos 2x dx 


Example 2. 


d LCS Bebe s 1 SE, 
4 y Sumo & nsin e= дин MLN 


Example 3. 
d 10222 E ЖАСАК 
gg ln tan Ф= тап a tan ф== cot Ф соф sin 29 


Example 4. 
d sin x 
4 ysin x — xsin x — 
A. sin х==х\ (cos x n x + - ) 


c differentiation (Sic. 244). 


This is obtained by logarithmi 
Putting y=xsinx, We find Ing—sin x In x, whence 
ld sin x 
Vacs ах: 
ВЕЛЕ... 

1) рог the derivation of formula (1) see Sec. 224, Example 3; for- 
mula 11 is derived in similar fashion. Formulas 111 and 1V are deri- 


ved by means ot the relations 


cos X 
tan gals zot x= —— 
cos X sin x 
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247. Differentlating Inverse Trigonometric 


Functions !? 
Differentials Derivatives 
1. d arcsin х=. f, arcsin x = y 
Il. darccos х= — PS А 2 arccos x — Sa ; 
ш. дагс(апх==-үуг» dr arctan s=- at 
IV. d arccot x= — А E arccot x= -rr 


These formulas should be memorized. The following two need 
not be: 


ах 4 jmd 
V. darcsec x— Ve qe *ї°5ё©°*==-уштү! 
ol Moi! A D epe 
VI. d arccsc x= eo’ gg arccsc x TIS 
Example 1. 
a(— 
darcsin ot NS (1) 
а meat Va- f 
ЖО 
Example 2. 
a(z) 
тз cos (2) 
2 P= 
a 
Example 3. 


© 
> 
© 


== 


——— aw 


=F 79x9€30x429 9х*+30х+29 


Example 4. 
3 = 
d arccos кы, ic оү tum Ze i) z 
ELI a у d вах Wi 
|o Ux-1y ахта |V ixi 2-2 


— 


і 


1) Formulas 1-У1 are derived from the corresponding formulas ol 
Sec. 246 (see Sec. 241). 
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3 3 
Note. The function arccos XT is only defined for | eds 


Le. either for x 2 1 or for x eed. It is not defined in the interval 


[x 1). If one formally substitutes some unsuitable value (say, 


х=0) in the expression of the differential, it will turn out to be ima- 
ginary- 


241a. Some Instructive Examples 


The examples given below serve to illuminate some of the more 
subtle questions that arise їп the differentiation of inverse trigono- 
metric functions. 

Example 1. 


1 1 1 dx 
darctan joan v (ж) 2-19 
х 


Тһе ехргеѕѕіоп obtained coincides with the differential of the 
function arccot x.-However, the following equality holds only for po- 
sitive x: 


arctan + =arccot x (1) 


For negative x we have 1) 


arctan L -arccot х=-1 2 


——— 


1) Formula (2) may be readily verified for the point х=-1 for 
which we have 4 


Зл 1 л 
агссо! xm arctan NOTE 


On the other hand, for negative values of x the difference arctan +. 


1 1 
—arccot x is constant because its derivative (ттт my for all 


x « 0 is equal to zero (see Sec. 326, Item 1). Consequently, formula 
(2) holds true for all negative values of x; putting х=+1 and reaso- 
ning in the same way, we are convinced that formula (1) holds true 


for all positive values of x. For х=0. the function arctan -y is not 
defined and, hence, does not have a derivative. That is why one can- 
not assert that the function arctan =~ arccot * is constant over the 
entire number line (cf. Sec. 265, Theorem 1) 
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For x=0 the function arctan L (Fig. 237) is discontinuous С 


limit from the left is -5> from the right +7 ; cf. Sec. 28) and, 


hence, it is not differentiable, whereas the function arccot x (Fig. 238 
is continuous and its derivative for x=0 is —1. The right branch ol 


the graph y=arctan + coincides with the right half of the graph 


Fig. 237 Fig. 238 


y=arccot x, while the left branch coincides with the left half of the 
dashed line in Fig. 238 (this yields the nonprincipal value of the 
multiple-valued function y=arccot x). 

Example 2. 


4a reum = TEA [Сү [ЖЕ 2]. 
ax? i-x dx iT. (ra 
IQ TRUNG HEN NM 
“(Тху ü-2'03x»x* Lex 
This expressiop coincides with the derivative of the function 
arctan x. 


For x < 1, this function is connected with the given one by the 
relation 1) 


arctan 1*5. arctan х+® (3) 
1-x 4 
(Fig. 239). and for x > 1, by the relation 
arctan Aske arctan x— Эх (4) 
1-* 4 


For х=1, the function arctan 155 has a discontinuity АВ=л, and 


does not have a derivative. 


Example 3. 
d srcsin (sin x)= d in pm сс сг 
dx Aelita “dx [соз xl 


1) The proof is the same as in the preceding footnote of this 
section. 
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This derivative is equal to +1 when cos x > 0, and to —1 when 
cos x < 0. For x=(2n+1) + ‚ when cos x=0, the derivative does not 


exist. 


Note. In the interval -4 <х< E: we have arcsin (sin x) 75» in 


the interval E <х< = we have arcsin (sin x) 233 in the interval 


Fig. 240 


= <x 51 we have arcsin (sin х)=х-27 and so forth (Fig. 240). 
Therefore, inside the first interval the derivative is equal to 1, inside 
the second one, to —1, etc. At the points mE the deriva- 


tive has a discontinuity; at each of these points we have one-sided 
derivatives (cf. Sec. 231. Example 2). 


248. The Differential 
In Approximate Calculations 


It often happens that a function f(x) and its derivative 
Į (x) may be readily calculated for += but not for values 
of x close to а (here, direct computation of the function is 
difficult). Then use is made ої the approximate formula 
patrizi Ot (a) ^ () 
It states that the increment f (а) —f (9) of the function 
f (x) for small values of h is approximately equal») to the 
diferential n (сї. Sec. 228, "Theorem 2). у 
Below (Sec. 265) а method is indicated for evaluating the 
error ? of formula (1), but the evaluation often involves cu- 
mbersome computation. For rough calculations, one often 
confines oneself to formula (1). 


—— 


1) 1f f^ (a)=0, then formula (1) states that the increment in the 
function is small compared to h; then, for sufficiently small values 
h we can take it that f (a+h)= (а). 

1) See also Sec. 271, Note. 
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Example 1. Extract the square root of 3654. 


Solution. It is necessary to find the value of the function 
f(x) =V x for x—3654. It is easy to compute the values of 
f(x) and / (x)= 


HAF 
and л—54, yields V 3654 ~ 60 -hypo :54 = 60.45. Here, all 
the digits are correct. 

Example 2. Find 10%. 

Solution. Put /(х)=10* so that (Sec. 245) f (x)= 


= 10 (3; E 2.3026) ‚ For a=2, 0.1, formula (1) gives 


1023 = 100 -+-4y-*100-0.1 x 123.0 


This result is rather rough (to within the fourth significant 
digit, 102.! — 125.9). 

If we compute 102.92 (now A=0.01) in the same fashion, 
we get 102.3. All the digits are correct. j 

Example 3. Without using tables, find the value of tan 48°. 

Solution. Put f (x)=tan x, a=45°, h— 1? —0.0175 radian; 
then we have f’ (a) = түз —2. Hence, tan46?z 1--2X 
x0.0175 = 1.0350. 

Only the last digit is inéorrect; Írom the tables we find 
tan 46? — 1.0356. 

It is worth noting the following approximate formulas ? 
(® is an infinitesimal): 


S Uer - 2) 

~la, alte Q) 
1 ae 1 me А 3) 

тер 51—22 may ~ 129 @ 

y Tras. V1—a~ tala; (4) 
нш р ido d ш, 6) 

vi^! y% Wg Vite 

Vas i акла © 


1) Formulas (2)-(6) are special cases of the formula (1 но)" +10 
which is obtained from (1) by putting Ро) =", acl, heo. 


for x — 3600. Formula (1), for a=3600 
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In (1-1- 6) =o, In(1—2) 2 — 9 (7) 
е а 14-9, 102 Ж 14 aru (8) 
sina = 9, cos a ~% Mee a2, tanaczza (9) 


249. Using the Differential 
to Estimate Errors in Formulas 


‚ curacies in the measuring instruments. The positive number 
which definitely exceeds the error in absolute value (ог, at 
worst, is equal to this error) is called the limiting absolute 
error or, simply, the limiting error. The ratio of the limi- 
ting error to the absolute value of the quantity being measu- 
red is called the limiting relative error. 

Example 1. The length of a pencil is measured with a 
ruler having millimetre divisions. The measurement yields 
17.9 cm. The error is not known but it is definitely less than 
0.1 cm. Therefore we can take 0.1 cm for the limiting error. 
The limiting relative error is equal to Es Rounding this 
up we get 0.6%. 

Finding the limiting error. Suppose à function y is com- 
puted irom an exact formula y=f(x) but the value of x is 
obtained by measurement and therefore contains ап error. 
Then the limiting absolute error | Ay | of the function is found 
from the formula 

jay} = lay) = IF 69118] (1) 
where | Ax| is the limiting error of the argument. The quan- 
tity | Ay | is founded up (because of the inaccuracy of the 
formula itself). 

Example 2. The side of a square is measured and found 
io be 46 m. The limiting error is equal to 0.1 m. Find the 
limiting error for the area of the square. 

Solution. We have y=x? (where x is the side of the squ- 
are and y is the area). Whence es In our 
example, x=46 and Ax |=0.1. Hence Agl ~ 9.46:0.1—9.2. 
The limiting absolute error is rounded ой to 10 mè- The li- 


miting relative error is equal to ie z 0.5%. 
The limiting relative error || may also be found by 
means of logarithmic diflerentiation (Sec. 244) by using the 


Р 
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formula 
i Au 

ЕЕ ШТ o 


n 


In particular, for y=x" (then diny= B we have 
Ах 


Ay 
"n ROMS SR 


@) 


that is, the limiting relative error of the power x" is equal 
to the n-fold limiting relative error of the argument. 
Example 3. Under the hypotheses of Example 2, the 


limiting relative error of the area is equal to 2 z 0.5%, 


Example 4. Measuring the edge et a cube yields х= 12.4 ст. 
The limiting error is 0.05 cm. What is the limiting relative 
error for the volume of the cube? 


Solution. The limiting relative error for x is equal to 
1:05 ~ 0,004; for хэ it is equal to 3-0.004—0.012. 


12.4 

Rule 1. The limiting relative error of a product of two 
or several factors is equal to the sum of the limiting relative 
errors of the factors. 

Rule 2. The limiting relative error of a fraction is equal 
to the sum of the limiting relative errors of the numerator 
and denominator. 

These rules follow from Secs. 239, 240. 1 

Example 5. In seeking the specific weight of a body, we 
have found its weight p—20 р and the weight of the water 
it displaces, v—40 g. The limiting absolute error for p iS 
0.5 g, for v it is 1 g. Determine the limiting relative error 
for the specific weight. 


Solution. The specific weight y is equal to 2. We have 
Ay | |^» до | 0.5, 1. 
[ЕУ +14 i H= 

Example 8. The altitude A and radius of the base r of a 
cylinder have been measured to within 1%. Find the liming 
relative error (1) for the lateral surface S and (2) for the 
volume V of the cylinder. 

1) The formula d In pe ee oe yields the limiting relative error 
e+ dv d t du dv do, 
I > | and no Rese v 
ave different signs. 


du 
| because the quantities -7 and can 
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Solution. We have S—2z rh. The factor 2л is an exact 
number; its error is zero. The relative error for S is 5 = 


Ar -| Ah 
2 hk 


d 


— 99, and for V—ar?h it is equal to 2| * 


250. Differentiation of Implicit Functions 


Let an equation relating x and y and satisfied by the values 
x=x,) and y=yo define y as an implicit function of x. To 


find the derivative 20 at the point х= хо, y=y» there is no 


need io seek the explicit expression of 
the function. It is sufficient to equate 
the differentials ‘of both sides of the 
equation and from the equality “obtai- 
ned to find the ratio dy:dx. 

Note. An equation connecting х 
and Н can define y as a multiple-va- 
lued function F (x) of x. But specifying 
a pair of values х=лу and y=y 
isolates one of the many values ol 
the function. 

Geometrically, a straight line pa- 
rallel to OY (Fig. 241) can intersect 
the curve L at several points Mo, Mi, 
Му, ..., but specification of the point 1 L 
M, isolates the arc AM,B (that passes through it) which 
is a single-valued function. бшу et # 

Example 1. Find the derivative of the implicit function 
given by the equation x?-+-y’=925 at the point x—4, y=—3. 

First method. Solving the equation we get y=—V 25—x* 
(we choose the minus sign because for x=4 we must have 
у= —3). Now we get 7 

y 


Y (i) 


Fig. 241 


Second method. Equating the differentials of the right and 


left sides, we obtain 
2x dx --2y dy —0 


үн @) 


whence 


y 
We have found the slope of the tangent line MoT to the 


"TEE 
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circle x?-+-y*=25 (Fig. 242) at the point My (4, —3). The 
slope of the radius OM, is -2i. The product of the slo- 
pes is equal to —1, i.e. OM, | MoT. 
Example 2. Find the derivative EA of the implicit function 
given by the equation " 
az ГЫ 
gpl 9) 


Differentiating, we find 


a b? 
whence 
dy 0° д 
de ay ® 


Equation (2) is an ellipse. By virtue of (3) the slope of the tan- 
gent line МТ (Fig. 243) is -52 The slope of the diameter ММ” 


Y 


% 


Fig. 242 Fig. 243 


2 
is +. The product of the slopes is equal to -5 Hence, (Sec. 55), 


the directions MT and MM’ are conjugate, that is to say the diame- 
ter M M' bisects the chords parallel to MT. 

dica diameters of hyperbolas and parabolas possess the same pro- 
perty 


251. Parametric Representation of a Curve 


Any variable quantity t defining the position of a point 
on a curve is called a parameter.?. In mechanics, time is 
most often taken as the parameter. 


1) Eq. (2) defines y as a double-valued function of x, but insciis 
as the values of both variables will be known, one of the two valu 
oí the function is taken (cf. Example 1). (els 

*) The term "parameter" is used in yet another sense to deno at 
quantity which for a given curve is invariable but changes when m 
ving from one curve of a given type to another, For exam Ie he 
quantity р in the equation of the parabola y?=2px is cons at 
the given parabola but changes when we pass to another parabola. 
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The coordinates of a point lying on a curve L are fun- 
ctions of the parameter: 


x=f (f), (1) 
#=@Ф@) Q) 


Eqs. (1) and (2) are called the parametric equations of 
the curve L (cf. Sec. 152). К 

If it is desired to find an equation relating the coordi- 
nates x, y of curve L, one has to eliminate / trom Eqs. (1) 
and (2) (see Examples | and 2). 


It may happen, however, that the equation obtained after elimi- 
nating ¢ represents a curve which the curve L covers only in part 
(see Example 3) 


Example 1. Let O (Fig. 244) be the highest position of 
a material particle thrown at an angle to the horizon, and 
let £ be the time reckoned from the instant of highest eleva- 
lion. The position of the point M on 
the trajectory АОВ is determined by 
the quantity ¢ so that / is the parame- 
ler. The parametric equations of the 
trajectory referred to the XOY system 
are 


x=0P =Upl, (3) 


y=PM=— gt (4) 


Fig. 244 


They state that the point M is 
in uniform motion with velocity wo in j, 
the horizontal direction and in uniform accelerated motion 
(g is the acceleration of gravity) in the vertical direction 
Eliminating ¢ we get the equation 


piis a (5) 
y 201^ 


which shows that the motion is along a parabola. 


Example 2. The position о! a point M on a circle ABA'B' 
of radius R (Fig. 245) is determined by the magnitude of 
the angle y= 7 AOM so that Ф is the parameter. Setting 
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up axes as shown in Fig. 245, we have the parametric equa- 
tions of the circle: 


х= R cos Q, (6) 
у= Б sin ф (7) 

In order to eliminate Ф, square (6) and (7) and add: 
Bf yt=R ® 


Fig. 245 Fig. 246 


Example 3. Consider a curve given by the parametric equations 
х=УТ, yet t (9 


Eliminating /, we get the equation y=— x* which describes а para: 


bola AOB (Fig. 246). The curve (9) is half of this parabola (OB) cor- 
responding to positive values of x. 


252. Parametric Representation of a Function 


Let there be given two functions of the argument t: 
x=/(t), y=) () 


Then one of them, say у, is a function of the other.” qe 
representation of this function with the aid of equalities (1) 
is called parametric, the auxiliary quantity t being calle! 
the parameter. 

In order to obtain an explicit expression of y as 4 ш 
clion of x, one has to solve the equation х==[(@) fort qui 
is not always possible) and substitute the expression foun 
into the equation y— 9 (f) 


1) As a rule, it is multivalued even when їч) and 9 (D are sing- 
le-valued. 
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On the contrary, it is often more convenient to pass from 
nonparametric representation to parametric. Utilizing the 
arbitrariness of choice of one of the functions f(t), (f). we 
attempt to ensure single-valuedness and, if possible, simpli- 
city of both functions. 

The derivative a is expressed in terms of the parameter 
t by the formula 

ау афф 9 (D 
“хач РӘ @ 


In а parametric перевела раи both variables х and y are 
on equal terms (сї. Sec. 251). 
Example 1. Given two functions: 

x—Rcost, y=Rsint (3) 
They specily у parametrically as а double-valued fun- 
ction of x (and conversely). From the first equation we find 
cost E so that sint=+ y 1—5,. Substituting into the 
second equation, we get 


у= УЕ @ 


This is the equation of a circle (cf. Sec. 251, Example ду, 
The parameter ¢ is {һе angle ХОМ (see Fig. 245). The de- 


rivative 4. expressed in terms of the parameter ¢ is 


dy d(Rsit) 

ux a (Roost) cot t © 

This is the slope of the tangent line MT. 
Example 2. The equation 


а 1 6) 

describes an ellipse and specifies a double-valued function 
=b 4 V a—xi. To represent it parametrically, one can 
arbitrarily express one of the variables, say х, аз а function 
ої 4. Putting == соз Ё, we find += + sin £ The sign may 


be chosen at will. Let us take the plus sign. We obtain the 
parametric representation 


=acost. y=bsint (7) 
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The geometrical meaning of the parameter Ё is evident 
from Fig. 247 where ANA’ is a circle of radius a and N is 
a point taken on the same vertical line as point M of the 

" ellipse on the same side) of the 
axis AA’. We have £ = Z AON. The 


derivative Es is expressed in terms 
of ¢ by the formula 


dy. d(bsint) _ — 5 

"x^ d(acost) |— a cott 
This is the slope of the tangent 
line MT. 


Fig. 247 Note. The ordinary specification ofa 

function y=f(x) may be regarded as 
a special case of the parametric representation, namely, it may be 
written in the form 


х=. y=} it 
253. The Cycloid 
The cycloid is a curve described by a point M on the 
circumference of a circle rolling (without sliding) along a 


straight line (directrix or base line) The rolling circle is 
called the generatrix. 


Fig 248 


In Fig. 248, the directrix is OX; the generating circle is 
given in two positions: in the "initial" (ООВ) when M tou- 
ches the directrix and in an "intermediate" position (N i 

Note. The expression "rolls without sliding" meam en 
the point of tangency N is at a distance from the initia 
position O equal lo the arc NM: 

ON = NM (1) 


') И we take dps 1, then N must be taken on the other 
side, 
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Parametric equations of the cycloid. If the:coordinate axes 
are as indicated in Fig. 248 and if we take for the para- 
meter the angle t= Z MCN, we get the following parametric 
equations 1) of the cycloid: 

x=a(t—sin?), (2) 
y=a(l—cos t) (3) 
where a is the radius of the generating circle. 


If (3) is solved for 1 and substituted into (2) we get х as an in- 
finitely multiple-valued function of y: 


х= Qake + (a arccos 673 - Vy (2a- 9) ) (4) 


where & is any integer. з) 

The ordinate y is а singieryataedi but not an elementary, 
function of x (see Fig. 24 ). 

The slope Ё of the tangent line is 


dy _ asint 
k= gg a(i -cos 0) 6) 


and the slope k' of the straight line NM is , 


, 4-UN. a (tacos 1) 

k= Fey asin (6) 
Hence, kk’ = — 1, i.e. MT | MN. Consequently, to. construct 
a tangent line to the cycloid it is sufficient to join т to 
tne highest point of the generating circle (angle ME isa 
right angle: the angle in a semicircle is a right angle). 


254. The Equation of a Tangent Line 
to a Plane Curve 


Let MT (Fig. 249) be a tangent line to the curve L at 
the point М (х, 4). Denote the running coordinates of the 
point N lying on the tangent line by X, Y- 


1) The value of the angle / can be positive or negative and can 
have any absolute value: for 0«t&- Eqs. (2)-(3) are easily read 
from Fig. 248: 

¢=0P=ON-PN=NM-MQ=al-a sin t, 
y=PM=NC- QC-a-a cos t 


з) In Fig. 248, the points M, Mg, etc. are associated with the 
plus sign in front of the parentheses, Xhe points Ma, Ma etc., with 
the minus sign. 


ew 
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I 
For any representation of the curve L (explicit, implicit 
or parametric) the equation of the tangent line may be writ- 
ien in the following symmetric form: 
X-x У-у 
dx dy (1) 


If the curve L is given by the equation у= | (x), then | 
from (1) we obtain?) | 


Y—y=f' (0) (X—*) Q 
If the curve L is given parametrically, we get 

X23" Log " | 

ES 3) | 


where x’, y’ are derivatives with respect to the parameter. 

In an implicit representation of the curve L we equate 
the differentials of both sides of the 
equation (cf. Sec. 250) and in the 
equality obtained replace dx, dy by 
ihe proportionate quantities X—5. 
Y—y. 

Example 1. Find the equation of 
the tangent line to the parabola y= 

E —x1—3x--2 at the point (0, 2}. 
Fig. 249 We have y’=2«—3=—3. By 9 
the desired equation is y—2-—3X. 
ioe 2. Find the equation of the tangent line to the — 
ellipse | 


x=5 VZ cost, y=3 V2 sint (4) 


at the point M (—5, 3) (cf. Sec. 252, Example 2). 
Solution. To the given point there corresponds the value 


(—3. From (4) we have 
vos VP sint=—5, y =3 У cost=—3 
According to (3), the equation of the tangent line is 
Х+5_Ү-3 


= Sree 


1) It is assumed that the derivative f’ (x) at the point M is finite. 
However, if f’ (x) = о (Sec. 231, Case 1), ARE in place of (2) We have 
the equation 


Х-х=0 
(the tangent line is parallel to the axis of ordinates). 
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һе. 
3X —5Y 4-30—0 
Example 3. Find the equation of the tangent line to the 
equilateral hyperbola xy—m? at the point (F 2m ). 


Solution. Equating the differentials of both sides of the 
equation, we obtain 
xdy+y dx=0 


Replacing dx, dy by the quantities X—*, y—y, we get 
xV—y)-+y (X—)=9 (5) 
Since xy —m?, it follows that (5) may be rewritten as 
xY -yX =2т? (6) 
Substituting x=. y—2m into (5) or into (6), we obtain 
Y +4X =4m 


254a. Tangent Lincs to Quadric Curves 


Equation of curve Equation of tangent line 
1 1 2 xX ШҮ oe : 
Ellipse Eh Baek 
ài ig aX uy e 
Hyperbola 5- f= x m 
Parabola yi—2px, yY =P (X+4) 


285. The Equation of a Normal 


The normal at a point M of a curve L (Fig 250) is the 
perpendicular MN to the tangent line 3 
According to Eq. (1), Sec. 254, the equation of the nor- 
mal is of the form 
(X—x) dx-- (Y —9) dy=0 @) 
In accordance with Eqs. (2) and (3), 


Sec. 954, we obtain the equation oí the 
normal in the following formulas: 


Y—y2 уу x-a @ 


(x—29x'4-(Y —9 y —9 @) 
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In an implicit representation of the curve L we equate 
the differentials of both sides ofthe equation and elimi- 
nate dx and dy by means of (l). 

Example 1. Find the equation of the normal to the para- 
bola у= at the point (—2, 2) 


We have y’=x=—2; according to (2) the desired 
equation is 


ү—2= 3 (X+2) 
Example 2. The equation of the normal to the cycloid 
x—a (t—sin t), y—a (1— cos t) (4) 
(Sec. 253) is, according to (3), of the form 
(X—x) (1— cos £) 4- (Y — y) sin t —0 (5) 
or, utilizing (4), 
X (1— cos t) .- Y sin £—at (1— cos 1) —0 (6) 


This equation is satisfied for X —af, Y —0; hence, the nor 

mal passes (see Fig. 248) through the point Л (at, 0) of the 

generating circle. j 
Example 3. Find the equation of the normal to the ellipse 


з 2 
+f 
Differentiating, we obtain 


хах | БАР 0 (7) 


а? 


Eliminating the differentials from (7) and (1), we get 


(Хх) у (Y-0x 
b? ul а? 


256. Higher-Order Derivatives 


Let f'(x) be a derivative of the function f (x); then the 
derivative of the function f’ (x) is called the second derivative 
of the function f(x) and is denoted by /" (x). ШУ 

The second derivative is also called a second-order А 4 
vative. In contrast, the function f’ (x) is called a first-orae! 
derivative, or the first derivative. hird 

A derivative of the second derivative is called the p ) 
derivative of the function f(x) (or the third-order derivative). 
It is denoted by /''' (x). 
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In similar manner we define the derivatives of the fourth 
order f!V (x), fifth order fY (x) and so forth (numbers аге ш 
instead of dashes to save space and Roman numerals are 
used to avoid confusion with exponents). 

A derivative of the nth order is шр by f? (x). 

If a function is denoted by a single letter, say y, then 
its successive derivatives are denoted by 


y. y, y^; yv, уу, ЖАА ym 
K Pu 1. Find the successive derivatives of the function 
j= . 
Solution, f’ (Q54, Г" (x) 43) = 12°, P" (x) 245, 
Ру (х) —24, [V (х) 0. 
Subsequent derivatives are also equal to zero. 
Example 2. lf y —sin x, then 


‘=cos x=sin (* 3): у" = —sin х= віп (х-л), 
у'''== — cos x—sin (++), ‚.. , ym sin (xe) 


The values of the derivatives for a given value oi the 

argument x—a are denoted by '(a, F (а), F9) etc. 

In Example 1 we have ['(2)—32, f” (2)=48 and so forth. 
Example 3. ЇЇ f (x) 1n (1273); then 


" 1 1 М ы А 
Г =r I" (\)=— Ten Ро) = ten? 
1.2.3 +t (1-1)! 
Rv) ipt Р (ге 
Consequently, 


f=, rel o=. 709-2 
MAOR —31, ..., p» (0)  (— 7*3 (n — D! 


257. Mechanical Meaning of the Second Derlvatlve 


_Let a point be in rectilinear motion. Covering a distance 
s in time £, it acquires a velocity v- Let this velocity change, 
ihe increment during the time interval (t, (-- M) being Av. 


Then the ratio -$ yields the change in velocity per (aver- 


age) unit of time and is called the average acceleration. This 
relation describes the rate of change of the velocity at time 
t the more precisely, the smaller At is. Therefore, the acce- 
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leration (at time 1) is the limit of the ratio 2°. as Af 40, 
that is, the derivative 2. But the velocity v itself is a 


derivative: F Therefore, acceleration is the second deriva- 


tive of the distance with respect to the time. 
Example. The motion of an undamped oscillation of a 
membrane is given by the equation 


2л! 
s—asin “= (1) 


(T is the period of oscillation, a is the amplitude, and s is 
pe ae of a point of the membrane from the position 
of rest). 

The rate of motion is 


das’ = ine cos Ed @ 
The acceleration is 
0'==5^= XU sin E (3) 
Comparing (2) and (3) we see that 
rant 5 (4) 


thus, the elastic force of oscillation (it is proportional to the accelera; 
tion by Newton's second law) is proportional to the deviation an 
has opposite direction. 


258. Higher-Order Differentlals 


Let us consider a number of equidistant values of an 
argument: 
X, X4- Ax, x4-2Ax, x 4-3Ax, ... 


and the corresponding values of the function: 
y=f(x) yix ya=f (x+2Ax), 
ys —f (x 4- 3Ax), n 
We introduce the notations 
Ay=} (x-- Ax) —f (x), 
Ay —] (3-2) — [ (х--Ах), 
Aya —f (x ЗАх) —f (x4-2Ax) 
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еіс. The quantities Ay, Ayı, Aye, ... are called the first 
differences of the function f (x). The second differences are the 
quantities Ay; — Ay, Ays— Лу, etc. They are denoted by 
Ау (read: delta two y), А?у,, etc. 
Ay — Лу — Ау, 
„Азу = Aa — NI 
The third differences are defined similarly: A3y = A*y, — А20, 
etc. 
Example 1. Let А (х) = and x—2. The first differences 
will be 
Ay — (24+ Ax)! — 23— 12Ax + 6A2* + Ax?, 
Ау = (2 - 2Ax)9 — (24 Ах)? = 12Ax 4- 18Ax? -- 7Ax9, 
Луз (2 4-3Ax)* — (2 -- 2Ax)* — 12Ax -+-30Ax? + 19Ax?, 


* v € әсә lee Ж Са s e . + ж ж ж е 


The second differences: 
Азу — Ay, — Ay — 124x24 6A2%, 
Азу, = Луз — Mj = 12Ax?-+ 12A, 


The third differences: 
Ay = A*y, — Ay —6AX?, 


For an infinitesimal Ax, the first difference is, as a rule, 
of first order with respect to Ax, the second difference is of 
second order, the third, of third order, etc. 

In Sec. 228 we called the principal term of the first 
difference (12Ax in Example 1) the differential of the func- 
tion. We will now call it the first differential. The second 
differential is then the principal term of the second diffe- 
rence; it is proportional to Ax? (12Ax? in Example 1); the 
third differential is the principal term of the third difference, 
which term is proportional to Ax? (6Ax? in Example 1), etc. 
Let us formulate this exactly. 

Definition. Let the second difference A*g of the function 
y=f (x) be split up into a sum of two terms: 


Азу = ВАх?--В 
where В is independent of Ax and the term 6 is of higher 


order of smallness with respect to Ax?. Then the term B Ax 
is called the second differential of the function y and is 
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denoted by dy or d?f (x). The differentials of higher orders 
are defined in similar fashion. 

Theorem 1. The coeíficient B of Ax! in the expression 
of the second dillerential is equal to the second derivative 
f” (x). The coefficient С of Ax? in the expression of the third 
diflerential C Ax? is equal to the third derivative f’”’ (x), etc, 

Example 2. Ií./(x) = х3, then f” (х) = бх. Accordingly, 
d? (х3) —6x Ax?. For x—2 we have d? (32) = 12Ax? (cf. Exam- 
ple н Further, f^ (x) —6 (for any value of x); accordingly, 
d? (x?) —6Ax?, 


Theorem 1 may be formulated differently as follows. 

Theorem 1a. A differential of the nth order is equal to 
the product of the nth derivative by the ath power of the 
increment of the independent variable: 


d^ f (x) =f (x) Ax” (1) 
Since for the independent variable we have 
Ax—dx 
it follows that 
d^ f (х) = [vm (x) dx” » @ 
Example 3. ) — 4x? dx, d? (xt) — 12x? ах, d3 (xt) 94x 49, 
di (e) =24dxt, 5 (x4)=0, d$ (x3) —d? (х%)=...—0 (cf. Sec. 
256, Example 1). 


Example 4. d" (sin x) —sin (x+n +) dx" (сї. Sec. 2%, 
Example 2). 

Theorem 2. If we consider the differential dx of the argument x as 
а quantity independent of x, then the second differential of the fun- 
ction f (x) is equal to the differential of its first differential: 

d (df (x))=d*F (x) e 

Under the same condition, the third differential is the differential of 
the second, etc, 
——Á 


') If x is not an independent variable, then formula (1). does not, 
as a rule, hold for any 8 of л, even for л=1 (cf. Sec. 234). pul 
in this case, even formula (2), which is always true for л=1, f 


not, as a rule, hold for differentials of higher order (n=2, 3, .. p» 
епа words, the expressions f” (x) dx*, р” (x) dx, ... are noi 
riant, 


" x3) 
Thus, if f (x)=x*, then the ex ression бх dx? represents d'( 
when x is an Кыа variable. But if we put x=¢? and n: 
instead of x for the independent variable, then /(х)=ї* and we 
бх dx*z241* 41°, whereas 4?f (x) 23014 аз, 


| 


| 
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Example 5, Let f (x) =х*. We have df (x)&4x* dx. If we consider dx 
as independent of x, then it must be regarded as a constant when 
differentiating. Hence, d (4x? dx)=d (4x9) dx- 12x? dx*. But this is the 
second differential of the function x* (Example 3). Then Ame (х?))= 
zd (12x? dx?)=d (12x?) dx?=24x dx*; this is the third differential of x*, 
etc. 

The second differential of a linear function of an indepen- 
dent variable is equal to zero: 


d? (ax 4- b) =0 


In particular, the second differential of the independent 


variable is zero: d?x —0. i 
The third differential of a quadratic function is zero: 


d? (ах? + bx +c) —0 


Generally, the (n4-1)th differential of a polynomial of 
degree n is zero. 


259. Expressing Higher Derivatives 
In Terms of Differentlals 


The expression of a second derivative in terms of differen- 
tials is of the form 


n _ dx d*y- dy d*x 
Leer merit ps (1) 


It holds for any choice of the argument. 
If we take x for the argument (then d?x—0), it follows 


that 


» 020 
=з (2) 


This expression also follows from (2), Sec. 258 (for п= 2). 
The following expressions are a consequence of the same 
lormula: 


dy uiv uds ae 2" 
ymago Л!“ д. И 2 9 


!) We have i substitute =: in differentiating apply 
Theorem 2, Sec. 258. 
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provided that x is the independent variable. Their general 
expressions are complicated.) 
Note. A derivative of the nth order is frequently denoted 


by $4 irrespective of which quantity is taken as the argu- 


ment. But one cannot substitute, into this expression, expres- 
sions of the variables y and x in terms of a parameter. 


260. Higher Derivatives 
of Functions Represented Paramotrically 


Let y be a function of x given by the equations 
x=ọ (t), y=f (0) (0) 


The derivatives of first and second orders are found from 
the formulas ? 


QE (ty 

=. @ 
L OP ()- f HO) 

dea 19 Or 9 


The expressions of subsequent derivatives are involved; 
when the fonctions f (t) and Ф (t) are given, the computation 
is more simply carried out step by step, as in the following 
example. 

Example. Let 


x=acost, y=bsint 
Then (cf. Sec. 252, Example 2) 
y' =d (b sin t):d (a cos 1) — 5 cott 


4) We have wre, substitute expression (1). The result is 
most conveniently given in the form 


ах dy LA П: ч) 
dix sl За ite any] D 


Subsequent expressions are still more complicated. 

г) Formula (3) [s derived like formula (1) Sec, 259, and may be 
obtained from the latter by replacing the differentials by the cor! 
кайп derivatives with respect to fhe parameter. 

3) See footnote 1. 


"= [= 
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Further 
у" = Grate cot t):d(a cos N=- ртт. 


= b 3b cos f 
y! —d (— тит ):@@ 008 =— душ 


and so forth. 


261. Higher Derivatives of Implicit Functions 


In order to find the successive derivatives of a function y 
(of an argument x) given implicitly by some equation, one 
has to differentiate this equation successively, i. e. equate the 
differentials (or derivatives) of the right and left sides.: We 
obtain a series of equalities; from the first we find the р; 
ression of y’ in terms of x and y, the second (taking into 
account the expression of у” that was found) yields the expres- 
sion of y" in terms of x and y, the third (taking into account 
the expressions of y’, y") yields y'"^, etc. Simplifications are 
possible in special cases. 

Example. Find the derivatives, up to third order, of the 
function y =f (x) given by the equation 


xpyi—25 (1) 
and determine the values of these derivatives at the point 


' Solution. Equating the differentials, we obtain 


xdx--y dy—0 @) 
whence 
x+yy'=0 (2a) 
Equating the differentials of both sides of (2a), we get 
dx+y' dy 4- yy" dx=0 8) 
whence 
I+y*-+uy"=0 Ga) 
We differentiate once again 
2y' dy! +y" dy + yy” dx=0 (4) 
whence 
Sy'y' + yy" —0 (42) 
From (2a) we get 
y=- 2 (5) 
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From (3a) we get ya; taking into account (5), 


we have 


s= 50 6) 
From (4a), taking into account (5) and (6), we get 
мо ~ 3x (х2+ y?) 
ECCE DN (7) 
Substituting x=3, y—4 into (5), (6) and (7), we get 
Н 3 nghe 2D 2. — 295, 
FS Weis т mm 1g 


Note 1. Here the computation may be simplified. By virtue ol 
the equation хї+ y1—25, formula (6) takes the form v=-5 From 


this yn (= UA a, 


Note 2. There is no need to derive (3a) from (3), (4a) from (4), 
etc. The derivatives may be taken at once. However, a preliminary 
calculation of the differentials is a guarantee against certain mistakes 
common to beginners (lor the derivative of y^?, they write 2y’ in place 
of 2y'y" and so on; cf. Sec. 238, Note). 


262. Lelbniz Rule 


In order to form the expression of the nth derivative of 
the product uv pun respect to any argument), expand (u +0) 
by the binomial theorem (Newton's) and in the expansion 
obtained replace all powers by derivatives of the appropriate 
order, zero powers (и0—00— 1) that are assumed in the ex- 
treme terms of the expansion being replaced by the functions 
themselves, 

By this rule we get 


(uv) == и'о-- иш”, () 
(uv)" — u"o 4-2u'v' +- uv", 9) 
(uo) !" zu!" o- p Buy! 4-3u'v" + uv”, 9) 


(uo) — uy nuin- +” utn - 2f 4- ... 


pou ne m Da TRED ua kdo) p... uo? (4) 
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This rule, which was perceived by Leibniz, is proved by the 
method of complete mathematical induction. 

Example 1. Find the tenth derivative of the function e*x?. 

Solution. Using formula (4) (for u —e*, v=x?, n— 10) we 
get 

(esx*)* = (ex) X x 4- 10 (ех)! (x8) 4-45 (ex) V!!! (XY. 
The subsequent terms need not be written out since the de- 
rivatives of x? of third and higher orders are equal to zero. 
Taking into account that all the derivatives of e* are equal 
to ех, we obtain 

(exx?) Х — e* (x2 -- 20x +90) 

Example 2. Find the values of all derivatives of 
f (x) = arclan x for x —0. 

Solution. We have 


Р = pa 6) 
so that 
'@)=0, F (0)=1 (6) 


The direct computation of higher derivatives is an invol- 
ved operation. But if we represent (5) in the form 


FQ) (1-2) =1 
and apply the Leibniz гше (u=/’ (х), 0= 14-2), we get 
fer?» (x) (14-382) - nf (x) 2х-Ел (0—1) ^ (x) —0 
For x—0 we have 
Рен 0) + (n—1) [79 (0) =0 (7) 
Since f (0) = } (0) = 0, the values of all the derivatives 
ої even order are equal to zero: 
Р) = РУ (0) = 7! (0)==...=0 (8) 
Since f’ (0) = 1, from (7) we get, successively, 
f (0) = —1-3/ (0) — — @!), 
[V 0) = —3-4f"' (0) = +041), 
HY"! (o) = —5-6/У (0) = — (6), 


[à (0) = — (2k — 1) 2j -D (0) — (— 1)* (2&1) 
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From (3a) we get p=], taking into account (5), 
we have 
Nn. ah 
ше © 
From (4a), taking into account (5) and (6), we get 
"= -3x 5 () 
Substituting x—3, y—4 into (5), (6) and (7), we get 
А 3 LIEB 5. 006, 
ат. АЛЫ беш! a А IE Т 


Note 1. Неге the computation may be simplified. By virtue ol 
the equation x*+y*=25, formula (6) takes ihe form Lii" From 


wo dif25\_75 78x 
this y=- (Илик: 


Note 2. There is no need to derive (3a) from (3), (4a) from (4), 
etc. The derivatives may be taken at once. However, a preliminary 
calculation of the differentials is a guarantee against certain mistakes 
common to beginners (for the derivative of y’*, they write 2y' in place 
of 2y'y* and so on; cf. Sec. 238, Note). 


262. Lelbniz Rule 


In order to form the expression of the nth derivative of 
the product uv (with respect to any argument), expand (u +0) 
by the binomial theorem (Newton's) and in the expansion 
obtained replace all powers by derivatives of the appropriate 
order, zero powers (u9—09— і) that are assumed in the ex- 
treme terms of the expansion being replaced by the functions 
themselves. 

By this rule we get 


(uv) —u'o-1-uo', (1) 
(uv)" —u"v --2u'v' + uv", 9 


(ш) =u "o Зит Зил + wo", 8 


(uo) — up + nuin- Uo HU un 20"... 


ant +020. иск иту 4... uo” (4) 
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This rule, which was perceived by Leibniz, is proved by the 
method of complete mathematical induction. 

Example 1. Find the tenth derivative of the function exxt. 

Solution. Using formula (4) (for u —e*, v=x?, n— 10) we 
get 

(ека) = (ex) Ха 4-10 (e) X Q9) 4-45 (09) eyes 
The subsequent terms need not be written out since the de- 
rivatives of x? of third and higher orders are equal to zero. 
Taking into account that all the derivatives of e* are equal 
to e*, we obtain 

(exx  — e* (xà + 20x-1- 90) 

Example 2. Find the values of all derivatives of 
Р(х) —arctan x for x=0. 

Solution. We have 


Р @=тта 6) 
so that 
[0)=0, f=! © 


The direct computation of higher derivatives is an invol- 
ved operation. But if we represent (5) in the form 


Ро) (1х2) =1 
and apply the Leibniz rule (u=f’ (x), v=1+x%), we get 
каз (x) (1-2) + nfi (@) 22d (0—1) FD (970 
For x—0 we have 
рт (0)-Ел (п—1)/'@—% (0) =0 (7) 
Since f (0) = [ (0) =0, the values of all the derivatives 
of even order are equal to zero: 
(yr =f! 0): ..—9 (8) 
Since f’ (0) — 1, from (7) we get, successively, 
P (у= —1-2/' (0==—@!), 
рУ (0) = —3:4/"' (0) = 4-4) 
ү! o) — —5-6F¥ (0) = — (67), 
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263. Rolle's Theorem 1) 


Theorem. Let a function f(x), differentiable in a closed 
interval (a, 6), vanish at the end-points of the interval. Then 
ihe Se NE Ре) will vanish at least once inside the 
interval. 


Fig. 251 Fig. 252 


In Fig 251, between the points x—a and х=, where 
the curve of the function f(x) cuts the x-axis, there are 
three points L, M and N where the tangent is parallel to 
the x-axis [i. е. F (x) 0]. 


In Fig, 252, between х=а and x—b there is not a single point 
with “horizontal” tangent. The reason is that at the point C the gra h 
has no tangent, i. e. the function f (x) is not differentiable at the 
point x=c (there are two one-sided derivatives here, Sec. 231). t 

Note 1. lf a differentiable function f (x) has the same values 4 
х=а and х=, even though not equal to zero, then the derivative 
F (x) still vanishes in the interior of the interval (a, b), 

Note 2. Rolle’s theorem also holds true even in the case M 
f (x) is differentiable only at interior points of the interval * (a, DE 
the end-points, the function f (x) may not be differentiable but only 
continuous. di- 

Rolle’s theorem is ordinarily stated for these most general con " 
tions; this complicates the ER. of the theorem and makes M 
difficult to grasp the basic content. Later on (Secs. 264, 266, 28 Н 
wil! state the conditions of a number of theorems under less than 
most general assumptions (which are given as notes). 


1) M. Rolle (1652—1719), a contemporary of Newton and Leit 
niz, considered differential calculus to be logically inconsisten Fir 
naturally, could not have stated "Rolle's theorem”. Rolle state 
algebraic theorem from which follows the consequence: if a an bel- 
foots of the equation x^-p,xh —1- р„х®—+-...-+рл_1Х+рд=0б, then 5р, 
ween а and b there is a root of the equation пъ 1+ (n= 1) pa rem” 
+...+рв—у=0. This proposition is a special case of "Rolle's theo side 
(the left Side of the second equation is the derivative of the le !Rol- 
of the first equation). Hence the name (historically inaccurate) 
le’s theorem”. 
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264. Lagrange's Mean-Value Theorem n 


Statement of the theorem. If a function f (x) is differenti- 
able in a closed interval (a, b), then the ratio rere is 
equal to the value of the derivative |' (x) at some interior 
point х= 2 of the interval (a, б): 


b)—f , 
LOTO G) (0 


Geometrical interpretation. The ratio Lore ко 
(Fig. 253) is the slope of the chord AB, and f’ (§) is the 


Fig. 253 


slope of the tangent NT. Lagrange theorem asserts that 
there is at least one point between A and B on the 


arc AB where the tangent is parallel to the chord AB, pro- 
vided that there is a tangent at every point of the 


arc 7B: 


From Fig. 264 it is clear that if this condition 18 not fulfilled the 
theorem may not hold true. There is no tangent at point C (there are 
only one-sided tani nts: right and left). The ) 

by the graph ACB is non ifferentiable at хс, an the Lagrange 
theorem does not hold true: the derivative /^ (x) 13 not equal 1 


1) Lagrange, Joseph Louis (1736-1813), at French selentist 
founder of analytical Prechanics, ‘one of the Жу of the calculus ol 
variations. 

Ы) The Greek letter & (xl) is the standard notation for he ‘mean 
uM s" an argument (ie. the value contained within a given 

erval). 


P d 
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Mechanical interpretation. Let f(t) be the distance of a 
point at time ¢ from an initial position. Then f (b) — f (a) is 
the distance covered from time t=a {о time /—b, the ratio 


Lu To) is the average velocity during this interval of time. 


a 
The Lagrange theorem asseris tha! at some intermediate 
time the velocity of the point is equal to the average (mean) 
velocity of motion provided that at each instant the point 
has a definite velocity. 


"The theorem may not hold if this condition is not fulfilled. For 
example, if a point moves the first. hour at 20 metres an hour, an 


the second at 30 m/hr, then the mean velocity of motion is 25 m/hr; 
the point did not have that velocity once during the two hours. The 
theorem was violated because at the 
end of the first hour the point did not 


An alternative statement of the 
Lagrange theorem. The equation 


, f (b) - f£ (a) 
А т 


(if the conditions of the theorem 
are fulfilled) has at least one то0 
Fig. 255 x=€ within the interior О 
interval (a, 5). t 

The position of this root (or roots) depends on the type 
of function f (x). If it is a quadratic function (and the e 
isa parabola; Fig. 255), we obtain а first-degree equation, 
its root lies precisely at the midpoint of (a, b), oF 


b+a 
t= 


x 


For other functions, this property is only approximately a 
namely, if a has a constant value and b tends to a. thet on Le 
got as a rule, ?) tends to the midpoint of the interval (а, 9 

-a 
lim Fan 85 b ^ a. 


Example 1. Let f(x)=x?. Then Р E=% Formula () 
takes the form 


Ьа? __ 
b—a =% 


dinarily 
1) Actually, the transition from 20 m/hr to 30 m/hr of ni 
war pers gradually, not instantaneously, and then there is an i 
tant when the velocity is equal to 25 m/hr. vehe рй 
2) The only exceptions are cases when the second deriva 
is zero or does not exist. 
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whence 


pj 


i e. Ẹ lies exactly at the midpoint of the interval (a, 5). 
Example 2. Let / (x)=x%, then /’ (х) =3x2. Take-a— 10, 
b—12. We then have 
[ (b)- f (a) _ 964 
b-a 


According to Lagrange's theorem, the equation 3x?—364 
should have a root between 10 and 12. Indeed, its positive 
root =y 1214 z 11.015 lies in the interval (10, 12) and, 
what is more, very close to the midpoint. 

Note. The Lagrange theorem also holds true when the function 
f(x) is differentiable only at interior points of tue interval (a, 5) 
(being nondifferentiable and only continuous at the end-points). 


265. Formula of Finite increments 


Formula (1), Sec. 264, may be rewritten as 


Р) (a) =F (&) (6—2) (1) 
ог, in other notation, 

fath—f@=f Eh "9 
This is the formula of finite increments, which is also 
written as 

f (a--5) f a+ © @) 


Application {о approximate calculations. In Sec. 248 we 
employed the approximate formula 

Fath) e | (а) Р (а) В (4) 

to compute f (a-|-A). The exact formula (3) enables us (though 

the value of Ё is unknown) to estimate the error in formula 


' (4. Now if we put $==у— in formula (3), then as a rule 


(ci. Sec. 264) it yields a.much better approximation than (4), 
ihough it ceases to be exact. Г 
Example. Find log 101 without using tables. 


Assuming f (х) = log х, we have Р ()— 4 (M == 0.43429). 
For a=100 and A— 1, formula (4) yields 


log 101 z log 100 -+ M «iig: = 2,0043429 (5) 


"m" 
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To estimate the error, use the exact formula (3). This 
yields 


log 101 = log 100+ M .—1 (6) 
Here, & lies between 100 and 101, so that T > qor The 
error of formula (5) is m|| and this is definitely 


less than M Kom) that is to say, it is less than 


0.00004. Such is the limiting error of formula (5) (the true 
error is half that). 


But if in formula (6) we put E— J- (100-101) —1005, 
ihen we get 


log 101 = log 100-4 M -0.00995025. I =2.0043213 — (7) 


Here only {һе last digit is incorrect; its true value is grealer 
by unity. 

Corollaries to formula (1). From the definition of a deri- 
vative it follows directly that the derivative of a constant is 
zero. A consequence of formula (1) is the following inverse 
theorem. 

Theorem 1. If in an interval (m, n) the derivative f' (x) 
is everywhere equal to zero, then in this interval the function 
f(x) is a constant [i. e. for any values (a, b) in this interval” 
the values of the function / (х) are the same]. 


Explanation. By hypothesis, the function f (x) is differentiable in 
the interval (т, п) and all the more so in the interval (a, 6). Hence, 
we can apply to it (Sec. 264) formula (1). In (1) we have to pu 
Р (§)=0 (by hypothesis). This yields f (b)=f (a). 


From Theorem 1 there follows directly 

Theorem 2. If the derivatives of two functions f(x) and 
Ф (x) are everywhere equal in an interval (m, n), then И 
this intero the values of both functions differ by a constan! 
quantity. 


у the 
1) By hypothesis, the function f(x) is defined throughout 
Interval (m, n), otherwise it would not have a derivative ever het 
If, contrary to hypothesis, f (x) is defined at all points of (m, ү 
except, say, two points х=/ and х=/(№ < [), then it may ТЕ vil 
that the functf6n is constant only in each of the (open) in ing 
m, k), (k, D) and (L, n) separately, but changes its value when pa 
rom one to another (see Examples 1 and 2, Sec. 247a). 
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266. Generalized Mean-Value Theorem (Cauchy) 


Cauchy's theorem, Let the derivatives J (t) and (f) of two 
functions f (£) and q (t), differentiable in a closed interval (a, b), not 
be simultaneously zero anywhere in the interior of the interval. Also 
let one of the functions f (D, Ф (t) have distinct values at the end- 
points of the interval [вау @ (a) = Ф (b)). Then the increments EOD 
~f (a) and Фф (b)—@ (a) of the given functions are to each other as their 
үүнүө at some interior point t= (Greek letter tau) of the inter- 
val (a, 6): 

Fa =F (a) а Fo a) 
q(b-ota)  q' (т) 

Lagrange's formula [formula (1), Sec. 264] is a special case of 
formula (1) when Ф (t)=¢. 

Geometrical Interpretation. Same as for Lagrange’s theorem, only 
the curve ACB (Fig. 256) is given by the 
parametric equations y B 


хаф (0), y=f (0) 
We have ‚А 
ОА'=ф(а), ОВ'=Ф (0): 
AA'z[(a. ВВ’ =} (b) 1 (1 


1 
F tb-t (a) 


9 (5) - € (a) 
the chord AB, the ratio Jy dy Fig. 256 
quU) dx 


is the slope of the tangent N7. 

In Fig, 256, the tangen NT is parallel to the chord AB, the 
point N lies on the arc AB (but its projection № on the x-axis does 
not 16 on the segment A’B’; the same goes for the projection on the 
y-axis), 

Note 1. M, contrary to h pothesis, we had / (a)=/(b) and Фф (а)= 
= (b), then the left side of i ) would be indeterminate. 

Note 2. The Cauchy theorem requires that k (t) and q (/) should 
not be zero simultaneously in the interior oí the interval (a, b), but 
at one о! the end-points (or at both) they can simultaneously be zero 
craven Tos exist, so long as f(x) and Фф (х) are continuous at both 
end-points). 

s 1. Consider the functions 


Fie! and o@()=t* 
їп the interval (0, 2). At the end-point £«0, the derivatives 
Р ()=38 and Фф (0) 21 
vanish, but both are nonzero іп the Interior of the interval. Each of 


the functions f (£), Ф (£) has distinct values at the end-points £20 and 
tm, The conditions of the Cauchy theorem are fulfilled. Hence the 


The ratio is the slope of ol Y 


1) Cauchy, Augustin-Louls (1789-1857), celebrated French mathe- 
matician and physicist. Cauchy posed the problem of constructing 
mathematical analysis on a rigorous logical basis. In the main, he 
solved this problem. 
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ratio 
Бе) а) _ f(2)-F (0) 
o (b-ga) ф(?)-ф(0) 


must be equal tọ the ratio 


at some point /=Ё lying between a=0 and b=2. Indeed, the equation 
3 
ET t=2 


has a root tot ‚ which lies in the interior of the interval (0, 2). 
Example 2. Consider the same functions f (t)=t* and ф(ф= in 
the interval (= da 2). For а=-1 nouae 


we have 
F(b)—f (a) bh-a? Б? +ар+а? 13. 


== 


ке LIES 
q(b-(a) 2-а? bra 


95 


The equation 


1 y A 
has a unique root t=4 >. but it is. exterior 


to the interval -15> 2). The Cauchy 


theorem did not hold because the point E 
where both derivatives, f^ (2), q' (0) are equa 
to zero, now lies inside the interval (a. i 
Geometrically. the picture is as follows: the 
parametric equations х=, y=t° describe ana 
fcubical parabola AOB (Fig. 257); to 


values a=—1 = .b=2 there correspond points 


Fig. 257 


Abt 2 T MES t and B (4, 8). On the arc A08 of the curve x=! 
y=t® (semicubical parabola) there are no points where the tangent 
could be parallel to the chord АВ (such a point exists outside 
arc AB above point B). 

Mechanical interpretation, Let 1 be the time and 


Sp=l (t) 
and a 


$929 (0 
be the distances of two rectilinearly moving bodies Р and Q гой ше 
initial positions. Then f’ (t) and g’ (t) are the velocities "p and о | 
the bodies Р and Q. By the hypothesis of the Cauchy theorem и 
and vg are not zero simultaneously. The theorem states that te 
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distances covered by the bodies in the time interval (a, b) are to one 
another as the velocities at some intermediate instant © (the same for 
both bodies). 


267. Evaluating the indeterminate Form + 


Ii some function is not defined at a point x=a, but has 
a limit as x — a, then finding this limit is called evaluating 
the indeterminate form. In particular, evaluating the inde- 


terminate form T is the name for finding the limit of the 


ratio i when the functions F(x), p) are infinitesimal 
as x — 4. 

L'Hospital's rule.? To find the limit of the ratio lu of 
two functions which are infinitesimal as x—*4 (or as 
x — co), we can consider the ratio of their derivatives LS А 


If it tends to a limit (finite or infinite), then the ratio Po) 


Ф(х) 
also tends to that limit.9 


1) Let us explain this pictorially. Suppose during the time inter- 
val (a, 6) body P covers twice the distance that Q does (8р= 280): 

both motions are uniform, then at any intermediate time we have 
v4-20,. Now let one of the motions (or botn of them) be nonuni- 
form. “It cannot be that, always, Up > 20 (for then the distance 
covered by P would exceed that covered by Q by more than a factor 
of two). Likewise, it is impossible that, always 0р < 299. Therefore, 
if at first Up exceeds 209, then later Up is less Than 20,, (and vice 
versa). Hence, at some iOtermediate time we must have that 9p 729, " 
At that time we have 9 pi0Q7$pi$ because by hypothesis the ca: 

when 0р=0, =0 is excluded (for then the ratio 0р:00 would be inde- 


2) L' Hospital (1661-1704), author of the first printed manual on 
differential calculus (1696) where the rule is formulated (but less rigo- 
rously than as given usb In compiling this manual, 1*Hospital made 
use of the manuscript of his teacher John Bernoulli. This rule is men- 
tioned in the manuscript and 50 the name «17 Ноѕріќа1°5 rule” is his- 


torically inaccurate. 

з) In the statement of the rule, the ге uirement is ordinarily 

included that the derivative q' (x) be nonzero in some neighbourhot 

of the point х=а. This requirement is superfluous since the rule itself 
, 

states that the ratio re has a limit as х — 0, and by virtue of 

the definition of limit (Sec. 205) this is only possible when g (х) #0 

near x =a, 
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Example 1. Evaluate lim АБ, 
PET 
The functions f (x) — x*— 1 and Фф (х) = cm are infinite- 


simal as x — 1. Consider the ratio Gu T m It approaches 


the limit t as х— 1. According to the l'Hospital rule, 
S = 


Mes to the same limit. Indeed, 


xt-1 li (x- D (х+1) ; +1 2 


E p n Genere m zs чек 


lim 
-* 


If not only the functions f (x), Фф (x), but also their deri- 
vatives f’ (x), q' (9 are infinitesimal as х —» a, then one can 
again apply the l'Hospital rule in order to find the limit of 
Fo) 


(x) ' 


Example 2. Evaluate lim 
x-l 


x!—-3x-2 
x'-xt-xelc 


The numerator and denominator are infinitesimal. By the 
l'Hospital rule | 


1 x'-3x42 3x -3 | 
por Xi-x-x4l 77 Tn 33:-3x-1 | 


Here the numerator and denóminator are again infinitesimals. 
Apply the l'Hospital rule once again: 


3x!-3 be 3 
lim Saa И Y 
xl 3r*-2x-1 „1 9X7 2 


t ы £61-677—2x 
Example 3. Find dm кезле с=з 

Uo несе ital rule successively, we twice get а 
ratio of infinitesimals: 


Ик} гете 9—2 fti) 1-4% | 
Q(x)  1-—созх ' g(x) sinx 


The third time we obtain the ratio 


fer ax) ех +е 5 
wre) Гоу 
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It has the limit 2 as x +0. Hence, 


a0 x-sinx — 


Note 1. Theoretically, the possibility is not precluded that all 
derivatives of both functions / (x), q (x) will be infinitesimals. Such 
cases do not occur in real-world problems. 


It is useful to combine the application of l'Hospital's 
rule with transformations that facilitate finding the limit. 


i А tan х зіп x 
Example 4. Find lim ше 


E 
Following the l'Hospital rule, we seek the limit of the 
ratio 
Р(х) __ cos? x Thess, 
Q'(x) 3 зіп? x cos x 


Here, f’ (х) and @’ (x) are infinitesimals, but it is not advi- 


asx +0 


sable to seek lim-L, 9. , It is better to transform PU. to 
x09. (0) g (х) 
the form 1сЕдА К 


Gane and, noting that jlin; (cos? x) —1, to 


seek lim E By l'Hospital's rule, this limit is equal to 
хә 


im 8С035*х-5їпх 1 ogi 
lim arcu x IM 008373 


From the very start we can replace sin?x with the equi- 
valent infinitesimal x°. Then 


f Ыы $ = 1-cos* x 
lim tny ш * — lim tan Miis * — lim n 
eg  "* $0 у ы! x-0 
1 — cos? x 
== lim IAM 
x0 


Using the l'Hospital rule again, we get 


+. 3 cos? x sin x 1 sin x 1 
lim 22° 0 97 * —— lim — ——- 
x+0 Be 2 x0 * i 
Note 2. It may happen that the ratio Le does not tend to any 


limit as x + a (or as x + œ). In such cases, the ratio Lo. may like- 


wise have no limit, but on the other hand it may have one. Thus, if 
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f (x)=x+sin x and ф(х)=х, then the ratio c 


mit as x- o. However, the ratio 


=1+cos x has no li- 


f(x) _x+sin LEE: 
Ф x x 


approaches unity as x =» œ. 


268. Evaluating the Indeterminate Form 2 


: L'Hospital's rule (Sec. 267) also holds true for the ratio 
(x) 


1 
Example 1, Evaluate lim. 


х - о 
The functions f (х) =1п х апі Фф (х) =х* become infinite as 
1 
Fux. x 
x o. The ratio CT RET 


a tends to the same limit. 


tends to the limit 0 as x + €. 


Note. 11 f (x) and Ф (x) have infinite limits as x +a, then the 
limits of f^ (x) and 9’ (x) (if they exist) are also infinite, and l'Hospi- 


tal's rule 1з useful only when the expression Po can be reduced to 


7 


мают convenient form in simpler fashion than the expression — 
x) 1 


90) 
Example 2. Evaluate lim tan 8x б 
л tanx 
r+ 


3 
The functions tan Зх and tan x and also their derivatives КТЕП 


and cw z become infinite as x — E . Representing the ratio of the 
cosx\? cos X now the 
derivatives in the form 3 Ст ‚ we seek lim cor 3x l | 
xcv 
numerato: and denominator are infinitely small). Applying the rule 
aT cos x -sinx __1 Consequ 
of Sec. 267, we get — lim YT at C33 3r 3 


x x 
= т 
2 
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2 
tim tan 3x. 3. cM d 1 
д tanx 3 


a 
But the original expression is more readily transformed to a con- 
ап 3x_ cotx Beat 


tanx cot 3x 


ently, 


E 


venient form. Namely, 


tan 3x cot x sin? Зх 1 

lim = lim ————= LIL——z— 

д tanx n cot 3x л 3sin?x 3 
ue fts tu 


269. Other Indeterminate Expressions 


1. Indeterminate form 0: оо, i.e. the product f (x) Ф (x) 
where f(x) + 0 and @ (x) + ©. This expression may be redu- 


ced to the form > or =: 
По) Ф =f Wich = 9: 


and then the l'Hospital rule can be employed. 
Example 1. Find lim x cot >: 
Е Ee 


We transform x cot > =x: tan + and find 


t à 1 
limx cot >= lim |l: z|-2 
x0 х» 0 2 соз? > 


Example 2. Find Hin 10 x. 
x> 


We have 
$ П 1-4 
lim x4 In x= lim [" xx]- lim xz] =0 
x+0 x70 s х-0|* n 


Il. Indeterminate form co —o, i.e. the difference of two 
functions each of which has the limit +o (or the limit 


— c). This expression is also reduced to the form + or. 
1 2 
Example 3. Evaluate Jim [5-я] " 
Reduce the fractions to a common denominator; the desi- 


1 H 1 P. : + 
red quantity is im peer’ i.e. we have the indeterminate 
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form +. Since lim (e*--1)—2, it follows that 
х= 


^ І 2 ла 8-1. 1... Tem D 
is авс а or m m nin 
III. /ndeterminate forms 00, оо, 1°, i.e. functions of the 
form /(x) 0, where lim/(x)—0 and limq(x)—0 or 
lim f (x) = o», lim ф (х) =0 or lim f (x) — 1, lim (х) = c. 
Here we first seek the limit of the logarithm of the given 
function. In all three cases, we obtain an indeterminate form 
like 0. оо. 
Example 4. Evaluate lim хх (indeterminate form 09). 
x-0 
Assuming y—x*, we have In y—x In x. Further, 
lim In y= іт ( Inx:-L | = lim (+: —4)=0 
x0 Ё im ( x) ns я) * 
Whence 
lim y=1 


x-0 
ak 
Example 5. Evaluate lim (1-]- 2x) * (indeterminate form 0°). 
т 
Assuming у==(1--2х) *, we have Ing =+ In (14-22). 
Further, 


In (1 + 2x) 
lim In. yes slim. ——— = 
X0 X- œ 


; 2 Ж 
lim түзү 
X0 
Hence, lim y=1. 

X-0 


Example 6. Evaluate lim (tan х)!" ?* (indeterminate 


E 
4 
form 1”), 
We have 
uut 
lim In у= lim tan2x In tanx— lim Z= = 
x " л cot 2x 
хе хз ги 
| 1 ; 2 у=) 
= lim E xcosx' — sin?2x 
PEL 


4 
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Hence 
lim (lan x)!" ?x = e-1 


x 


4 


270, Taylor's Formula (Historical Background) ? 


1. Newton and infinite series. In order to find the deri- 
vative of a given function and, mainly, to solve the inverse 
problem, Newton replaced the given function by an infinite 
power series, i.e. the expression 


agt- a4x + dax? ау? 4... Һау"... (1) 
with the number of terms increasing without bound. The 
coefficients д0, ау, аз, ... were taken so that expression (l) 
yielded more exact values oí the function as the number of 
lerms was increased. Thus, Newton replaced the function 
c by the expression 1—x--x$—384- 4 (Dnm... 


1+х 
and wrote:9 


rala... (2) 


If |x| <1, then the terms 1, —х, А, ... form an infi- 
nite decreasing geometric progression, and the sum is equal 


to ту. But if |x | 22 1, then the sum 1—х++4—9+-... 


...+(— л, as n — o, does not tend to = Taking 


into account this circumstance, Newton always confined him- 
self to sufficiently small values of x. 


1) The present section serves as an introduction to Secs. 271 
and 272; the latter mer be read independently. 

з) The expansion (2) is obtained if to the uotient 1:(1+x) we 
apply the rule for dividing olynomials arrange: in increasing Po 
wers. Prior to Newton, formula (2) was used by N. Mercator (in 1665) 


in the computation of logarithms [ the derivative of In (14x) is equal 


to m] Mercator confined the infinite series expansion to this 


single case. In the hands of Newton it became a general method. 
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In expanding functions in infinite series, Newton made 
use of a variety of devices. Thus, Newton took the formula 


= m (m=) m (m-1)(m-2) 

(1 T3951 TF nie T TM а — r3 ^^ ТОШ, 
which had earlier been established by Pascal for positive 
integral m, and applied it to fractional and negative values 
of m. Then the number of terms increases without bound. 
For m=—1 we get formula (2) for т= —2 we have? 


1 
(1+ x) 


-1—29x--3x1 433... (4) 


In order to find the derivative of n Newton diffe- 


rentiated the expression (2) termwise. ? A comparison with 
(4) shows that 
17 1 
p =~ (геі 9 


2. Taylor's series. In 1715 Taylor, 9 using a complicated 
and extremely nonrigorous method, found a general form of 
expression (1) for the given function f (x). In present-day 
setation, the result is of the form 


Io + 600 4 FO py PO ss 00) 


Thus, if н) = 15. then jm (e Cora Hence, 


£(0)— 1 and LO _ (— i)n so that formula (6) yields the 
expansion (2). If } (x) = wo we get the expansion (4). 


!) Blaise Pascal (1623-1662), celebrated French philosopher. 
matliematician and рача: veri- 

ү Realizing that his derivations were not rigorous, Newton ҮҮ 
fied them by means of examples. Thus, performing termwise m A 
lication of ае, he found 1—2х+ 
—4х#+... and in this way chec ormula (4). 

*) Newton did not know that the theorem on the derivative ofa 
sum might prove invalid for a boundlessly increasing number of tently 
Incidentally, for a series like (1) this theorem (given su 
small values of x) holds true, so there were no mistakes. upil of 
N 4 Brook Taylor (1685-1731), English mathematician, PUP 

ewton. 
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3. Maclaurin's derivation. Thirty years later, Maclaurin” 
gave the following simple derivation of Taylor's formula. 
He considered the equality 

F (x) as +. ax + азх? Haa? 1-а... (7) 
and, desiring to determine the coefficients д0, Q1, 05, +++» 
he found by successive diflerentiation 

Р (x) a, + Qagx 4-3a4x? -- dag? - ...., 
Poe 2a; + 2-3agx 4-3-4a4x? +... (8) 
уь 9.3а34-2:3:404х +... 
Putting х=0 into (7) and (8), he obtained successively?) 
` Я "(0 
ay—[(0), а= (б, = =O Lam 0, ete. 9) 


4. Taylor's series in the general form. The following 
formula is derived in the same manner: 


ро) @+ LO а) „© eat... 010) 


It gives the expansion of the function in powers of (x—a). 

This formula was also known to Taylor; actually, it adds 

nothing new to (6). 

Thus, for the function f (x) ln x, for a=1, formula (10) yields 
eal sG-1 (ке тру 1 

Ше ОТТИН ЖГ mcm To (11) 

Bur il we take the function f (х)=1л (1--x). then by formula (6) we 

n 


xt ожа Laut 
тих жр (12) 
Putting 1+x=2z, we obtain the formula 
2-1 (2-1)? @—1)*._ (z-1)* 13 
{па өөү tage ies my Te (13) 


which differs from (11) solely in notation. 


1) Maclaurin, Colin (1698-1746), English mathematician; the 
Bowen serias (6) is now (without sufficient grounds) known as Macla- 
urin’s series. 

2) If one proves the validity of the termwise differentiation ot 
series (7), then Maclaurin's derivation flawlessly proves the following 
theorem: if f (x) is expanded іп the series (7), then the coefficients 
üg, ау, Gz, ... are expressed by formulas (9). However, there are fun- 
ctions which cannot be expanded in the series m [although their 
derivatives f’ (0), /" (0), ... exist]. An instance of such a function is 
given in the last footnote of this section. 
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5. Remainder of Taylor's series, The functions which were 
known in the 18th century permit expansion in the Taylor 
series (10) (for any values of a, except those for which the 
function or one of its derivatives becomes infinite). Proceeding 
from their restricted experience, the mathematicians of the 
18th century did not doubt that any continuous function 
could be expanded in a Taylor series. However, the need 
was felt for a precise estimate of the error which formula (10) 


yields if it is terminated at the term 2O (y. gy», 


In 1799, Lagrange derived for the “remainder of the Tay- 
lor series", i.e. for the difference R,,, 


in) a 
R=} (х) — [ (a) +... +?” к-а] (M) 
the following expression: 
R= nÈ (ajos n 09 


Неге, E is some number between а and x. 


The proof of Lagrange presumed the expansibility of the — 
а 


function f(x) in а Taylor series. ) A quarter of a century 
later Cauchy proved formula (15) without that assumption; 
he also gave an alternative expression for the remainder. 

became possible, from the expression of the remainder, lo 
judge the expansibility of the function in a Taylor а 
if lim R,, —0, then the function f (х) can be expanded in a Taylor 

n-o 

series, otherwise it cannot. Cauchy gave the first example 
of a function ? which, though it possesses all дечат 
at a point x—a, cannot be expanded іп the series qo ) 
powers of x—a (these functions are of no practical value). 


3) Lagrange even К that such an expansion is possible for any 
continuous function, but the proof was unsatisfactory. 


E 
з) This function is given by the formula f (x)=e under the 
additional condition f(0)=0 (for x=0 the formula becomes bns They 
less). The function f(x) has derivatives of ЁЛ] order at КАПУ oath 
are all zero at this point so the right side of (10) is identically 
However, f (x) does not vanish anywhere except at х=0. 
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271. Taylor's Formula» 


Theorem. If a function f(x) has derivatives up to the 
(n+1)th order inclusive ? in a closed interval (a, b) then 
Р) =f (@) 4-9 o—a) + 9 6a)? +... 
(л) (a) (n+) 
sop ан poa (0) 
where & is some number between a and b. 
Formula (1) is called Taylor's formula. 


(n+l) (E) 
The last term Toren 20) ed is called Lagrange's 


form of the remainder 9 and yields a precise expression for 
the difference Rp between f (b) and expression 


“(a " (a з) 
Реа) e—a) i ф—а)%-Ь...+ f "(a (p. gy 
(«Taylor's polynomial”): 
(n) 
„го[о... m o-a"]= 
= Е 0)" Q 


Taylor's formula establishes that Eq. (1), in which § is 
taken as the unknown, has at least one solution ® between 
a and b (cf. Sec. 264). 

When a is regarded as a constant and 6 as a variable, 
then x is written in place of b: 


, л 
H9 — 12) 4 8 eo) +... + ayn + 


(n+) 
Te ean} (3) 


For a—0 we obtain the so-called 9 “Maclaurin formula” 


d з) п+1) 
PO OHL. H n ETT. +"! (4) 


1) It is advisable to read Sec. 270 first. 

з) The (n+1)th derivative may not exist at the end-points of the 
interval; the main ар that the nth derivative be continuous not 
only at interior points but at the end-points of the interval as well. 

з) Unlike other forms of the remainder. 

i For fixed values of a and б, the quantity 5 varies, as а rule, 
wi 


th л. 
5) Cf, Sec. 270, Item 3. 
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Example. Apply formula (4), for n=2, to the function 
Н) =т=. We have k 


-6 


Рп luus 7 =z 


+) 
Непсе 
Р (0) I" (0) fer (8) 1 
Osl qned, 1, атой 
Formula (4) takes the form 
1 x 
remis Cie Pa S © 


Here, $ lies between zero and x. It is important to note that 
the formula holds true only when x » — 1. In this case, the 


condition of the theorem is fulfilled: the function Tus 


all derivatives in the closed interval (0, x). 
Solving (5) for E, we find 


һ=/1+®—1, = 3—1 © 


It is easy to verify that for х>—1 the first тоо! 
indeed lies between zero and x. 

Now if x<—1, then the condition 
of the theorem is not fulfilled, because 


the function туу does not have deri- 

vatives at the point —1, and this point 

either lies inside the interval (0, 2) 

(if x < —1) or coincides with its end- 
point (if x ——1). 

Formula (5) becomes incorrect: for 

Fig. 258 х==—1, the left side is meaningless, 

for x « — 1, Eq. (5) has imaginary roots. 

Note. For n—0, Tayler's formula (2) [in which we have 

to write f (а) іп place of f (а)] yields the formula of finite 

increments (Sec. bos) 


T (а) =" @ 6—a) 0 
For n=1 we get | 
РФ) (0) — 1 (а) (b—2) =. (p — a 0 


ог, in other notations, 
| &-- 43) —1 wi () Ax GE et enc 
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This formula yields an expression for the difference between 
the increment in the function and its differential (segment 
CB in Fig. 258). 

If the second derivative /” (х) is continuous for the value of x 
under consideration, the difference between the increment in the fun- 
ction and its differential is of second order with respect to Ax [when 
f” (x) £0] or of higher order [when /" (x)=0}. Cf. Sec. 230. 


272. Taylor's Formula for Computing the Values 
of a Function 


Taylor's formula frequently permits computing the values 
of a function to any degree of accuracy. 
Let the following values 


Fa), Ра, P. P")... 
of the function f(x) and its successive derivatives at the 
“initial” point x=a be known. It is required to find the 
value of the function f (х) for a different value of x. 
In many cases it is.sufficient for this purpose to compute 
the value of Taylor's polynomial 


" т (л) 
16) 4- L9 еа) GO wart... +O ay (0) 


taking two, three, or more terms, depending on the required 
degree of accuracy. Of course, in doing so, we allow for a 
certain error Rp, which is equal to 


R,—1(9— [F O @—a)+ 
унау ary... m e-a] @ 


But it frequently happens that the error Ry diminishes without 
'bound (in absolute value) with increasing number of terms 
(i.e. lim R,=0). Then Taylor's polynomial can yield the 


n= 0 
desired value of f (x) to any degree of accuracy. 

The number of terms íhat ensure the requisite degree of 
accuracy is essentially dependent on the distance | x—2a | bet- 
ween the initial point a and the point x. The жен х—а|, 
the more terms one has to take vt Example 1). Also, we 
often find that the approach of R, to zero not only slows 
down with increasing distance | x—4|, but even ceases alto- 
gether as the increase continues (see Example 2). Then the 
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accuracy? It is also ad wd to know whether for all dis. 
tances the error R, lends to zero with increasing number of 
terms, and if not so for every distance, then where its boun- 
dary lies. 

‘Answers to these questions are obtained by applying # 
number of artifices. One of them ? js based on the theorem 
of Sec. 271, which permits representing the error Б, in the 
form ® 

inti) 
„е ean @ 
Here, the number $ is unknown; the only thing we know is 
that & lies between a and x, But even this suffices to eva 
luate the error R,, and answer the foregoing questions. 

Example 1. Let Hahn All. the derivatives of this lum 
ction are equal to ех. We know the value of e* at 
x=0 (namely e?=1). We will take this point as the initial 
one. The conditions of the theorem of Sec. 271 are (ШП 
for all values of x. In Taylor's polynomial (1) we must pu 


a=0, [(а)==[|'(а)=... = fim (a) =1 % 
and then it assumes the form 
РИ xn 0 


Substituting for the value eX the value of the polynomial 
(5), we allow for a certain error Ва, which is 


А ^ 
haa [irtir sm) | 
Since [+0 (x) —e*, the М ding to formula 
Bi t й e + error Ёл. accor g 
Ram nr х"+\ n 


ыыы 
1) This device is not the best, and at times Is totally useless. Oe 


ices are given below (Sec. i 
*) |t is assumed that tisfies the conditions @ 
the ы DE Wan Т, satiate crows instance V 
practical importance. 
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The number Ё lies somewhere between zero and x (it depends 
both on x and on n). Hence, Å Mes between e» and е", 
This is sufficient for evaluating the error. 

For example, let it be required to compute the value of 


e* for ey: 1. e, to extract the square root of the number e. 
П 


Since e lies between 2 and 3, it follows that e? ds less than 
2 and so е is most al les than 2. Prom (7) M fol- 


lows that [Rel < ср (4 зы! 


Ral < ртт 


® 
With increasing n, the quantity сестре (lieniting error) 
tends to zero, and the error R, all (ђе more so tends to 
M Hence, the polynomial (5), which now takes on 
value 


Legh tate а d 


is suitable for computl e to an @ accuracy. 
Now e lor computing Ye mony, рә he sum (9) must 
have in order to ensure four-decimal-place accuracy (up to 
40.5.1074). To do this we com the limiting error 


Rapp for wel, 2, 3, and so on; ™ 
! ! 


We can stop bere because ууру < 05'107* 
NT MS. Ie es toe et^ (ри! ж 
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Thus, to ensure an accuracy of 0.5.107* it is sufficient 
for the sum (9) to have six terms. We obtain » 


1 = 1.00000, 
1 = 
AUT — 0.50000, 
1 үч, e 
qp =0.12500, 
1 UP 
apr >to :6— 0.02083, 
1 (PT 
HE tor ar 0.00200, 
1 1 
ap z= qrgi 10=0.00026 
1.64869 
We finally obtain 
Ve =1.6487 


We thus find that to ensure an accuracy up to + 0.5-107*, 
the sum (9) must have 10 terms because 


[Rol < туз = 0.55-10-8 < 0.5.10-° 


The computation yields 


pare 1 1 RR Ur 
Ve =li Hart- Атр 04872127 
1 


Taking 15 terms, it is possible to compute e? to within 
0.5. 10-16, еіс. The accuracy of the result increases rapidly 
with increasing number of terms. 
The АШ increases more slowly ЇЇ we compute e* for 
larger values o| |х, say for х= 1, ог for х= —1. 
uppose we lake x--1. Then the polynomial (5) takes 
the form 
1 1 1 
IHRE R4 (10) 
and yields an approximate value of the number e. The error 
Rn, by (7), is 
МА. È (11) 
(л+ 1)! 


_ 
1) Each term is co to avoid 
a КД СЫПА Otot карие to the fifth decimal in order to 


n 
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The number є now lies between e? and el, i.e. between 1 
and e, and since e < 3, it follows that 


LES (12) 


Аз before, the error approaches zero with increasing л. 
But now one has to take 9 terms in place of 6 in order to 
ensure an accuracy up to 0.5:107* because the limiting error 


om becomes less than 0.5-10-4 only for n=8. The com- 
putation yields 
1 util 1 1 
ex 1---үг+- Ки vee bgp =e. 183 


If we want to obtain an accuracy u to 0.5.1078, we 
have to take 13 terms (in place of 10); and the computation 
yields 


- 1 І 1 м, 
esi ebat = 2:71828183 


Taking 15 terms, we can compute e to within only 0.5:10-1^ 


(instead of 0.5.10—19 as in the computation of Ve). 
Now take x—-— l. The polynomial (5) takes the form 


1 1 І 1 
ap tage te 0" аг 
and yields an approximate value of the number e~? (or +) Д 
By (7), the еггог R, is T 
^ 
R,=(—1)"*! rn 


The number E lies between minus unity and zero, hence, 
È < е0, i.e. & < 1. Consequently 


1 
| Rad € туту 


Here the limiting error is less than in the preceding case by 
a factor of three For this reason, the number of terms needed 
ilo ensure the required accuracy may be reduced, but not by 
more than unity. Thus, an accuracy of up to 0.5-10—19 is 
now ensured by 14, not 15 terms, which is not essential as 
iar as the actual computations are concerned. 

If instead of x= +1 we take values of x still greater in 
absolute value, then the error of the approximate equality 


eser (13) 
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will tend to zero more slowly still. However, using for- 
mula (7) and reasoning as above, we are convinced that the 

error Rp will tend to zero for any value of x. 
Fig. 259 depicts the graph ACB of the function y=e* 
and the curves of its 


Y у-еї Taylor polynomials 
i у=1, y—1-4-5 
2 
y=i ++ 9=l +*+ 
2 сЗ 
Ll E 


Example 2. Let 
F (x) —1n (1 +4) 


As in Example 1, “аке 
à the point x=0 as the 
L initial point, The condi- 
Ж DA 0 p of the ihare otsen 
j З 1 are fulfilled only ior 
детево х>—1 [for x«-— 1, the 
Fig. 259 function In (1 4-х) becomes 
Я meaningless]. Тһе conse- 
cutive derivatives are expressed as follows: 


re re "= пан, lI" gs 


Ivia 2:3 -1 (0-1)! 
ЙҮ (grege rto P = C7 a9 
so that (Sec. 256, Example 3) we will have 
tote COS Р СО), 
[е Еи у-н — -- 
fan (0) 
nl 


p" (0) 


un 


3! 


1 
Were =i 
The Taylor polynomial (1) yields the approximate equality 
l p er І (= 10%: 
п(14-х) zx 7 apye... 40 an (14) 


Since f+) [In (+= the error А, of (14) may, 
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by formula (3), be represented in the form 
NN C AU nl 
elt (rix) as 


where Ẹ lies somewhere between zero and x. 
Let us, for example, compute the value of In (1-- x) for 
х==— 0.1. We obtain the approximate equality 


In0.9 0.1: S -O.18—...— 7-0-1" 010) 


Its error is 


1 0.1 Nn*1 
Rn=— 441 (ree) 


Since Ẹ lies between zero and —0.1, it follows that 146 > 0.9. 
Hence | R,| < = ($3). or 


[Ral zur (y (17) 


The limiting error obviously approaches zero with increa- 
sing n, i.e. formula (16) is capable of yielding 1n 0.9 to any 
degree of accuracy. Thus, to ensure an accuracy up to 0.5. 10-4 
we have to take n—4, and we get 


In 0.9 a—[0. 14- 1--0.01 +- 0.001 4++-0.0001 |= 0-1054 


In the same way we can convince ourselves that formula 
(14) always holds if —.«x«l 1) But as |x| increases, 


the error R, tends to zero more slowly. This a proach is 
weakest of all when x=1. Then formula (14) yields 


1 1 aut 
In291—4243—: CD 1 = 


For example, to ensure ап accuracy up to 0.5-10-*, we 
have to take 19999 terms. 1 

And if x is just the slightest bit more than unity, the 
error does not fend to zero at all; on the contrary, | Rel 
increases without bound with increasing ^. 


1 
1) (t also holds for а х between —1 and —-у, but expression (15) 
does not convince us of this fact 
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Fig. 260 depicts the graphs of the function 11 (1 +x) 
(the curve ACB) and of the first three Taylor polynomials, 


Fig. 260 


273. Increase and Decrease of a Functlon 


Definition 1. A function f (x) is called an increasing func- 
tion at a point x=a if, in a sufficiently small neighbour- 
hood, values of x greater than a are associated with values 
of f (x) greater than f (a), and smal- 
ler values correspond to smaller va- 
lues. 

A function f (x) is called a dec- 
reasing function at a point x—a if, 
in a sufficiently small neighbour- 
hood of this point, values of x 
greater than a are associated with 
values of f(x) smaller than f (a), 

Fig. 261 and smaller values are associated 
with greater values. 

Example 1. The function depicted іп Fig. 261 increases 
at the point x—a because to the right of А the points of 
the curve lie above A and to the left, below A. Here we 
consider only those points of the curve whose ordinates are 
sufficiently close to the ordinate a4; in the given instance, 
these are the points which do not go beyond the limits of 
the are KL. Outside this arc the relation’ no longer holds: 

oint C lies to the right of A but below it, U lies to the 
eft, but above it, 
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The same function is decreasing at the point xd because 
in a sufficiently close neighbourhood of D the points of the 
curve to the right lie below D, those to the left lie above D. 

The function is also decreasing at the point x—c. 

At the points x=b, x—e, х=т the function is neither 
increasing nor decreasing (at x=6 it has a maximum, at 
х=е and х=т a minimum; Sec. 275). 

Definition 2. A function is called increasing in an inter- 
val (a, b) if it is increasing at every point within the inter- 
val (but not necessarily at the end-points). 

A function decreasing in an interval (a, b) is similarly 
defined. 

. Example 2. The function shown in Fig. 261 is decreasing 
in the interval (l, d) because it is decreasing at every point 
within the interval (and at its end-points as well). The same 
function is also decreasing in the interval (b, e) because it 
is decreasing at all interior points of the interval (but at 
the end-points 6 and e the function is not decreasing). In the 
interval (m, 6) the function is increasing; in the interval 
(а, d) it is neither an increasing nor a decreasing function. 
Now if we split up the interval into two parts: (a, 6) and 
6, d), then in the gems the function is increasing and in , 
he latter it is decreasing. 

_ Ifthe function is increasing in the interval (a, b), then 
in that interval a greater value of the argument is always 
associated with a greater value of the function; conversely, 
if in the interval (a, 6) a greater value of the argument is 
always associated with a greater value of the function, then 
the function is increasing in (a, b). © 

If the function is decreasing in the interval (a, b), then 
a greater value of the argument is always associated with 
4 smaller value of the function, and vice versa. E 
. Geometrically, in those intervals in which the function 
is increasing its curve (rightward motion) rises; in intervals 
where the function is decreasing, the curve drops (cf. 
Example 2). 


Definition 3. A function which in a given interval is increasing 
Ог decreasing is called monotonic (in that interval). 


ee 
9 This property is often taken as a definition of 


dian, an interval. A function decreasing in an in 


a function increas- 
terval is similarlv 
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274. Tests for the Increase and Decrease of a Function at a Point 


Sufficiency test. If the derivative f'(x) is positive at a 
point x—a, then the function f (x) at this point is increasing, 
if it is negative, then the function is decreasing. 

Geometrically, if the slope of the tangent MT (Fig. 262) , 
is positive, then near M the curve lies above the point M 


Fig. 262 Fig. 263 


to the right and below it to the left; if the slope is negative 
(Fig. 263), then near M the curve lies below M to the right 
and above M to the left. 

Note. If f’(a)=0, then for x—a the function may be 
increasing (point N in Fig. 262); it may be decreasing too 


Юыну 
Y 
c 
2 
. 7 A 


Fig. 264 Fig. 265 


(golit L in Fig. 263). But as a rule, the function will not 
(lor x—a) be either decreasing or increasing (points B and C 
in Fig. 264). Ways of distinguishing these cases are indicated 
in Secs. 278 and 279. 

Example 1. The function y—x—3 x (Fig. 265) is incre- 


asing at the point x—0, because y —1—-—1 > 0. The same 
function is decreasing at the point x—2 where y'= —1 < 0. 
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M х=1, where y’=0, the function is’ neither decreasing 
nor increasing. 

Necessity test. If the function f (x) is increasing at the 
point x—a, then its derivative? at this point is positive 
(as at point M in Fig. 269) or is equal to 
zero (as at point N in Fig. 262): 


Р (а) 20 


Similarly for a decreasing function; 
its derivative is negative or zero at the 
point х=а: 


Р) <0 
Example 2. The function y=x* (Fig. 
966) is increasing at every point. Its 
derivative y/—3x? is positive everywhere 
except at the point x—0, where y’=0. Fig. 266 


274a. Tests for the Increase and Decrease 
of a Function in an Interval 


Sufficiency test. If the derivative function (х) in an interval 
(а, В) is everywhere positive, then the function f (x) in this interval 
is increasing; if f’ (x) is everywhere negative, then f(x) is decrea- 
sing (cf. Sec. 274). 

‘Note. The test (criterion) also holds true when the derivative 
takes on zero values in the interval (a, 6) so long as [ (х) доез пої 
identically become zero throughout the interval (a, 6) or in some 
interval (a^, b^) comprising а part of (a, 5) [the function f (x) would 
be a constant on such an interval]. 


Example. The function — (Fig. 265) is increasing in the 


interval (0, 1) because the derivative y/—1—x takes on a zero value 
only at the point x=1, whereas at the remaining points of the inter- 
val (0, 1) it is positive. The same function is decreasing in the 
interval (1, 2) because here the derivative y’ is everywhere negative 
except at the point x=1, where y’=0. 

Necessity test. If the function f (x) is increasing in the interval 
(a, b), then the derivative?) f’ (x) is positive or zero in that interval 


Fo > 0 for а<х< b 
The same holds true for a decreasing function: 


Р (x) <0 fora<*x<6 


1) It is assumed that f (x) is differentiable at this point. 
NEAL ssumed that / (£e 'runction is differentiable in the inter- 
al (а, К 
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215. Maxima and Minima 


Definition. We say that a function f(x) has a maximum 
at a point х=а if, in a sufficiently close neighbourhood of 
the point, all values of x (both grealer and smaller than a) 
are associated with values of f(x) smaller than f (a). 

A function f(x) has a minimum at a point х=а if, 
within a sufficiently close neighbourhood of the point, all 
values of x are associated with values of / (х) which are 
greater than / (a). 

This can be stated more succinctly: a function f(x) has 
a maximum (minimum) at a point x—a if the value of f(a) 
is greater (less) than all neighbouring values. 

The generic term for maximum and minimum is extremum 
(extreme value). 


Example. The function = tt (Fig. 267) has 


a maximum at the point x—0 [ the point A (0, 3 is 


higher than all neighbouring points | 


and a minimum at the point x—2 
[the point В (2, —1) is lower 
than all neighbouring points]. 
Note. |n ordinary language, 
the expressions “maximum” and 
“greatest quantity” are synonymous. 
In analysis, the term “maximum” has 
b a narrower meaning: the maximum 
ofa function need not be its greatest value. Thus, the function 


1 
П) = 0—4 (see Fig. 267), if considered, say, in the 
interval (—1, 4) has a maximum at x—0 because near this 


point [namely, in the interval (—1, 3)] all the values of x 
are associated with values of f(x) which are smaller than 


F (0), ie. than + (in that interval the graph is located 


below the point A), Still, the maximum f (0) is not the 
greatest value of the function in the interval (—1, 4) because 
for x > 3 we have 


Fig. 267 


о) > 5 


(the graph to the right of C is located above the point A). 
However in the given interval, finding the greatest value of 
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the function is closely associated with finding its maxima 
(see Sec. 280). 
The same remark applies to minima as well. 


276. Necessary Condition for а Maximum and a Minimum 
Theorem. If a function f(x) has an extremum (a maximum 


or a minimum) at a point x—a, then the derivative at this 
point is either zero, infinite or does not exist. 


Fig. 268 Fig. 269 Fig. 270 


Geometrically, ЇЇ a graph has а maximum ordinate at a 
point. A, then the tangent at this point is either horizontal 
(Fig. 267), vertical (Fig. 268) or does not exist (Fig. 269). 
The same applies to the minimum ordinate (point B in 
Fig. 967, point А in Fig. 270, points B and C in Fig. 269). 


& x 


A 
i 
i 
@ 


Fig. 271 Fig. 272 Fig. 273 


Note. The condition for an extremum as given in the 
theorem is necessary but nof sufficient, that is, the derivative 
at the point x—a can vanish (Fig. 271), become infinite 
(Fig. 272) or not exist (Fig. 273) without the function having 
an extremum at that point. 
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—— À a Minjam 
Theorem, 11, sufficiently close му a point xs, the deri 
vative /' s tive on the left of a and пабу on the 
right i 274), then at the point 11511, хага, the 
ор a maximum prov that / (x) is conti- 


Ks м 


Pig. 108 


11, on , the derivative f" (x) is ive on 
EET a pati we on the right (Fig. 275), 1 ол 
the point a provided that It is continuous 


S A иин ш ve passes from incr 
aloes, i| 21 maximum; when 


ita when the 
чтүү t and on the jelt of 


and is decreasing when the фи! 
vative is negative ‚ [It is again assumed that / (0 


TUR. Rate for Finding Maxima and. Mision. 
E E E EE 


ut tut teste 
Pe td 
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(1) Solve the equation 1—х==0. It has a unique root x=1. 

(2) The derivative f’(x)=1—x changes sign as the argument 
passes through the value x— 1. Namely, for х < 1 the deri- 
vative is positive, for x > 1, it is negative. Hence, the critical 
- value x—1 yields a maximum. The function has no other 
extreme values (see Fig. 265). 

Example 2. Find all the maxima and minima of the function 


Ро) = (— 1) (+ 1)° (0 


; Solution. This function is everywhere differentiable. We 
ave 


F()—26—1) (493-3 («— D* H= 
= (x—1) (x+ 1)? (5x — 1) 


(1) Solve the equation f^ (x) =0. Its roots (in increasing 
order) are 


(4 —l mat, 5-1 @ 


(2) Representing the derivative in the form 
i'G)-5(x4- 0? (==) (x—1) (9) 


we investigate each of the critical values. 
(a) For x «—1, all three binomials of formula (3) are 


negative, so that to the left of х= —1 we have 
Г ()=8(—)"(—)(—)= + e 
Let the argument pass through the value x,— — 1, but sup- 


pose it has not yet reached the next critical value, х= · 


Then the binomial x-+1 is positive, the two other binomials 
of (3) remain negative, and we have 


{ @=5 (4) 0—0) + @ 


Comparing (4) and (5) we see that the derivative does not 
change sign (remains positive) when passing through the 
critical value x,— — 1. Hence there is no extremum at the 
point х= — 1; here the function f (x) is increasing (Fig. 211). 


(b) Investigate the nearest larger critical value x= 5 · 
Sufficiently close on the left (ie. between x,— —1 and 


х= ғ) the derivative is positive by virtue of (5). Suffici- 
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ently close on the right between а= апі x= +1) 


the second facter is positive and ме have 


i eyes CH OEC — (6) 

Comparing (5) and (6) we see that the sign of the deriva 
tive changes from plus to minus when passing through x»—-z 
[the function f (x) passes from inc- 


reasing values to decreasing values]. 
Hence the function has a maxi- 


mum at the point x=; itis eq- 
ual to 


1 1 art з 
F=") (s+!) zl. 

(с) Investigate the last critical Fig. 277 
value, x= 1. Sufficiently close on 


the left, the derivative is negative by. virtue of (б). To the 
right of x—1 we have 


= 0969) c @) 


When passing through x=1, the derivative changes from mi- 
nus to plus [the function f (x) passes from decreasing to in- 
creasing values]. Hence at х==1 the function has a minimum, 
which is equal to 


гап=(@—1)# (141080 
Example 3. Find all the extrema of the function 


По) Ж 


. Solution. The given function is differentiable for all posi- 
tive and negative values of x and we have 


2 
A (en or 24-1). 5 7 5. 
f (9o V PT RA A y. 


At the point x=0 the function f (x) is not differentiable 
(its derivative is infinite). Therefore (see Note 1) we have two 
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2 zy " 
critical values: x;==0 and x,—-——. For x < 0, we have 


" DU үз 
MORE ve 
For 0 <х < 2. we have 
балт) 
Pe oh -— 
3 de 
For x > T we have 
у 5 
lo d =+ 
- + 


Hence at the point x—0 the function f(x) —(x— 1) YET 
has the maximum 
F(0)—0 


and at the point х=, the minimum 
2 33/4 
i (2) M 3 = — 0.33 


279. The Second Sufficient Condition 
for a Maximum and a Minimum 


When it is difficult to distinguish the sign of the deriva- 
tive near critical points (Sec. 278), one can use the following 
sufficient condition for an extremum. 

Theorem 1. Let the first derivative f’ (x) vanish at the 
point х==а; if the second derivative f” (а) is then negative, 
he function f(x) has a maximum at x=a, if it is positive, 
then the function has a minimum. For the case f” (@)=0 
see Theorem 2. 


The second condition is related to the first in the following man- 
ner. We consider f” (х) as a derivative of f’ (x). The relation f” (a) <0 
means (Sec. 274) that f” (x) is decreasing at the point х=а. And since 
F (a) 0, it follows that f’ (х) is positive for x « a and negative for 
x2» a. Hence (Sec. 277), f (x) has a maximum at x=a. The situation 
is similar for the case f” (a) > 0. 


Example 1. Find the maxima and minima of the function 


FG) =4 —#-+1 


DIFFERENTIAL CALCULUS 371 
Solution. Solving the equation 
Р (0) =2х3— 2x —0 
we obtain the critical values 
n=l, х0, x=l 


Substituting them into the expression of the second derivative 
f" (x) 6x1 —2—2 (3x?— 1) f 


we find that 
с) > 0, fPF(0«o (0) > 0 
Hence at х==—1 and x—1 we have a, 


minimum, and at x=0 a maximum 
(Fig. 278). 


It may happen that the second derivative 
vanishes together with the first; this can also 
happen with regard to a number of subsequent 
derivatives. In such cases one can make use of Fig. 278 
the following generalization of Theorem 1. 

Theorem 2. If at the point x=a, where the first derivative is zero, 
the closest nonzero derivative is of even order, 2k, then the function 
(х) has, at х=а, a maximum when p (а) < 0, and a minimum 
when [®Ё) (а) > 0. 

Now if the closest nonzero derivative is of odd order, 2k+1, then 
the function f (x) does not have an extremum at the point a; it is 
increasing when [8+1 (а) > 0 and is decreasing when [OD (а) < 0. 

Note. Theoretically, it is not precluded that at a point x=a all 
the derivatives of the tunction Le (which is not a cons ant) are equal 
to zero. !) However, this case is of no practical si ificance. 

Example 2. Find the maxima and minima of the function 


f (x)=sin 3x—3 sin x 


a -1 0 


Solution. We have 
Р (23 cos 3x-3 cos x 
Solving the equation 
3 cos 3x—3 cos х=0 
we find 


л 
х=Ё 7 


where k 1з any integer. 
Since this function has a period 2x, it is sufficient to investigate 
four roots: 
Зл 
x20, x, M. Xa MRT 


2 
1) Such, for instance, is the function considered in the last foot- 
note of Sec. 270 (р. 350). 
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Take the second derivative 
PF (x)2-9 sin 3x43 sin x 
Substituting the critical values x,, Xs, xs, ха, we find 


1" (0)=0, f (+) =12, 


P= f* (F) 
At the point PASUAR the nearest nonzero derivative is of second 
(even) order, and f” (+) > 0. Hénce, it has a minimum at x= T : 


Similarly, we conclude tha! at РШ it has а maximum | because 


2 
зл 
» {фы 
Р ( 2 ) < 0] 
The extremal values will be 
F (+) =sin 3 2-3 sin = -|-32-4 (minimum) 


F (F)=s0 3-3 sin Эй 1- (-8)24 (maximum) 


To investigate the critical values х,=0 and ху=л, le! us find the 
third derivative 


w ta 191 
are TIPS P” (x) cos 3x+3 cos x 


P” (0)=-24, P” (m= +24 
At the point x=0 the nearest nonzero derivative is of third (odd) 
order, and f^ (0) < 0. Hence, at x=0 there is no extremum. Here, the 


function f (x) is decreasing. Similarly, we conclude that at x=z as well 


there is no extremum; b i Н я ре? 
cause f" (л) > 0]. m; but here the function f (x) is increasing [ 


280. Finding Greatest and Least Values of a Function 


1. Suppose that by the conditions oi the problem the 
argument of a continuous function o varies in an infinite 
interval, say in the interval (a, +o). Then it may happen that 
there is no greatest value of the function / (х); see Fig. 279a 
where / (х) increases without bound as х >+ co. But if f(x) 
has a greatest value, then this value is definitely one of the 
extrema of the function; see Fig. 279b, where the greatest 
value of the function is f (c). 

. Now let it be given that the argument x varies in a closed 
interval (a, 6). Then f (x) definitely assumes a greatest value 
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(Sec. 221). However, this value may not belong to the extrema, 
ior it may be attained at one of the end-points of the inter- 
val (at point x=b® in Fig. 279c). 

The same goes for the least value. 

9. Let it be required to find the greatest (or least) value 
of a geometric or physical quantity which obeys definite 
conditions (see examples below). Then it is necessary to re- 
present the quantity as a function of some argument. From 


Y Y 
fi | 
! 
' 1 
! ! 
0 
"0 X, Oa ру b 


Fig. 279 


[rin (d) 


the conditions of the problem. we determine the range of the 
argument. Then we find all the critical values of the argument 
lying within this interval and compute the appropriate va- 
lues of the function, and also the values of the function at 
the end-points of the interval. From the values thus found 
we choose the greatest (least). 

Note 1. It often happens that the argument may. be cho- 
sen in a variety of ways; a lucky choice can simplify the 
solution. Allowance for the peculiarities 


of the problem can also simplify the so- a 
lution. AAE 
For instance, if within a given interval Ч 
there is only one critical value of the Fig, 280 
argument and, on the basis of some test 
i Secs. 277, 279), it should yield a maximum (minimum), 
hen even without a comparison with the boundary values of 
the function we are justified in concluding that this maximum 
(minimum) is the desired greatest (least) value. 
Example 1. In Fig. 280, the segment АВ==а is divided 
into two parts by C; on AC and СВ construct the rectangle 
ACBD. Find the greatest value of its area 5! 


1) If the end-point x=b is not considered, then over the remaining 
open interval the function f (x) will not have а greatest value. 
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Solution. For the argument x we take the length AC; then 
CB=a—x and S—x (a— x) 


The argument x of the continuous function S varies in the 
interval (0, a). 
From the equation 
dS 
di74—2x—0 
we find the (unique) critical value х=. It belongs to the 
given interval (0, a). We compute the value of S 4 =F 


and the boundary values of f (0)=0, f(a)=0. Comparing 
these three values, we conclude that + is the desired great- 
est value. 

This comparison will not be needed if we note that in the 
unique critical point x=% the second derivative of the func- 
tion S (x) is negative, i.e. (Sec. 279) the function S (x) has a 
maximum there. 

The variable rectangle ACBD always has one and the same 


perimeter (2a). Hence, of all rectangles of a given perimeter 
the square has the greatest area. 


Note 2. Most convenient of all is to take for the argument the 
distance z from the point C to the midpoint О of the segment АВ 
(see Fig. 280). Then 


AC A0 406— 5-62, CB=0B-0C=--2 


Cie) «(0 


2 
Now there is no need to seek an extremum because (+) =z? quite 


and 


obviously does not exceed | 

Example 2. Under the conditions of Example 1 find the least value 
of the area S. 

Solution. Taking х= AC for the argument, we compare the unique 


extremum (£) of the function Sex (a~x) with its value (S0) at 


the end-points of the Interval х=0 and x=a. We find that zero is the 
least value of S [in the closed interval (0, a)]. Й 
However, for х=0 and х=а we do not havea rectangle in the pro- 
per sense of the word (it degenerates into the line segment AB). If we 
consider only “real” rectangles, then the end-points of the interval 
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(0, а) ought to be excluded and then S does not have a least value 
[in the open interval (0, a)]. 

Example 3. Find the least and the greatest values of the 
semiperimeter p of a rectangle having a given area S. 

Solution. Denote the sides of the rectangle by x, y. It is 
given that 

xy=S (1) 

(x and y are positive quantities). It is required to find the 
least and greatest values of the quantity 


p=x-+y (2) 
Take x for the argument; then 
p= x (3) 


The argument x varies in the infinite interval (0, + c) (the 
end-point x—0 is excluded). In this interval the function 
p(x) is continuous and has the derivative 


dp S 
gai e 
From the equation 
S 
1-5 =0 (5) 


we find the unique (in this interval) critical value 
x=VS 


а From (4) it is seen. that for 0 < x« y5 the derivative 
d. is negative and for x > V S it is positive. Hence (Sec. 277) 
it has a minimum. Since this minimum is the only one (see 
Note 1) it is the least value of the semiperimeter: 1) 


рьһ=Ү`8-+-у 2V 5 (6) 


1) The problem may be solved without finding the extremum. 
Equalities (2) and (1) yield Di (e yy m (x M) xg m QC и)*+45. 
Since 4S is a constant and the least value of GTN is zero (when x=y), 
it follows that the least value of р? is 4S; hence, the least value of p is 
2Y's. 

This method is simpler (in that it does not require higher mathe- 
matics) and is shorter. But it is based om guesswork, and in that 
sense it is more difficult than the general method given above. 
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i.e, of all rectangles of a given area S the square 
(х= V S, y=V S) has the smallest semiperimeter. 

The quantity p does not have a greatest value since the 
given interval (0, +œ) is open. 

Example 4. Find the least amount of tin to be used in 
making a cylindrical tin can with a volume of two litres 
(V = 21, theextra material for seams is not taken into account). 

Solution. Let the surface of the can be S, the radius of 
the base г, the height Л. It is required to find the least value 
of the quantity 


S=2nrh-4-2Qnr? (7) 
provided that 
nr*h —V (8) 
For the argument it is convenient to take r. From (7) and (8) 
we find esed 
5=2 (+ a) (9) 


where the argument varies in the interval (0, o»). From the 
meaning ої the problem it is clear that the quantity S reaches 
a least. value somewhere inside this interval. It is therefore 
sufficient to consider the values of the function at the critical 


points. 
Solve the equation 
5 (= +2ar)=0 (10) 
Its sole root 
S/W 
1=V s (11) 


corresponds to the least value of S. From (8) and (11) we get 
jah 

=т= E =2r, that is, the height of the can must be 

equal to the diameter of the base. The least amount of tin 

required to make the can is then 


Spin 2n (rh 4- r9) —6n72—3 $/2xV* я 879 cm? 


Example 5. (Descartes! paradox). In 1638 Descartes received 
(through M Mersenne) a letter of Pen where Fermat gave without 
prooi a rule which he had discovered for finding extrema. Translate 
nto modern language, the Fermat rule reduces to finding the values 
ДИР mpe the derivative f’ (x) of the function f (x) under considera- 
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In a return letter Descartes described the following example which 
he believed proved the Fermat rule to be erroneous. 
Let there be given a circle 


xi уг? (12) 
(Fig. 281) and a point A(-a, 0) distinct from the centre (that is, 
а = 0). It is required to find on the circle (12) a point that is closest 


to A. The square of the distance of an arbitrary point M (х, y) from 
the point A is given as 


AM?#=(x+a)?+y* (13) 
Now if M lies on the circle (12), then 
2-2-2 
so that , 
AM?z (xa) vri-x* 


In order to find the value of x which minimizes the gun AM?, 
Descartes followed Fermat's rule and obtained the absurd equality 
а=0. 


Fig. 281 Fig. 282 


Yet, geometrically, it is clear that the desired point exists and 
coincides with the point P (—r. 0). From this Descartes concluded 
that the test for the minimum was incorrect. Actually, the point 
P (х= -r) is not revealed for a different reason: the least value of АМ? 
corresponding to it is nof a minimum. Indeed, x varies only in the 
interval (—г, +r). The function at hand assumes its least value at the 


pier О at a distance ОА=а=360 metres; the point of destination Bis 
at a distance of OB=0=420 metres from the pier. What is the best 
result that can be obtained by a participant if he covers 90 metres 
per minute swimming and 150 metres per minute running? 

Solution, Let the swimmer land at point M, a distance OM=<x 
from the pier. It will suffice to consider the variation of x in the 
interval (0, 5).!) 

The time і (in minutes) spent in covering the distance AMB is 


Маъ х? b-x 
a box 14 
30 * 180 n 


1) It is senseless for a swimmer to get to the shore outside OB 
because it takes longer to swim to B’ than to B and he would have to 
run the distance between B’ and B. 
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Here, a=360, 6=420, It is required to find the least value of the 
function ¢ in the interval (0, 5). 


We have 
dt x 1 
ы үнд а ыл И! iet а 15 
dX 90 Уаз хі 150 NC 
Solving the equation 
22 uncle Zo (16) 


90 Var хі 15 


we find the sole critical value xed a=270 metres. This value lies in 
the interval (0, 6) under consideration. Since the second derivative 


ZUR IN EE A аа 
ах? 90 dx (=== j 90 Y (a*xx1) 


at the point xed а (as at all other points) is positive, it follows 


[су 279, Theorem 1) that we have a minimum at this point. Since 
his is the only minimum (see Note 1), it yields the desired least value 
of the function f: 


as Nr 3 

2 = е4 
y a (22) boa 
150 


The path of the swimmer is shown in Fig. 282 by the dashed line. 

Example 6a. Solve the same problem as in Example 6 but with 
b=420 metres changed to 5-225 metres 
(Fig. 283). 

Solution. It suffices to consider the va- 
tiation of x in the interval (0, 225). Since 
the root x=270 of Eq. (16) lies beyond 
this interval, the function £ now has no 
minimum inside the interval. The least 
value is assumed at the end-point x=b= 
=225. Here, 


past 
~~ 90 
The swimmer has to swim directly to the finishing point. 


Note 3. When solving this roblem, we considered, as common 
sense suggests. the variation of the argument x of the function 


=6 (minutes) 


=4 min 43 sec 


Fig. 283 


poate at b- x (14) 
90 180 


(where a=360, 6=225) only in the interval (0, 225). 

But we could have extended the range of the argument and consi- 
dered, say, the interval (0, 325). Then, reasoning as in Example 6, 
we would have found that the function (14) has a minimum at x=270 
[because this point lies in the interval of interest, is the sole critical 
value of the function (14), and minimizes the function]. 
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From this it would seem possible to conclude that the swimmer 
ought to swim to point D, № ich is at a greater distance than the 
finishing point B, but this is manifestly absurd. 

The mistake stems from the fact that the function (14) expresses 
the dependence oi / on x only over the interval OB, whereas on the 
segment BC the dependence is expressed by 
the formula 


ju, ЛЕ х—Ь 
272780 150 

(see schematic graph in PE 284). 
When x=6 both formulas (14) and (14^) 
yield the same value, so that the function 
1(x) is continuous only at x=b, bui the O| 700 200 300 400 20 Xm 


derivative a does not exist at х=. For Fig. 284 


this reason, the point x=b is now a critical 
point of the function ¢ (x) (cf. Sec. 278, Note 1). There are no 
other critical points in the interval (0, 325). 


(147) 


281. The Convexily of Plane Curves. 
Point of Inflection 


__ А plane curve L is called convex at a point M (Fig. 285) 
if in a sufficiently small neighbourhood of M the curve L 
lies on one side of the tangent MT (the direction oj concavity 
of L). The opposite side is called the direction of convexity. 


Y 1) 
K И A 
1 
Lu 
Ш 0 а X 
Fig. 285 Fig. 286 Fig. 287 


li the curve L near the point M lies on both sides of the 
tangent MT (Fig. 286), then М is called a point of inflection 
of the curve L. 

When passing through a point of inflection, convexity 
lurns to concavily and vice versa. E 

, Let L be given by the equation у=} (x). If the derivative 
f(x) increases at the point x=a, then L is concave up 
(Fig. 287), if it decreases, then it is concave down (Fig. 288). 
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Now if the derivative f'(x) has an extremum at x—a (Figs. 
289, 290), then the curve L has a point of inflection there, 


Fig 288 Fig. 289 Fig. 290 


282. Direction of Concavity 


1. ff the second derivative )” (х) at a point х-=а is posi- 
tive, then the curve y=f (x) is concave up, if th» derivative 
is negative, then it is concave down (schematic figure 291). 

Puce 1f ^ (a) » 0, then F (x) is increasing at x=a (Sec. 274); 


hence (Sec. 281) the concavity is up. The reasoning is similar for the 
case f” (а) < 0. 


2. Let the second derivative }”(х) be zero, infinite or 
nonexistent altogether at the point x—a. 


Fig. 291 Fig. 292 


Then, if in passing through x—a the second derivative P 
changes sign, the curve y=f(x) has a point of inflection 
there (Fig. 292). But if /"(х) does not change sign, then the 
curve y= IQ is concave in the appropriate direction (see 
Item 1) (cf. Secs. 277 and 281) 

Example 1. The curve 


y = 3x4 — 4x3 
(Fig. 293) at point A one p) is concave up, but at point 
B [n qm it is concave down because the second deri- 
vative 
y" = 36x? —24x = 12x (3x—2) 


e SL 
!) It is assumed that It exists near point a. 
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is positive for x= — 4 [both factors 12x and (3x —2) are ne- 


=|— 


gative] and negative for x= 


At point O (0, 0), where y”=0, we have an inflection be- 
cause when passing through х==0 the second derivative chan- 


ы 


Y 


0 1Х 
Fig. 293 Fig 294 


ges sign from plus (for х < 0) to minus (for x > 0). To the 
left of O the curve is concave up and to the right it is con- 
cave down. X 

Example 2. The curve y —x* (Fig. 294) at the point O (0, 0), 
where у" = 0, is concave up because when passing through 
x=0 the function y^—12x? preser- 


ves the plus sign. 
1 


Example 3. The curve y-—x? 
(Fig. 295) has an inflection at the 
point O(0, 0) where the second 
derivative is infinite, because in pas- 
sing through x=0 the second deri- 

5 


Fig. 295 


vative y"= + $r T changes sign 
from minus to plus. To the left of O the curve is con- 
cave down and to the right it is concave ир. 


283. Rule for Finding Points of Inflection 


In order to find all the points of inflection of a curve 
y=} (x), it is necessary to test all those values of x for which 
the second derivative /"(x) is zero, infinite or nonexistent 
(inflections are possible only at such points; Sec. 282). 
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If in passing through one of these values, the second de- 
rivative changes sign, then the curve has a point of inflection 
at that point. If there is no change, there is no inflection 
(Sec. 282, Item 2). 


Example 1. Find the points oi inflection of the curve 
y—3x1— 4x3, 


Solution. We have 
y" = 36x? — 24x = 12x (3x —2) 
The second derivative is everywhere existent and finite; it 
vanishes at two points: x=4 and x=0. Consider the point 
x=. lf x is somewhat less than 


5 (namely, if O<x<z), then 

oe ibt.) - — "n 
if x is somewhat greater than = 
(in the given case, any number may 
be taken which is greater than i 
then 


Fig. 296 y’=12(+)(+)=+ 
Ше second derivative changes sign when passing through 
xc; hence at that point of the graph (point C in Fig. 293) 


we have an inflection. At x—0 there is also an inflection 
(Sec. 282, Example 1). 


Example 2. Find the points of inflection of the curve 


y =x +24 


Solution. We have y"—24x2 

The second derivative is everywhere finite and vanishes 
only at x—0. When passing through x— 0, the second deri- 
vative preserves the plus sign, as it does everywhere. Hence 
lhere is no inflection either here or at any other points. The 
Curve is concave up (Fig. 296). 
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284. Asymptotes 


Let point M (Fig. 297) be in motion in some direction 
along the curve L from a position Mg. If in such motion the 
distance M,M (reckoned along a straight line) increases 
without bound, than we say that the point M recedes to in- 


finity. 
Definition. The straight line AB is called the asymptote 


of curve L if the distance MK (Fig. 297) from M (on L) to 
the straight line AB tends to zero as M recedes to infinity. 


(4 о 


Fig. 297 Fig. 298 


Note 1. The distance from M to АВ may be measured 
over any constant direction MK’ and not only along the per- 
pendicular because if MK — 0, then MK‘ — 0 as well, and 
vice versa. 

Note 2. The definition, given in Sec. 46, of the asympto- 
tes of a hyperbola (U’U and V'V in Fig. 298) fits the general 
definition given here. А 
. Note 3. Not every line along which a point recedes to 
infinity possesses an asymptote. For instance, neither the 
parabola nor the spiral of Archimedes has asymptotes. 


285. Finding Asymptotes Parallel 
to the Coordinate Axes 


l. Asymptotes parallel to the axis of abscissas. To find the 
horizontal asymptotes of a curve y=f (x), seek the limits of 
Р(х) as x — -+o and as x — — %. 

If lim #(x)=b, then the straight line y=b is ап asymp- 


X0 
tote (in the case of infinite recession to the right; Fig. 299), 
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и lim f(x)=6', then the straight line y—b' is an 


х» — 0 
asymptote (in the case of recession to infinity on the left; 
Fig. 300). 
It f(x) does not have a finite limit either as x— +o 
or as х-—»— œ, then the curve y—/ (x) has по asymptotes 
parallel to the x-axis. 


ў Y 
3 
Ц —À 
Ü X 0 X 
Fig. 299 Fig. 300 


Example 1. Find the asymptotes of the curve y=1+ e” 
which are parallel to the x-axis. 

Solution The function 1-+e*, as x — -- oo, does not have 
a finite limit [ lim (14-ех) = 4- oo] and tends to unity as 


х» + 0 


х —-— © Therefore, the 
straight line y=! is an asy- 
mptote in the case of reces- 
sion leftwards (Fig. 301). 


Fig. 301 Fig. 302 


Example 2. Find the horizontal asymptotes of the curve 
y — arctan x. 
Solution. We have 


nee s л 
lim arctan х=5 š lim arctan x=— 7 
к» + xe- о 


The straight lines у= 5, у= —5 are asymptotes (Fig. 302). 


2. Asymptotes parallel to the axis of ordinates. To find the 
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vertical asymptotes of a curve y—í[(x) it is necessary to 
find those values xj, Xs, Xa ... of the argument x, where 
f(x) has an infinite limit (one-sided or two-sided). The straight 
lines х=, X—Xg, Ха, ... Will be the asymptotes. if 
f(x) does not have an infinite limit for any value of x, then 
there are no vertical asymptotes. 

Example 3. Let us consider the curve y=Inx (Fig. 303). 
The function In x has an infinite limit on the right as x — 0 


Fig. 3089. . Fig. 304 


x0 
nates) serves as asymptote in the case of recession to infinity 
downwards. 

Example 4. Find the vertical asymptotes of the curve 


"8-98 
m 


( lim Inx--— oo. The straight line x=0 (axis of ordi- 


2x 
xt-4 


Solution. The function hasan infinite limit as x — 2 


and x—— 2, 
Hence the straight lines 


x—2 and x——2 


(AB and A'B' in Fig. 304) are asymptotes. The straight line 
AB serves as asymptote to two branches, UV and KL. Along 
the first, the recession to infinity is upwards, along the second, 


A 2x Y ыла 
downwards (because Er wast and "P a 


=—o) . Similarly for the straight line A’B’. 
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Note that the straight line xO serves as horizontal 
asymptote (for the branches UV and U’V’) (cf. Item 1). 


286. Finding Asymptotes Not Parallel 
to the Axis of Ordinates 1) 


To find the asymptotes of a curve y=f (x) which are not 
parallel to the y-axis, it is necessary first to seek the 


lim 100 as x—+-+o and as x —— оо. If there is no finite 


limit in both cases, then there are no asymptotes. 


Fig. 305 


But if lim We, then one must seek lim [f (х) — сх]. 


Xo х- +0 
If this limit is equal to d, then the straight line у==сх +4 
is an asymptote in the case of recession to infinity on the 
right. Similarly, if lim Ha) et and lim [f (x)—c’x]=d’, 
х= —Ф x>- 0 
then the straight line y=c'x+d’ is an asymptote in the case 
of recession leftwards. i Е 

If the quantity f (х) —cx [or f (x) —c'x] has no finite limit 
as x—>+-++o [as x — — оо], then there is no corresponding 
asymptote. 

The i — (ex d. t 1 deviation LM 
rg Pos athe giver e uf anapita АВ, the equation d 
which is у=сх+@. " 

И, as х + о, this expression does not change the plus sign from 


some instant onwards, then the point M approaches the asymptote AB 
from above (Fig. 305a), if the Haus sign en from below (Fig. 305b). 


1) The method described here reveals, for example, horizontal 
asymptotes (if they exist). But if we are interested only in horizontal 
asymptotes, then it is simpler to use the method of Sec. 285, Item 1. 
The method given here does not reveal vertical asymptotes. 
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EU n changes, then the point M oscillates about the asymptote 
(Fig. c). 
The same goes for the asymptote y=c'x+d’. 


Example 1. Find the asymptotes of the hyperbola 


2 
o_o) (1) 
Solution. Eq. (1) is associated with two single-valued 
functions: 
y—5 Y 3i—9 @ 
and 
y-—$ y3—9 (3) 


Consider the first (to it correspond the infinite branches AN 
and A'K', Fig. 306). We have 


lim 2—2 Varaan D 

РЕЈА 3 Ps 3 ( 9 

Further, 

lim (y—cx)— 

Xo 

— lim (2 x3—9—2 x)=0 (= 

25 rs 3 x) oc 2 Fig. 306 


Consequently, the straight line yaar is an asymptote to 
the branch AN. 
The expression их. Уыз x preserves the minus sign 


re Therefore the branch AN approaches the asymptote from 
wW. 


Then we find 
у За з 
Ju f BE 
lim (y—c'x)— lim (i 09—9-2:)=0 (zd) 
Z>- O x>- 0 


Thus, the straight line у=—х is an asymptote of the 


branch A’K’. 
The expression E Yyx-$4«2 x preserves the minus sign as х» – 0. 
Therefore, branch A'K’ also approaches the asymptote from below. 
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Investigating the function y= —4 V x?—9 in this fashion 
(to it correspond the branches AK and A'N'), we find that 
the straight line y= х is an asymptote to the branch AK, 


and the straight line y-$x is an asymptote to the 
branch A'N'. 


Each of the branches AK, A'N’ 
approaches its asymptote from 
04 


Example 2. Find all the asy- 
mptotes of the curve 


x | pu 
Ur E 


Fig. 307 


The function Fox does not have an infinite 


limit for any value of x. Consequently, there are no asymp- 
totes parallel to OY. To find asymptotes not paralle’ to OY, 
we first seek 


fe 


е2-е-2 1-0-2 


ot a ni tec His prec] pss 
and then 
$ i -2xe—-? " 2x 
pim th (x) "jas lum oa yug т-с lim. quio (—4 


Consequently, the straight line y—x is the asymptote of the 
right infinite branch. Computing the same limits as x >— ©, 
we find c'—— 1, d'—0, i.e. the left infinite branch has the 
asymptote y— — x (Fig. 307). 


287. Construction of Graphs (Examples) 


The graph of a function given by the formula y=f(x) 
is constructed by plotting points which are then connected 
by a smooth curve. However, if the points are taken hapha- 
zardly, one can easily make mistakes. ? 


0 Thus, if we construct the graph of the lunction yaptey x 


Х(х—1)* (see Fig. 308 below) by plotting the points F, B, L, K 
which correspond to the values of the argument —2.5, —0.8, 0, 1.5), 
he graph will be completely wrong on the segment FB. 
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In order to draw the graph with extreme accuracy when 
only a few points are employed, it is useful first to deter- 
mine its characteristic features. To do this, one has to: 

1. Establish in what region the function f(x) is defined 
and whether it has any discontinuities. Take into account 
the sign of f (x) on the right and on the left for every infi- 
nite discontinuity; we obtain the vertical asymptotes of the 
graph (Sec. 285). 

2. Find the first and second derivatives f’ (х), f” (x), and 
also determine whether there are any points where ]'(x) or 
|" (x) is nonexistent. 

3. Find all extrema of the function f (x) (Secs. 278 and 
279); we obtain the highest points of crests and the lowest 
points of troughs. 

4. Find all points of inflection (Sec. 283) and the incli- 
nation of the tangent line at these points. 

5. Establish the existence of horizontal and inclined 
asymptotes (Sec. 286) if the range of the argument is infinite. 

It is useful to tabulate these findings as they are obtai- 
ned (see examples). Transferring them to a coordinate grid 
yields a general picture of the graph. A few intermediate 
points will suffice to yield a curve of sufficient accuracy. 

Example 1. Construct the graph of the function P 


te=- (+2) к—1Ў 


1. The function is defined and continuous everywhere, 
there are no vertical asymptotes. 
2. We find 


Р) = &+2) 6 D* Or +4), 
f" (x) = (x — 1) (10x?4- 16x-- 1) 
Both derivatives are finite and exist at all points. 
3. To find extrema, solve the equation Р (x) 0. We find 
the critical values 
ху=—2, җ=-— 0.8, Xg—1 
Enter these values in the table and also enter the cor- 
Tesponding values of the function 


[G)—0, [= — 4.20. }(х)=0 


D An advisable procedure is to compile а table while reading the 
examples. 
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Put zeros in the y’ column. 

It is convenient here to use the second derivative to exa- 
mine for extrema, and so we postpone the investigation till 
Item 4. 

4. To find the points of inflection, solve the equation 
f” (x) —0, which yields the earlier found value x,—1 and, 
besides, 

X, — 1.5, x, — 0.07 


Enter these values and also the corresponding values of the 
function and its first derivative: 


[&9——20, Р) = —23, 
F&)——55, f (x5) =4.0 


Put zeros in the y” column. 


ee 


LN | SIA | 
ИШЕ EIN 
AIT LL | 
EYEE 
LE. dele | 


Fig. 308 Fig. 309 


Determine the sign of /” (х) prior to and after transition 
through each of the values 


Эя 


and enter them in the appropriate places ої the table. For 
exam le, in the third row of the y" column the entry —0+ 
signifies that f” (x) changes sign from minus to plus as it 
passes through х= хз from left to right. Since the second 
derivative changes sign at each of the points xy, ха, Хь, We 
have an inflection at each of the three points. 
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Now determine the signs of /"(x) at the critical points 
3,—— 2 and x4 —— 0.8: 
F(-2)«0, fl'(—08)20 

In the first row of the y" column put a minus sign, and in 
the second a plus sign. We have a maximum for x—x and 
a minimum for x—x. 

5. There are no horizontal or inclined asymptotes because 
lim — оо. : 

In Fig. 308 we plot the points we have found (A, B, C, 
D, E) and indicate the directions of the tangents. Adding 
another three points, x,—-— 2.5, x5—0, x4—1.5 (F, L, К), 
we obtain a rather exact graph of the function. ^ 


Point 


Extremum, 
Labels 


Number 
Inflection 


of Point 


1 -2 0 0 - maximum A 
2 -0.8 | -4.2 0 + minimum B 
3 1 0 0 -0+ inflection с 
4 -1.5 | -2.0 | -5.5 | -0+ | inflection D 
5 -0.07| -2.3 4.0 | +0- inflection E 
6 -2.5 5.4 | 26 F 
7 0 -2 4 L 
8 1.5 0.8 5 K 
1 (x-1) 


Example 2. Construct the graph of the function y= 7- (тту. 
1, The function is defined and is continuous everywhere 
except at x—— 1 where it has an infinite discontinuity. The 
function has a minus sign both on the right and on the left 
of the point of discontinuity (in the column y we write — oo). 
We obtain the asymptote х==— 1. Both infinite branches are 
directed downwards (Fig. 309). 
2. We find 5 i 
1 (x-1)? (x5) EN = 
peg : G-D ? f= (х+1)* 
Both derivatives exist at all points except at the point of 
discontinuity. 
3. The equation f’ (x)=0 has two roots: 
x,2—5, x—l 
The corresponding values of y are 
yı=— 6.75, yi—0 


392 HIGHER MATHEMATICS 


From the sign of f'(x) near the critical points (see table be- 
low) we see that there is a maximum at the point x=—5 
and there is no extremum at х= 1. 

4. The equation y"(x)=0 has a unique root x,—1; the 
sign of the second derivative (see table) indicates an inflec- 
tion there. 

5. We seek inclined asymptotes; we have, as x —-i- oo and 
as x —— 00, 


r 1 : 1 5 
lim IL lim (#—т*)=— aa 


Hence, the straight line y—X—33 serves as asymptote 
for two infinite branches. 


The right branch lies above the asymptote, the left below, since 


the expression y— Te preserves the plus sign as x -»--o and 
the minus sign as x ~ – о. Incidentally, this is evident from the draw- 
ing too when the points C, D, E, F, K, L are labelled. 


Extremum, Point 


Inflection, 
4 Discontinuities Labels 


rit 
Owoovo-o- 


discontinuity 
maximum 
-0+ inflection 


1 
2 
3 
4 
5 
6 
7 
8 
9 


ыы» 


288. Solution of Equations. General Remarks 


Algebraic equations of first and second degree are solved 
by the familiar formulas of algebra. For equations of third 
and fourth degree, the formulas are complicated, and the ge- 
neral equation of the fifth degree or a higher degree is not 
solvable in terms of radicals. However, both algebraic and 
nonalgebraic equations can be solved to the required accu- 


racy if rough approximations are first found, which are then 
gradually refined, 
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А rough solution may be found graphically by one of the 
following methods. 

First method. To solve an equation f (х) =0 construct a 
graph of y=f (x) (see Sec. 287) and read off the abscissas of 
those points where the graph intercepts the x-axis. 

Example 1. Solve the equation x3 — 9x3 -- 24x —18—0. 

Construct (Fig. 310) the graph of y — 3x3 — Ox? + 24x — 18; 
take the abscissas xi = 1.3, X973, Ха==4.7. Substitution will 
show that the second root is exact, the first and third are 
approximate. 


Y 


Fig. 310 Fig. 311 


Second method. The equation MOT: may be given in 
the form f, (x)= fs (х), where one of the functions f, (x), fa (x) 
is arbitrary. The arbitrariness is utilized so as to be able to 
construct the graphs of y—/, (x) and y-fs (x) in as simple 
a manner as possible. Find the points of intersection of the 
graphs. Reading off their abscissas, we get approximate values 
of the roots of the equation f (x)=0. 

Example 2. Solve the equation 3x—cos x— 1 —0. 

Sy Give the equation in the following form: 


Зх — 1==с05 x 


Construct, as shown in Fig. 311, the graphs of the functions 
у=3х—1 and y=cos x. They intersect in one point. Taking 
the abscissa, we get the approximate root x; —0.6. 


Secs. 289 to 291 indicate three methods for refining roots. They 
require that the desired root x be isolated, i.e. that some interval 


& b) (interval о} isolation) be known to contain. x and not to con- 
ain any other roots of the equation. The end-points a, b are them- 
selves approximate values of the root (in defect and in excess). They 
may be found graphically by one of the above-indicated methods. The 
smaller the interval (а, 5), the better. 

Example 3, Isolate the roots of the equation xi-9x*424x-18z0, 
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From the rap (Fig. 310), if it is a rough sketch, we read off 
the interval of isolation (1, 1.5) for the least root. In a more exact 
construction we get a smaller interval, say (1.2, 1.4). For the largest 
root we get the interval (4.6, 4.8). The root x=3 does not need to be 
isolated since it is exact. 

Note. There are special methods of solving algebraic equations. 
Lobachevsky's method is worthy of particular mention: it permits, 
by means ol algebraic operations on the coefficients of the equation, 
finding all roots, including imaginary ones, to any degree of accuracy. 

Lobachevsky's method does not require separation of roots. 


289. Solution of Equations. Method of Chords 
Suppose a function f(x) has opposite signs at the end- 


points of an interval (a, b) (Fig. 312). If f'(x) preserves 
sign” in (a, 6), then there is a unique root x of the equa- 


Fig. 312 Fig. 313 


lion / (x) —0 within the interval [if |^ (x) changes sign, then 
there is also a root, but it may not be the only one]. 

For the first approximation of the root x take the point 
x=x, where the chord AB (Fig. 313) intersects the x-axis: 


=g -ofla 1 
“=a (Oly o 
or, what is the same, ? 
р b-a FO) : 2 
a=b f e-re e 


!) This means that on AB the curve of the graph is everywhere 
up or everywhere down. 


*) In symmetric form som ODD, but formulas (1) and (2) 
are computationally more tonveniont. 
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Then compute f(x,) and take that one of the intervals 
(a, ху), (х1, 6) at the end-points of which f (x) has opposite 
signs [the interval (x, b) in Fig. 313]. The required root 
lies in this interval. Applying a formula similar to (1), we 
get the second approximation хз. Continuing the process, we 
obtain a sequence Xj Xa «sin п» ei the limit of this 
sequence is the required root x. 

The following is a practical procedure for determining 
the degree of approximation. Let it be required to obtain an 
accuracy up to 0.01. We then stop at the approximation x, 
which differs from the preceding one by less than 0.01. Inci- 
dentally, it may be (though this is highly improbable) that 
the accuracy will prove to be in defect, The guarantee will 
be complete if we are convinced that f(x,) and f (£n + 0.01) 
have opposite signs. 

Example. The function f (x) x3 — 2x3 —4x—7 has oppo- 
site signs at the end-points of the interval (3, 4): 


f (3)=—10 <0, [(4)—9 20 
The derivative f^ (х) —-3x1—4x— 4 preserves the plus sign 
over the interval (8, 4). Hence, within (3, 4) there is one 
root of the equation 
x3—9x1 —4x—1—0 
Let us find it to within 0.01. Formula (1) yields 


: 1-(7 10 10 
х= 3— 1007—3419 = 3.53 
We now compute 
f (3.53) x —2.05 

Of the two intervals (3, 3.53) and (3.53, 4) we choose 
the mM because the signs of f(x) are opposite at the end- 
points. ` 
We find the second approximation: 


te 0.47+f (3-53) 0.47:2.05 _ 
xa=3.53— F=f (3-53) = 3.53 +—TT05 3.62 


The value of 


F (3.62) = — 0.24 
is negative, and so we take the interval (3.62, 4) and find 


0.38.0.24 
Хз = 3.629331 = 3.68 


and 
f (9.63) =— 0.04 
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As the computation proceeds we should expect that x, will 
differ from xa by less than 0.01 and that Xs yields the desi- 
red approximation. Since to obtain a complete guarantee, we 
will compute f (3.64) anyway, we will not determine x, and 
straight off find 


f (8.64) —0.17 


The signs of f (3.63) and F(3.64) are opposite, and so x; 
is the desired approximation. 


Note. The method of chords, like all methods of successive 
approximation, "does not fear errors". an error in an intermediate 
computation will automatically be rectified in the next step. But the 
final computation must be carried out with extreme care. To avoid 
errors in rounding off operations, it is useful to retajn extra digits. 


290. Solutlon of Equations, Method of Tangents 


At the end-points of the interval (a, b) let a function f(x) 
have opposite signs (Figs. 314 and 315), and let the deriva- 
lives Р (x), f” (х) preserve sign in the interval (a, b). 9 To 

Y 


Fig. 314 Fig. 315 


find the root x which lies inside the interval (a, b) (Sec. 289), 
do as follows. 

At the end of the arc AB where the signs of f(x) and 
f" (x) are the same, 2 draw a tangent (BK in Fig. 314, AL 
in Fig. 315). For the first approximation of the desired root, 
Eaa ада 

1) That is, on segment АВ the curve of the graph is always up or 
always down and everywhere concave up or concave down 


.. ") At the upper end if АВ is concave up, and the lower end if AB 
is concave down, 
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lake the point x—x;? where the tangent crosses the x-axis. 
If the tangent is taken at the point x=b, then 


, b 
xii 10) 0) 
but if it is taken at x—a, then 
bud f(a) 
“1 =0—F gy e 
In both cases the second approximation is found by the formula 
RSS 
=% 7 б) 
=e @) 
Continuing the process we find, in 
succession, xj, Xa, Хз›... (Fig. 316). 


The sequence has as its limit the req- 
uired rootx. The degree of approxima- 
tion may be determined in the same 
way as in the method of chords. 

Note 1. If a tangent is drawn Fig. 316 
at the end of the arc where f(x) and 
Р (х) have opposite signs, then x, may go beyond the 
interval (a, b) and thus worsen the approximations (Fig. 317a). 


Fig. 317 


Note 2. 18 |" (x) changes sign in (a, b), then the tangents 
at both ends of the are can cross the x-axis outside the inter- 
val (Fig. 317b). | 

Example. Compute to within 0.01 the root of the equation 

f (х) 238 — 2:32 —4x — 1 —0 
which lies (see Example, Sec. 289) in the interval (8, 4). 


——————— 

1) The labels ху, xp, ... are used to distinguish approximations 
Obtained by the method of tangents, from the approximations 
X Xa o... obtained by the method of chords. j 
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Solution. We have 
[(3)——10, f(4—9, 
f)-—3x3—4x—4, P (x) =6x—4 


Both derivatives preserve the plus sign in the interval 
(3, 4). And so we take that end of the interval where f (x) > 0, 
i.e. b—4. From formula (1) we find the first approximation: 


Then we find 
f (3.68)=1.03, /'(3.68)— 21.9 


and from formula (3) we obtain the second approximation: 


15 —9.68— р om =3,68—0.047—3.633 (in excess) 

Subsequent approximations will be less and less, but as 
we proceed in the computations it may be foreseen that 
further refinements of the root will not affect the hundreds 
digit. We therefore confine our computations to f (3.633) and 
F(3.630). This yields 


F (3.633) — 0.020, f (3.630) = — 0.042 


so that (to an accuracy three times that required) x—3.63. 


291. Combined Chord and Tangent Method 


Carrying out the conditions of Sec. 290, we see that the 
approximations of x, (by the method of chords) and the 
approximations of Xn (by the method 
of tangents) approach the root x from 
opposite directions (the former from 
the direction of concavity, the latter 
from the direction of convexity of the 
graph; see Fig. 318). A joint applica- 
tion of the two methods yields, at 
once, excessive and defective appro- 
ximations, and the degree of accuracy 
estimated directly. 

Let а be that end of the interval 
Fig. 318 (а, 6) where the signs of f(x) an 
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f (x) are the same. Then by formulas (1), Sec. 289, and (2), 
Sec. 290, we find P 


ШИГЕ YE ata 
n= fay Та Fe (0 


The required root lies between x, and xi. Here f (x1) has 
the same sign as [” (х1) (see Fig. 318). Hence we can again 
use formulas (1) of this section by 


substituting x, for a and x, for b. 
This yields the second approxima- 


tions: 

(к=) f C) 
ТЖ АН: 
ЖО: 


X$—31—7 7 
f (х) 

Use the same formulas for com- 
puting xs, substituting їп them хз 
for x, and xa for x, and so on. 
Continuing this process we find x Fig. 319 
to the desired degree of accuracy. 

Example. Solve the equation 2*—4x. 

By the second method of Sec. 288, we construct the graphs 
of y—9* and y=4x (Fig. 319). Besides point А, which 
yields the exact root x—4, we obtain only one point B of 
intersection. Its abscissa x lies between a=0 and 6=0.5. 


Compute x to within 0.0001. We have 
Ро) 25—4x, F (x) =2* 192—4, [^ (0) —2* In? 2, fFO=1, 
F(9.5) —— 0.586 
In the interval (0, 0.5) the first derivative preserves the 


minus sign, 9 the second derivative, the plus sign. To com- 
pute ху, take the end-point a—0 because the signs of f (x) 


" 
Xg—X1— 


1) For th nd /” (x) are the same at 
е case when the signs of fava il S are ihe formula 


the end-point 6, the second formula i 
=) ED (5) 
* (b) 
*) From the figure it is clear that in the interval (0, 0.5) the 
Inclination of у=2® is less than that of the graph y—4x- 
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and /"(x) there are the same. We find 
(Ва) | (a) __ 0.5.1 


= оа): 06861.75 0.316 (in excess) 
(RES а) __ CEN 1 -€ i 
xma Fay = — 4 —— Teose- ^ 0.909 (їп defect) 


Using five-place tables of logarithms, we obtain 


F (0.302) — 0.0249, f’ (0.302) = —3.14544, 
F (0.316) — —0.0191 


This yields the second approximations: 
sd ...0.014-£(0.302) — — ee 
(in excess) 

ode £ (0.302) _ a А t 
x, =0.302— F (0.30) —0.302--0.0079— 0.3099 (in defect) 
The required root x lies in the interval (xz, x2) and the- | 
refore x— 0.3099 at least to within 0.5-10-*. Actually the 
accuracy is still greater (using seven-place tables of logarithms, 


we obtain, for the same values of x,, x,, the following boun- 
daries of x: 0.30990 and 0.30991). 


INTEGRAL CALCULUS 


292. Introductory Remarks 


l. Historical background. The integral calculus developed 
out of ihe need to create a general method for finding areas, 
volumes, and centres of gravity. 

In embryo, a method of this sort was employed by Archi- 
medes. However, only in the 17th century was the method 
systematized in the works of Cava- 
lieri, Ð Torricelli, © Fermat, Pascal 
and other scholars. In 1659 Barrow ? 
established a connection between the 
problem of finding an area and that 
of finding a tangent. In the seven- 
ties of the 17th century, Newton 
and Leibniz abstracted this rela- 
tionship from the above-mentioned 
particular geometrical roblems, 
thus establishing the relationship 
between integral and differential 
calculus (see Item 3 below). Й 

This relationship was utilized by Newton, Leibniz and 
their pupils to develop the techniques of integration. In the 
main, the methods of integration feached their present state 
in the works ot L. Euler. Refinements were introduced in the 
works of M. V Ostrogradsky ® and P. L. Chebyshev. 9 

2. The concept of the integral. Let a curve MN (Fig. 320) 
be described by the equation 

y=! (х) 
and let it be necessary to find the area F of the curvilinear 
trapezoid aABb. 

Divide the segment ab into n parts axy, ух, «++» Хп-10 
(equal or unequal) and construct the step-like figure shown 
—— 
1j Bonaventura Cavalieri (1591-1647) and Evangelista Torricelli 


(1608-1647), Itali holars, ils of Galileo. t 
A ee Bartow (1630-1677) English mathematician, pupil of 
on. 


New 
з) M. V. Ostrogradsky (1801-1861), celebrated Russian mathe- 


matician, 
4) P L. Chebyshev (1821-1894), great Russian mathematician, 
trail blazer in many fields of science. 
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hatched in Fig. 320. Its area is equal to 
F,,— yo (X1—a) +91 (43 — t) +--+ Yn—1(6—*n-1) (0D 
If we introduce the notations 
Xy—4-dXy, Xy—X4—dx,, ..., b—x,-1—dx,-1 0) 
then formula (1) becomes 


Fa=yo xo tyr dx «Uni хал @) 


The required area is the limit of the sum (3) as n goes to 
infinity. For this limit, Leibniz introduced the symbol 


f y dx 4) 


where f is the initial letter of the word “summa” (or sum) 


and the expression ydx indicates the typical form of the 
individual terms.) 


Leibniz called the expression | y dx the integral (from the 


Latin integralis, or whole).? k 
Fourier ? refined the notation of Leibniz and gave it the 
form А 


f ydx 6) 
a 
where the initial and terminal values of x are shown. 
3. Relationship between integration and differentiation. 
Let us consider а a constant and о a variable. Accordingly, 
we change 6 io x. Then the integral 


x 


{лод ах 

а 
which is the area аАВР for a fixed ordinate аА and a moving 
ordinate 5B, will be a function of x. It appears that the 


!) The concept of a limit had not yet crystallized, and Leibniz 
spoke of the sum of an infinite number of terms. 4 

Э This name was suggested by John Bernoulli, one of Leibniz 
рр in order to be able to distinguish the “зит of an infinite num- 
er of terms" from an ordinary sum. 

з) Fourier, J. B. J. (1768-1830), French mathematician and 
physicist, the founder of the mathematical theory of heat. 
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differential of this function is equal to / (x) dx: P 
S 
а{ f(x) de=} 6 de (6) 
a 
4. Principal problem of integral calculus. Thus, the eva- 
luation of the integral (5) reduces to finding the function 
from the given expression of its differential, The fundamen- 
tal task of integral calculus is to find this function. 


293. Antiderivative 


Definition. Let a function IW be the derivative of a 
function F (x), that is, f (x) dx is the differential of the func- 


tion F (x): 
ud f (x) dx —4F (х) 


Then the function F(x) is called the antiderivative (primi- 
tive) of the function f (x). 
Example 1. The function 3x? is the derivative of x’, 
ie. 3x? dx is the differential of the function 4°: 
3x? dx —d (x3) 


By definition, the function x? is the antiderivative of the 
function 3x?. 
Example 2. The expression 3x*dx is the differential of 


the function x9-- 7: 
3x? dx —d (8 4-7) 


Hence the function x?--7 (like the function x? too) is an 
antiderivative of the functions 3x*. | 

. Any continuous junction f (х) has ап infinity of antide- 
rivatives. |f F (x) is one of them, then any other one may 
be given by the expression F (x)+C, 
where C is an arbitrary constant. 

, Example 3. The function 3x? has an 
infinite number of antiderivatives. One 
of them (see Example 1) is x°, any 


i 1) This is evident from Fig. 321. The 
increment AF of the area aABb is the area осх 
en quu ma muU presented man the 

a sum of the area c+the area Fig. 321 
BDC. Неге, the frst. term is equal ig 
lo bB:bc—[ (х) Ах, and the second is of higher order than Ax (it is 


less than area BDCK=Ax-Ay). Hence, (Sec. 228), Г (x) Ax is the 
differential of the area F. D qu ) 
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other one is given by the expression x°+-C, where C isa 
constant. For C=7 we get the antiderivative х?--7 (Exam- 
ple 2), for C=0 we again have the antiderivative x3. 

Example 4. One of the antiderivative functions of 3x? is 
33-F7. Any other one is given by the expression х3--74-С. 
For C= —7, we obtain the antiderivative x3, 

Caution. Any antiderivative of the function 3x? may be 
represented either in the form x®+-C or x?-- 7 4-C. But these 
expressions cannot be equated because the constants C are 
үр the same. For example, the first expression yields the 
M sy ie x*--10 for C—10, whereas the second yields 
it for C—3. 

И, contrary to this warning, we equate x?--C and 
33-F7-FC, we obtain the absurd equality 0—7. However, 
we can write 

84C=8474C, 


where С and С, are constants. They are connected by the 
relation 


C=C,+7 


294. Indefinite Integral 


The indefinite integral of a given expression f (x) dx [or 
of a given function }(х)] is the most general form of its 
antiderivative. ' 

The indefinite integral of the expression f(x) dx is de- 
noted by 


"лед а 
A constant term is implied here. 


The origin of the symbol | and the name “integral” is 


explained in Sec. 299, Items 2 and 3. The word “їпде- 
finite" stresses the fact that an arbitrary constant enters into 
the кле expression of the antiderivative.! 1 
The expression f(x) dx is called the integrand expression, 
the function /(x) is called the integrand (integrand func- 
tion), the variable x is the variable of integration, Finding 


1) In contrast to the indefinite integral, the limit of the sum 
Yo doti dXi.. Un ахд (Sec. 292, Item 2) is called the de- 

ite integral. The indefinite integral is a function. The definite 
integral is a number. 
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the indefinite integral of a given function is called integra- 
tion.» 

Example 1. The most general form of the antiderivative 
of the expression 2xdx is x?--C. This function is the inde- 
finite integral of the expression 2x dx: 


{ 2x dx=x2+C (1) 
We can also write 


(adit — 5 +C, @ 


The difference in the designations of the constants (C and С, 
emphasizes that they are not the same (C=C,—5; d 
vec. 293, Caution). 

Example 2. Find the indefinite integral of the expression 
cos x dx. 

Solution. The function cosx is the derivative of sin x. 
Therefore 


f cos x dx—sin x+C 
Example 3. Find the indefinite integral of the expres- 


sion & , 
x 
Solution. The function X is discontinuous at x—0. We 
will first consider the positive values of x. Since d In х=® 


it follows that 


f 4: —Inx +C (3) 
Since d In d , we can write 
\ Zin 3x-4-C1 (4) 
The constants C and C, are connected by the relation 
C—1n3--C, 
Similarly, we can write 
dx x 


elc. The function Inx is not defined for negative values 
of x, and formulas (3), (4) and (5) are unsuitable. On the 


1) Finding the definite integral is also termed integration. 
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other hand, the function In(— x) is defined: its differential 
is also equal to =. Now we have 


Vin (—2x)4-C (6) 
and, similarly, 


dx 
&-m(-2x)4-0, {= (5) с, 
and so forth. Formulas (3) and (6) may be combined: 


{#=Injx|+c 0) 


Formula (7) is suitable for any values of х except х=0 
(cf. Sec. 295, Example 3). 


295. Geometrical Interpretation of integration 


Let f (x) be a given continuous function, and F (x) one of 
its antiderivatives. If we construct a graph PQ of the func- 
tion y=F (x) (Fig. 322), the slope of the tangent M7 will 
be expressed by the given function f (x). К 

Let F, (х) be another antiderivative of the same function 
f(x). Then the slopes of the tangents MT and M,T, (the 
points of tangency M, M, have the same abscissa x) are the 
same, ie. MT is parallel to MaGT,. f 

The graph of the antiderivative F (x) is called the integ- 
ral curve of the junction f (x) [or of the equation dy =f (x) dx]. 
The tangents to the two integral curves at the appropriate. 
points are parallel. At the same time, the two integral cur- 
ves are M vertically) by a constant distance C (MM. 
in Fig. 322) so that it is easy to construct other integra 
curves if we have one integral curve. 

Through each point there passes a unique integral curve. 

Integral curves are constructed (in approximate fashion) 
as follows. Through a number of points (see, for example, 
Fig. 323) densely populating some portion of a plane, draw 
short Moe" (or arrows) indicating the directions of the 
tangent lines. 

his gives us а "direction field" (or tangent field). Then 
draw freehand a smooth curve so that it touches the arrows 
at a number of points. The result is one integral curve. 
Others can be constructed in the same fashion. 
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Example 1. Find the integral curves of the equation 
dy —dx 


In this example, the function f (x) is the constant 1. The 
slope of all arrows is equal to unity, i.e. the inclination of 


Fig. 322 


the tangent line is everywhere equal to 45°. The integral 
curves (Fig. 323) are parallel straight lines. The equation of 


each one of them is y= f dx, ie. y=x+C. The quantity C, 
which is constant for each curve, 


varies from one straight line to 4 
another. di 
Example 2. Find the integral Hf 
curves of the function +x (that Uy 
f P 
is, of the equation ш=4-хах) ^ Wy 
In Fig. 324, along the y-axis 4A 
(х=0) take horizontal arrows 4 


(3-0); along the ordinate x=! 
take arrows with slope trot Fig. 324. 
etc. Drawing the integral curves freehand, we obtain “parallel” 
parabolas ( y= idea ee с) x 

Example 3. Fig. 325 depicts the integral curves of the 
function +. Not one of them crosses the y-axis since for 
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x=0 the antiderivatives are not defined (the function I 


is discontinuous at х=0). For this reason, only those in- 


tegral curves are equidistant from one another which lie on 
one side of the axis of ordinates. Those on the right are 
described by the equation y=Inx--C, on the left, by the 


=In(—2)+% ~ Y E Loa da A 
—— —y=lng4 
=1пт-% Y 


Fig. 325 


dr. 
equation y=In(—x)+C. The indefinite integral {= is 
expressed (for all x, except x—0) by the formula 


{ 1С 


Note. А different geometrical interpretation of integration 

is obtained if we draw the graph KL (Fig. 326) of the given 
function f (x). Let the arc KL lie enti- 

Y A, rely above the x-axis. Draw two ordi- 

A nates aA and mM. Consider the left- 
hand ordinate aA as fixed and the 

right-hand one mM аз moving. The 

area aAMm will be one of the anti- 


derivatives of the function f (х) of the 
аю tg argument х==От (cf. Sec. 292, Item 2). 
Fig. 326 Taking, in place of aA, the fixed 


ordinate 6B, we obtain another anti- 
derivative, the area bBMm. These two antiderivatives differ 
by the constant quantity C—area aABb. 


INTEGRAL CALCULUS 409 


296. Computing the Integration Constant 
from Initial Data 


Of the multitude of antiderivatives of a given function 
f(x), only one can assume the given value b for a given va- 
lue of the argument x—a. И the indefinite integral 


| FQ) ax=F (+0 
is known, then the corresponding value of the constant C is 
found from the relation 
b—F (а +С 
Example 1. Find that antiderivative of the function 
1х which assumes the value 3 when х= 2. 
Solution. We have 
praem HEC (1) 
We find the constant C from the relation 3=4 24C. It 
is C—2. Substituting into (1) we obtain the desired antide- 
rivative function 
y— x1--2 (2) 
Geometrically the problem may be formulated as follows: to 
find the integral curve of the function =~ which passes 


through the point (2, 3). The required curve is a parabola 
(Fig. 324). : 
Example 2. Find that antiderivalive of the function 


l which assumes the value = for х=—1. 
Solution. For negative x, the indefinite integral of the 
function I (Sec. 294, Example 3) is of the form 
Soin (—x)+¢ (3) 
It is given that 
т=!ш1+б (4) 
whence 
cas 
The required function in In(—94-7- To it corresponds 
the integral curve PQ in Fig. 325. 
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297. Propertles of the Indefinite Integral 


1. The sign of the differential in front of the sign of the 
integral cancels the latter: 


d È f(x) dx= f (x) dx 0 
(by the definition of the indefinite integral). 


To put it otherwise: the derivative of an indefinite integ- 
ral is equal to the integrand: 


А Ре) а=) B 
Example. 
d È аа (2-4-0) = 2x ds, (1а) 
AA 2х4к=х 


2. The sign of the integral in front of the sign of the 
differential cancels the latter, but introduces an arbitrary 
additive constant, 

Example. 


f dsin x—sin x--C (8) 


3. A constant factor тау be taken outside the sign of the 
integral: 


ало) аа S го) ax (4) 
Example. 
{ 6x de=6 fx deo (> +С) —3:2-- 60 — 3:2 +C; 
where aeu 
4. The integral of an algebraic sum is equal to the sum 


of the integrals of the summands. For three summands: 
{\һ @-Еһ (fs ла f оо а 
+» dx—Q fy (x) as 6) 


Similarly for any other (fixed) number of terms. 
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Example. 
\ (бх#—2х-Е4) dx ={ xt dx — | 2x dx-+ f 44х= 
= ($8401) +O) Oo) = 
— B84 4e+C 


where 
С=С, —С»-++С+ 


Note. There is no need, in intermediate compute iona: to 
write out the constant term for every integral. It suffices to 
adjoin it after all integrations have been performed. 


298. Table of Integrals 


If inverted, every formula of differentiation becomes a 
corresponding formula ol integration. Thus, from the formula 


dine VEFA унт Hn 
we obtain the formula?) 
vine Y anc @ 


Ої the following ten formulas the first nine are obtained by 
inverting the basic formulas of differentiation; the tenth co- 
iena with (2). Its derivation is given in Example 1, 
ec. 312. 


dea te (#0) 


1. f 

Il. ELTE 
› {erdrmer 4C 

ша. f a* ах 4С 


— 


1) The quantity x4 Vatrx* is positive for any х and, for this rea- 
son, in (2) we do not write In | x Va? x! |. 
3) Cf. Sec. 294, Example 3. 
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IV. V sin xdx= — cos xc 
V. { cos xx — sin x C 
vi. (az= —cotx+C 
Vil. {атал 


УШ. (у= arcsin x-+C 


Villa. È a —aresin +c. 


dx 
аҳ? 
IX. { т = aretan eC 
ІХа. е arctan +400 
X. Se ee VF EA С 


These formulas skould be memorized (in each of the three 
pairs of formulas 111, VIII, 1X, only one need be remembe- 
red, the one labelled Fan). 

In formula 1Xa, unlike Уа, the arc sign is preceded by the 
factor vL This is connected with the dimensions of the expression 


dx 
ax in the numerator, dx 1з the first power, in the denominator 


we have second powers in a and x. The dimensionality is equal to 
-1; the right-hand side has the same dimensionality because of the 


factor —. 
a 


In formula Villa the expression Is of zero dimensionali- 


ty, like the right-hand side. 


Note 1. Formulas 1 to X are best learnt gradually, as 


hey occur in exercises. It is useful also to know five more 
formulas. 


Vat—xt 


XI. { tan z de= — in| eos х |С 


ә Like the formulas given in the Appendi ‚ pp. 846-853 they 
Fa a ду from formulas 1-Х in accord with Fife rules given in 
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XII. { cot xd In [sin x|--C 
хш. een |t T |С 
XIV. (gen |n (2+) |+с 


dx 1 х-а 
xv. EE EIL хта|+ С 


Note 2. The integrals XIII and XIV can also be expressed аз fol- 
ws: 


Ха. f il ain | ese х сої x | +C 
sin x 


XIVa. f „4х ып | зесх—!ап x [+С 
cos x 


In this latter form, it is easier to see their mutual relationship, but 
for calcuiations they sre not so convenient as those given earlier. 


299. Direct Integration 


Taking advantage of Properties 3 and 4, Sec. 297, it is 

ible in a number of cases to reduce integration to the 
tabular formulas of Sec. 298. 

Example 1 


еу —49 dena |a tin {х= 


=з D С=?х Үх—2%-+С 


2 


In the first transformation we employed the properties of 
. ‚ in the second, the standard (tabular formula 1. 

The constant C appears when the integral signs are removed. 
Example 2. 


{ @sint—3 cos t) dt=2 f sin tat —3 | costa 
=—2cost—3sint+C 


(using formulas 1V and V). 
Example 3. 


1а» 
| Stt" do = f sin q dp + f w= —cos p—cot p+C 
(using formulas IV and VI). 
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Example 4. 
f (х2-4-1)* dx — (2 4-439 4 6x? 4 4x5 7) de= 


1 2 3 2 І 
т И Е trte 


300. Integratlon by Substitution 
(Change of Variable) 


In place of x we can introduce into the integrand expres- 
sion f(x)dx an auxiliary variable z connected with x by a 
certain relation. Ð Let the transformed expression be /, (2) dz;? 


then оаа) (2) dz. If the integral f h (2) dz is of 
tabular form or reduces to such more easily than the origi- 
nal one, then the transformation achieves its aim. 

There is no general answer to the question of how to 
choose a good substitution (cf. Sec. 309); rules for important 
particular cases are given below in connection with examples. 

Example 1. A 2x—1 dx. 

No suitable tabular integral is available, but by formula I 
it is possible to compute the integral | Y dx, which is 


similar to the given one. So let us introduce an auxiliary 
variable z connected with x by the relation 


9х—1=г (1) 
Differentiating (1), we get 
2dx — dz (2) 
The expression under the integral sign Y2x—Idx is 
transformed to Vz = by means of (1) and (2), and we get 
FS 


VYz—ia-ibYrT-roh-409.:740 0 


1) It is assumed that the function x—«q(z) which expresses this re- 
lation has a continuous derivative. 
*) We have f, (г) dz=F [Q (2)] 9’ (2) dz. 


INTEGRAL CALCULUS 415 
Returning to the variable x, we obtain 
f V 3X—i dx 3 (2—1) +С 


Checking by differentiation, we get 
BE V Lh 3 1/3 di = 
4 [e-n +] Loy 0-74 x 1)2V3x-1 dx 
Here, the function 2x-1 Is again used as an auxiliary function 
(cf. Sec. 237). 


Note 1. In simple cases there is no need to introduce a 
new letter. In Example 1, for instance, where we took the 
auxiliary function 2x— 1, we see by inspection that its diffe- 
tential is d (2x— 1) — 2dx. Introduce the factor 2 in the exp- 


ression under the integral sign. To compensate, put -y in 
front of the integral sign. We thus have 


| 3/2 
| yàx-—1 ш ох 1) g= 2—0 
2 


Rule 1. If the integrand (as in Example 1) is of the form 
бах +5), the substitution ax--b—2z may prove useful. 
dx 
Example 2. Gas 
Introducing the auxiliary function 8—3x=z, we find 
а= — and 


dx dz 1 P 1 
{ C d! —£-5tC-738-35* C 


Example 3. f Gu 


We take 6x—7 as the auxiliary function. Without intro- 
ducing a literal notation for it (see Note 1), we find (by 
means of П) 


дітей 6dx — | d(6x-7)__ 1 TU 
(eat s= 6x-7 — 6 In|6x—7 |- FC 


Example 4. fer dx (auxiliary function 3x). 


{ ёх dx f exa (3x) eC 
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Example 5. 
xl xl xl + xt] 
f cos 75— dx —3 f cos —;— d (241) зап = +e 


Rule 2. Let the expression under the integral sign be 
split up into two factors and let it be easy to recognize in 
one of them the differential of some function Ф (x). It may 
happen that after the substitution Ф (х) =2 the second factor 
becomes a function of z that we are able to integrate. Then 
the substitution will be useful. 
2x dx 
1+х? 


Example 6. f 


Break up the integrand expression into factors i - z^ and 
2xdx. The factor 2xdx is the differential of the function 
1-+-x? in the denominator of the other factor. After the subs 
stitution 1--x'—z, the factor -— will take the form +. 
We can integrate this function. The computation may be 
performed as follows: 


2x d. d (1+ x? 
Vio fer ana c 


Note 2. The external similarity of this integral to the 
standard form Meus in the table of integrals is deceiving. 
The presence of the factor 2x in the numerator changes the 
form of the antiderivative essentially. 


Example 7. | sin x cos? x dx, 


Split the integrand expression into the factors соз? х and 
sinxdx— — cosx. The substitution cosx—z transforms 
cos?x into the function 23, which we can integrate. The com- 
putation is performed as follows: 


T 
È sin x cos? x dx — — f cos? x dcos x= — 24C 


хах 
a?— x? 

The similarity to the standard integral Уа is deceiving. 
Introduce the auxiliary function a?—x?—z. We then have 


—2xdx=de, ie. xdx— — The integral takes the form 
С.А р, 
f 2Y2 — Verte. 


Example 8. 
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The computation is performed as follows: 


_xdx ly ae SU -2x dx ——r|vysm 
«D 2 | Vaici 2 ) Vae 
-—ya-—x-4C 
5x dx 
xample 9. T 
Example \ Y 


The auxiliary function x? is introduced to yield 


5x dx 5 srar 95 d (х?) 30 xt 
f Van 04 f Vari f an E AA acto 


Example 10. \ mira In?x d Inx=+ In? x-++C. 


It is not always easy to distinguish a good substitution 
from an unlucky one. This is seen from Examples 11 and 12. 


Example 11. \ (хо) x3 dx. 

Here the substitution x?--1—2 is good. The integrand 
expression is broken up into the factors xdx—-; dz and 
(x24 1)4 х®—=2% (2— 1). This yields 
f (x? +1) x3 dx =+ f 2% 2—1) = \ z dz —— \ 2% @2:= 

= 08 yos + HE 
(ci. Example 4, Sec. 299, where {һе same integral was found 
without substitution). 

Example 12.  (x-+1)* x^ dx. 

Here, the substitution x?--1—2 is not good. It yields an 
integral, + f z4 V z—1 dz, which is more involved than the 
original one. The given integral is best evaluated directly, 
as in Example 4, Sec. 299, This yields ati TS 


Tie TAGS. 
dx 1 
Example 13. ETE =1п | arctan х|--С (the auxi- 


liary function is arctan x). 
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? d 1 
Example 14. f VIA = arcsin j$ -- C (the auxiliary 


function is j?). 
Example 15. ( ы =. ——lyT-—wu.LC (the auxiliary 


VT 2 
function is 1— u4), 


Example 16. S dx=In (e* -- e7*) 4-С (the auxiliary 


function is ех --e-x). 


Example 17. үс э-эк] Шр (the auxiliary function 
is cos x). 


Example 18. p P (the auxiliary func- 


cos* 
tan? x 2) 


lion is tan x; the integrand expression is US 


301. Integration by Parts 


Any expression under the integral sign may be represented 
in infinitely many ways in the form udv (и and v are func- 
lions of the variable of integration). ; 

Integration by parts is the reduction of a given integral 


{аа to the integral { оаи by means of the formula 
f аш f vdu (1) 


This device suits the purpose if {эш is evaluated тоге 


easily than f udo (Examples 1 to 4) or if one of these in- 
tegrals can be expressed in terms of the other (Example 5). 
Example 1. { exx ax. 


We represent the integrand in the form x (ех dx)=x de*. 
Here the role of u is played by x, the role of v, by the 
function ех. Using formula (1) we have 


| xdex—=xex—( e* dx 
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The integral eras is standard (of tabular form). The 


computation is performed as follows: 
\ exdx— \ x de* —xe*— { ех dx= xes —ех +C 


Note 1. If the integrand is given in the form exd (т) : 
ie. if we take u—e"*, v=, then by formula (1) we get 
1 1 1 
f еха (42) =z 0 — f . 0% dx 


The integral { > Her dx is no easier than the original one. 


The expression e?x dx may be given in the form u dv in an innnity 
of ways by taking an arbitrary function for v. Thus, if we take v=x*, 


thi z4x! -— з ==. 
en du=4x* dx Then e?x dx axi (4x? dx) or u rr But formula (1) 


anm leads to an integral which is more complicated than the origi- 
al one. 


Before integrating by parts it is necessary first to make 
a guess as to what the choice of the function v will yield. 


Example 2. \ x Inxdx. 
Here it is well to represent the integrand function in the 


form Inxd (42) . Formula (1) (for un x, v=+x) 
yields 


The integral { ахах is equal to ttc 50 
that 


{ хаха Inx—-4 +C 


Example 3. f x sin x dx. 
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We have 
f x sin xdx— f x d (— cos х) = — x cos х—{ (— cos x) dx= 
== —x cos x--sin x 4- C 


Example 4. { x? cos хах. 
We have 


{ х®соз хах f x? d sin x—x? sin x —2 f x sin x dx 


To the integral obtained we again apply integration by 
parts (see Example 3). This finally yields 


f x? cos x dx=x? sin x-+ 2x cos x—2sinx+C 


Example 5. | e* cos x dx. 
Represent the integrand as e*d sin x: 


V ее cos xdx—er sinx — f sin x ех dx--C, Q) 


This integral is not simpler than the original one, but 
it can be expressed in terms of the original one. To do this, 
integrale it by parts once again: 


— f sin хех dx= f е d cos x=e* cos x — | cos хех dx +C; (3) 
Substituting (3) into (2), we obtain the equation 
f ех cos x dx —e* sin х--е* cos x— f ех cos x dx -- C1 4- Cs (4) 


from which we find the unknown fe cos x dx: 


fe cos x dx — IU (sin x+-cos x) J-C 


where C denotes Cures 3 

Note 2. We can represent the integrand as cos х de*. 
"Thu: in the second integration as well we will have to rep- 
resent the new expression ех зіп xdx in the form sin x de* 
(and noi in the form e* d cos x), otherwise the equation for 


determining fe cos x dx will become an identity. 
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302. Integration of Some Trigonometric Expressions 


Rule 1. For evaluating integrals of the form 
\ cos?n *! x dx, f sin?” +1 x dx (1) 


(where n is an integer) it is convenient to introduce the 


auxiliary function sin x in the first case and cosx in the 
second. 


Example 1. 
f cos? x dx= ( (1— sin? x) d sin x-sinx— qom x4C 
Example 2. 
{sins хах ( sin! x зїп x dx — — f (1— cos? х)? a cos x= 
=— | (1 —2 cos? x+ cos* x) d cos x= —С05 x+— cos? x— 
— L coss x--C 


For even powers of sin x or COS x, Rule 1 does not achieve 
our aim (see Rule 2). 
Rule 2. For evaluating integrals of the type 


f cos?" x dx, f sin?" x dx (2) 


it is convenient to use the formulas 


cos 2. 
costx = It, 3) 
i -cos 2 
їп®х = 1:31 (4) 


and introduce the auxiliary function cos 2x. 
Example 3. 


{ sin? ах ( Locos 28 dy х рїп 2x--C 


Example 4. 


| cost х= C (RR? a ya--je f cos 2x dx + 


+ + f соз? 2x dx 
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The first two integrals can be evaluated at once; again 
apply formula (3) to the third, rewriting it in the form 


cos? 2х-= 1 ыы 4х 
This yields 
f cos! x dx— Tr sin 2x + l f (1 4- cos 4x) dx = 


1 bys 1 | е 
Satta sin2x + —x+ зїп 4х-ЕС 


It remains only to collect terms. 
Rule 3, In evaluating integrals of the form 


f COS" x sin" x dx @) 


where at least one of the numbers m, n is odd, it is con- 
venient to introduce the auxiliary function cos x (if m isodd) 
or sinx (if п is odd) and proceed as in Examples 1 and 2. 


Example 5. f Cos? x sin? x dx. 


Here we have an odd power of the sine. Represent the 
integrand as 


Cos? x sin* x d (—cos x) — — cos? x (1 — cos? x)? d cos x 
We get 


{cost x sins xde=— { cost dcos x-2 { cost x dcos х— 
= 10 —— qos? 2 cos? x — -L cosi х РС 
{соз xdcosx 7 0057 x -- cos? x — үү costi x 


When both numbers m, п are even, Rule 3 does not 
achieve our aim (see Rule 4), : 

Rule 4. In evaluating integrals of form (5), where m and 
^ are even numbers, it is convenient to use the formulas 


; (3) 


1 Tix З (4) 


cos? x = Lees 2x 
sin? x = 


sin x cos x = a (6) 
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Example 6. f cos! x sin? x dx. 

Representing the integrand as 
(cos x sin х)? cos?x dx 

and applying (6) and (3), we get 


{cost xsin? x dx = е { sin? 2x (1 + cos 2х) dr = 
=+ f sin? 2x dx + — \ sin? 2x соз 2x dx 


Transform the first summand by formula (4) and rewrite 


as 
s -cos 4 
sin? 2x = Loot 


Compute the second summand in terms of the auxiliary fun- 
ction sin2x. We obtain 


1 1 1 lene 
4 2 а и um — sin? 
{ соз xsin?x dx = тх eq sin 4x + 45 sin 2x--C 


Rule 5. In evaluating integrals of the form 


{ зіп mx cos nx dx, (7) 
{ sin mx sin nx dx, (8) 
f cos mx соз nx dx (9) 


it is convenient to take advantage of the transformations 
sin mx cos nx = + [sin (m—n) x4 sin (m+n) xl. (7) 
sin mx sin nx — T [cos (m— n) x— cos (m+n) xl. (8^) 
cos mx cos nx — + [cos (m — n) x+ cos (m+n) х] (9^) 
Example 7. 
{ sin 5x cos Зх dx— T { [зїп (5 — 3) x+sin (54-3) хі х= 


\ І 
== cos 2x — үр cos 8% С 
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Rule 6. In evaluating integrals of the form 


f tan” x dx, f cot” x dx 


(n is an integer greater than 1) it is convenient to separate 
out the factor tan? x (or cot? x). 


Example 8. { tant x dx. 
1 


Taking out the factor tan?x —sec? x 1 = ar l we get 
` tanë xdx= | tan? x © = f lan? x dx 


The first integral is equal to — tant x. The second is com- 
puted by the same procedure: 
f tan? хйх= f tan x ot f tan xdx — + tan? x-+ In | cos x 


Finally, 


{ tan x de = + tant x = tan? x — In | cos х|-ЕС 


303. Trigonometric Substitutions 
For integrands containing the radicals 
Veze, Veye, Vee 


(and also the squares of these radicals, a?—x?, x? + a?), it 
15 often convenient to use the following substitutions: 


for the case У 02—22, the substitution ха sin, 
for the case V x-F-a, the substitution x—a tan f, 
for the case V x!— a?, the substitution ха sec t. 
Example 1. (vaza dx. 
Putting x=asin t, we get» 
V@—x=a cos t, dx—a cos t dt (1) 


——— 


1) Theradicalsign is taken under theassumption that - «x T . 
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Hence 


Уа Edr =a? \ cos? t dt = T (! sin х) TO 
see (3), Sec. 302. Returning to the variable x, we find 


x Маї- хі 


t=arcsin~, -y sin 21 ==зїп ( cos t= " 


Finally we have 


(Уа ах =% arcsin = +4 Мах С 


ах 
Ехатр!е 2. e ^ 
Putting x—a tant, we obtain 


a dt 


a? 
х +а? =а? (tan? 4- 1) ТЕШ (PE ОЙТ. 


Consequently 
dx 1 TET d. 
os L f cost t atas (t sin 2t ) +C 


xray? a 
Returning to the variable x, we find 
t=arctan—, + sin 2¢=sin £ cos = рта 
Finally 


dx 1 x ux 

Vates (are tan trae) t€ 
dx 

x Ух*-а%` 


Example 3. f 


Putting x—asec t, we obtain P 
Y xi-ai-atant, dx=a tan t sec t dt 
Hence 
dx 1 1 Qu LTEM 
{ Е Ж ИЕ f dt =--1-ЕС==-р cee 7- HC 


x Yxi-a: a 
1 а б. 
=> arccos —— + 


— 
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(2) 


(3) 


л 
1) The radical sign is taken under the assumption that 77 sts 


. д 
< т. 
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304. Ratlonal Functlons 


An integral rational junction of an argument x is a fun- 
ction given by the polynomial 


ayx" ax" 71 4 odas ax + Oy (1) 
A fractional rational function is a ratio of integral ratio- 
nal functions: 
box - bx — 1+... Eb aX Om @ 
ах®+}аух®—%+...+аһ—1Х+ац, 


If the degree of the numerator is less than that of the 
denominator, the fraction (2) is called proper, otherwise it 
is improper. 


0.3x* +V 2x 


Examples. The function is an integral rational 


2 2 А А 
function. The functions dci NI are fractional rational 


functions. The first fraction is proper, the second, improper. 


The function iu is irrational. 


304a. Taking out the Integral Part 


It is possible, by means of division with a remainder, to 
take out the integral part of an improper fraction; i. e. an 
improper fraction may be represented in the form of a sum 
of an integral rational function and a proper fraction. It may 
happen that the division is exact; then the improper fraction 
is an integral function. 


Example 1. After taking out the integral part, the impro- 


1 
15 —x 
per fraction E becomes n. ti Б^ is the quo- 
tient and —15 Lx is the remainder after dividing the nu- 


5 
merator by the denominator ) . 


1+х5—х% 1 
Example 2. ceca ae Des s 
This result is obtained by dividing — xë + х5 4-1 by —x+ l, 
or, more concisely, as follows: 


хо x (1-x) 1 6 
Yex lax 1-x ier ne 
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Example 3. Taking out the integral part of the fraction 
$-x? 
E, we obtain an integral rational function x? (the divi- 


sion is exact). 


305. Techniques for Integrating Rational Fractions 


When integrating an improper rational fraction, first take 
out the integral part (Sec. 304a). 
Example 1. 


1+х*'+-х 1 x 
fist aaa (e) анана» 
(cf. Sec. 304a, Example 2). 

Since the integral part may be integrated directly, the 
integration of any fractional rational function reduces to the 
integration of a proper fraction. For this there is a general 
method (Sec. 307), which, however, often involves arduous 
computations. It is therefore useful, wherever possible, to 
take advantage of peculiarities of the integrand. 

If the numerator of the integrand is equal to the differen- 
tial of the denominator (or differs from it by a constant factor), 
then the denominator should be taken as the auxiliary function. 

Example 2. 


КА КОА 
Хх*+4х*+7л*+6х+2° 2 х*+4х%+17х*%+6х+2 


= In tp 4x8 T +64 $2) +С 


The technique is similar when in the numerator we have 
the differential of some polynomial, and in the denominator 
we have a power of the same polynomial. 


f (2х%+6х*+7х+3)4х__ 1 { 4(х*+4х®% +1х®+6х+2)__ 


Ехатр!е 3. 
{бени (оо 1 e 
хок) + + 


If the numerator and denominator have а common 
factor, it is often useful to cancel it. 


Example 4. 220 
хї+хї+х+1 


1) We could use the substitution 1 -xzz without first taking out the 
integral part, but the computation would be longer. 
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Here the fraction can be simplified by cancelling out x--1. 
This yields 


{е fas (x? 4- 1) —2 arctan x 4- C 
Note 1. It is sometimes senseless to reduce a fraction. For 
instance, in Example 2, the fraction may be given in the 
form 
(x+1) (2x5 44x 3) 
Чх+1)* (х#+2х+2) 


and x-+-1 may be cancelled. But it is more difficult to eva- 
luate the integral 


f (2x24 4x43) dx 
(cr 1) (x°+2x+2) 


than the original one, to say nothing of the fact that facto- 
ring is another rather considerable difficulty. 

Note 2. The general method of integrating rational frac- 
tions consists in decomposing the given fraction into a sum 
of so-called partial fractions. These fractions are defined in 
Sec. 306 and ways of integrating them are given. Partial 
fraction decomposition is explained in Sec. 307. 


306. Integration of Partlal Rational Fractions 
Partial rational fractions are fractions that reduce to the 
following two types: 
I A 
* rar 


Ir EE (n a natural number) 


(n a natural number) 


where x?-+ Bag cannot be factored into real linear factors 


і.е, «- (2) >0]; if x?--px--q can be factored into 


real linear factors [i. е., ы aye o] , then fraction Il 


is not considered a partial fraction. 
f ^ 5 Va А 
Тһе fractions == ' GVP are partial of the first type, 
0.2 Tx-l1 5(x44) 


the i 
h fractions 777 бө” IY. 


are partial of the second 
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type. The fractions 24 , cry are not partial because 
the expressions x*—1, х2— ҮЗ can be factored into real li- 
near factors. 

The fraction тА partial fraction since it can be put 


2x-9 
3 


in the form 2. The fraction .18*-3 {5 partial be- 
9 (хї+х+1)° 


genus 


cause it is of type Il. 
(A) Partial fractions of the first type are integrated by the 
formulas 


Ad. 1 А 
а= траят 029 (1) 
(4% =a in|x—al+e Q) 


(B) Partial fractions of the second type in the case п == 1 
are integrated completely by the substitution 


xtt=z 
which reduces the denominator 
рна (er 2) v (8). 
to the form 2?-- 4? [ where e=q—(4) | А 
Example 1. 


The substitution 
x—4-z 


transforms the integral to 
үш 12 л aio inet + 9+ 


г? +9 2149 249 2 


++ arctan +С 
Returning to the argument x, we obtain 


aii dn (i — 8x 4-25) + arctan 55 +C 
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The formula (which need not be memorized) is of the form 
Mx+N M 
ея dx = > In (x? + px + q) + 


2N-Mp 2x+p 
ҮГ) агсіап Улес TC 
(C) Partial [ре of the second type for the case п> 1 
are integrated by the same substitution 


r4 
which transforms the integral f REL dx to 

f eae dz @) 
[ where 1=20- Mp , B—-g— (2)*] й 


М2 аг ; 
The first term Gu is integrated directly via the auxi- 


liary function 2° 2 


Mzdz — M 1 4] 
(ERE) 2 үп-1) {ки С e 


The second term L \ ate is evaluated by a trigonomet- 


ric substitution (Sec. 303, Example 2) or by the reduction 
formula 


dz Ды, 1 2 dz 5 
— = иту? [rhet 08—9 \ exp] (5) 


(it can be checked by differentiation). It reduces the integral 


m to an integral of the same type but with the ex- 


ponent n in the denominator diminished by unity. Repeating 
he procedure we finally arrive at the integral 


dz I 2 
f тт | arctan кс 
—— 

1) A reduction formula is any formula which expresses some quan- 
tity, dependent on the number л [in our case s ]. in terms 
of the same quantity with smaller absolute value of m. Reduction 
formulas are also called recursion formulas. 


INTEGRAL CALCULUS 431 


(3x—2) dx 
Example 2. f (c exi3y 


The substitution x— 1-52 leads to an integral of the type 


32+1 хя 212 42 
{ c2 4—3 f esti (22+ 2) (6) 
The first term is equal to 
з (4612 . 3 
тя (7) 


The constant C is dropped and attached to the second 
term, which is computed from th2 formula (5) (putting k2—2, 


п==З): 
dz 1 2 3 dz 
f GIU; rt 8 f (22+ 25 e 
Use formula (5) again, putting &?—2, n=2: 
dz 1 9z 1 [Lem ram. 1 2 
f EF 4 242 ES f A Di V2 arctan +C 
(9) 
From formulas (6) to (9) we find 
3z+1 3 1 2 $5 
f 2+2): = — 1 ate ae test 
3 2 3z*+102-24 , 
"ss Yi arctan yg o> Dem © 


3 Ls 
rs V3 arctan vite 
Returning to the variable x, we obtain 


(3x-2) dx — 8x!-9x!419x- 37 3 x-1 
\ азоту 0 5043): + aKa arctan у= +C 


307. Integration of Ratlonal Functions 
(General Method) 


Rational functions are integrated by the general method 
as follows: 

1. From the piven function. take out the integral part; it 
can be integrated directly (Sec. 305, Example 1). 
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2. Factor the denominator of the remaining proper fraction 
into real factors of the type x—a апа x*+px--q (linea 
terms and irreducible quadratics V). 

The factorization is of the form 


ах" - ax" 71 4... 4-a4,— a9 (x — a) (х— 6)... 
s. (xX*-- px q) (x3 - rx 4-5)... (1) 


Such a factorization is always possible,” and it is unique. 

3. We attempt to divide the numerator of the proper frac- 
tion by each factor of expression (1). If the division is exact, 
we reduce the fraction by the appropriate factor (Sec. 305, 
Example 4). 

4. Decompose the fraction obtained into a sum of partial 
fractions and integrate the terms separately (Sec. 306). 

Note 1. Every proper fraction is decomposed into a sum 
of partial fractions in just one way. The method of decom- 
position is explained below. For a proper understanding, we 
consider four cases which exhaust all possibilities. 

Case 1. Only linear factors enter into the factorization of 
the denominator and not one of them is repeated. 

Then the proper fraction is decomposed into partial frac- 
tions by the tormula 

F (x) A B L 
пае UD асв" kei e 


where the constants A, B,..., L are found (by the method 
of undetermined coefficients) as follows. 

(a) Clear of fractions in equality (2). 1 

(b) Equate coefficients of like powers of x on both sides 
(it may happen that the left-hand side lacks a needed term; 
in that case we assume. the coefficient 0). We thus obtain a 
system of linear equations for the unknowns А, B, ..., 4 

(c) Solve the system (it always has a unique solution). 

7x-5 

Example 1. Evaluate aiiis 5 Ё 

Solution. The given fraction is a proper fraction. Factor 
the denominator: 


394-33 — 6x — x (x—2) (x +3) (3) 


1) If we have а term x?+px+q that can be factored into the real 

factors x-m and x—n, then we replace it by these two factors. ‘ 

2) In the most elementary cases it is carried out by геаггап етеп 

of Wu and other algebraic procedures. For the general case see 
ec. б 
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The numerator is not divisible by any of the -factors, so we 
cannot cancel. All factors are linear and not one is repeated. 
By formula (2) 


те Lo SAPIEN AO 
x (x-2) = xe» RES (4) 


Lo find the constants A, B, C, clear of fractions. This 
yields 

тх—5=А (х9) (x--3) B3) 34-0 6—2* @ 
or , 
7x—85—(A-- B--C) x 4- (A--3B— 2C) х—6А (6) 


Equate coefficients of like powers of x (on the left-hand side 
we presume 0-x?). The result is the system 


A+ B+ С=0, 
A+3B—2C=7, | (7) 
—6A=—5 
Solving it we get 
5 9 26 
A==, B=’ C=— îs (8) 


and from (4) we obtain the following decomposition of the 
given fraction into partial fractions: 


1x28) Лл 8 EE ee ДО 
у(х-?)(х+3) 6 * 10 x-2 15x43 


Integrating term by term, we get the desired integral 


7х- 5 26 
еа In fel pg in 2115 I ES HEC 

Note 2. The constants A, B, C can also be found in the 
following manner: take any three values of x and substitute 
them into (5) We again get a system of three equations, 
which yields the same values as in (8). ; 

This remark refers to Cases 2, 3 and 4 as well. But in 
Case | this technique can be sim lified still more by taking 
such values of x as make the denominators of the partial 
fractions vanish; in the given exam le, the values x=0, 
x—2, x=—3. Then we get a system 0 equations —5=—6A, 
08, —26=15C, which yields the values of A, B, C di- 
rectly. f 
Case 2. Only linear factors enter into the factorization of 
the denominator, and some of them are repeated. 
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Let a factor x—a be repeated k times. Then in the de- 
composition (2) it is necessary to replace the corresponding & 
identical terms by a sum of partial íractions of the form 


Ак Ares Av 
ae Gao ze 9 


The same applies to other repeated factors. Partial fractions 
corresponding’ to nonrepeated factors remain the same. The 
constants of the factorization are determined as in Case 1 


(x8+1) dx 
Example 2. Evaluate { Env e LT 
Solution. The factorization of the denominator is of theform 
x1 — 3x3 -- 3x1 — x— x (x — 1)? 
All factors are linear. The factor x is not repeated, the 
factor x— 1 is repeated three times. As in Example 1, to bs 
nonrepeated factor corresponds a partial fraction of the form — , 


to the repeated factor (x— 1), a sum of three partial fractions 
of the form 


B c D 
г-у tei 
The decomposition of the fraction is 
х%+1 А B c D 
Sass et oie tt Gots 
Clearing of fractions, we get 
x8 1=A (x—1)84 Вх-ЕСх (x—1)4+ Dx (x—1)* (10) 


or 
x84 1=(A+D) x52- (—3A 4-C —2D) x*-- 
+(3A+B—C+D)x—A (11) 
Equate coefficients of like powers of x; this yields 
A+D=1, 
—34-4-C—2D —0, (12) 
3A+B—C+D=0, 
—A=1 


Solving this system, we get 
А=—1, B—2, C=1, D=2 
The decomposition of the fraction is 


ЖИТ. os. 1 2 1 9 
Zesty сту {ести Ud 
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Integrating term by term we find 


(Ca OA (om ENE 1 
Келш шетт et + 


ышыра E Сла 
--21n|x—1|--C— weet la T +C 

Alternative version. If in (10) we first put х==0 and then 
x=1 (see Note 2), we straightway get A=—1, B=2. Putting 
in (10) two more values, say ¥=2 and х= —1, and taking 
into account the values of A and B that have been found, 
we obtain the following system of equations: 2C 4-2D—6, 
9C ——4D — —86, and from it we find C—1, D=2, 

This method is particularly convenient when there are 
many nonrepeated factors in the factorization of the denomi- 
nator, and the multiplicity о! the repeated terms is not great. 

Case 3. The factorization of the denominator includes irre- 
ducible quadratic terms none of which are repeated. 

Then, in the partial fraction decomposition, to each factor 


x24 px-+q there corresponds a partial fraction oe = 


= (Type 1I). As before, to linear factors (if there are any) 
there correspond partial fractions D Type I 
H (7x2 + 26x— х 
Ехатр!е 3. Find —nurdxMedxi-9 C 
Solution. Factor the denominator: 
xp 48- 4x —9— (424-22) — 81— (5% + 2x +3) (х2--2х— 3) 


We obtained two factors of the type x2-4- px 4- 4, but only the 
first is irreducible to real linear factors: 


[r- ruere] 


The second, however, 


[ЛАТ Т. 
can be factored: 
х2 -2x—3-— (x— 1) (*+3) 


Therefore, the decomposition into partial íractions is of the 
form 1) 


1) It is not a mistake to seek a decomposition of the form 


А'х+В' Cx+D 
тышт бон боп р 080) 
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1 - 
КО ee = 
Clearing of fractions, we get 
7x* + 26x —9— (x? --2x 4-3) [A (x +3) -B (x — )] - 
-F (Cx -- D) (x—1) (x +3) (14) 
We equate the coefficients of like powers of x: 
A+B+C=0, 
5A+B+2C+D=7, 
9A+ B—3C+2D=26, 
9A—3B—3D=—9 
Solving the system (15), we obtain 
А=1, B=1, =—2, D=5 


(13) 


(15) 


so that 
7x?+26x-9 E ML " 1 4 -2x45 
(х2+2х+3) (x-1) (x43)  x-1 X*3 ' х2+2х+3 


Integrating (see Sec. 306, Case B) we find 


(7x*-26x—9) dx 
| rare cg —In|x— yn De 8]— 


—1п 022-3) p arctan = +C= 


хї+2х-3 


=ln [Ez 


7 x*! 
|+ arctan үт tE 
Alternative version. In order to determine A and B, in (14) 
we first put x—1 and then x=—3 (see Note 2). This yields 
the simple equations 24=24A, —24=—?24B and we find 


Аг 1, В=1 
Setting x—0 in (14, we get —9—94—3B—3D, whence 
D=5. Putting x——1, we get C——2. T 
Case 4. The denominator factors into irreducible quadratics 
and some of them are repeated. 


In the given example the computation is even simplified: we get А'=2, 


B'-2 and find 
\ а ain |x? +2х-3|+С 


In the уа case, we would still have to decompose the fraction 
x+ 


A 
Piw- into a sum of the partial fractions ST Жуз. . 
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Then in the decomposition of the fraction, to every factor 
xi-Fpx--q repeated k times there corresponds a sum of par- 
tial fractions of the form 


Myxt Мк Mn ax Nk-a _Мах+Мз_ 
perg"  (хї+рх+@)*7—*® Жи". 09 
ч (3x4-5) dx 
Example 4. Find X EX AX 


Solution. Factor the denominater: 
x5 2x8 xx ( 2-2 4- 1) =x (00410)? 
The term x?4-1 cannot be factored into real linear factors; it 


is repeated twice. Therefore the partial fraction decomposition 
is of the form 


3x45 A Bx+C Dx+E 
cata ЕЛ ee? +l 
Clearing of fractions, we get 
3x-L5— A (x241)? (Bx+C) x+ (Dx +E) x (2? +1) 
Equate coefficients of like powers of x: 
A+D=0, E=0, 2A+B+D=0, 
C+E=3, A+E=5 
Solving the system, we obtain 
A=5, В=—5, с=3, D=—, E=0 
so that 
(3х+ 5) dx ах (75x43) dx x dx 
f т AAA f Z+ 141) rat f хї+1 
Computing the middle integral, as explained in Sec. 306 
(Case C), we get 


(3x45)dx . 5 3x 
f PEETI at In|x I [s waht 2 (х2+1) gi 


+4 arctan *]—+ In (х2 0) -С==5 11 VU gh 


3x45 3 C 
+5 (xta nt 5 arctan x+ 
Note 3. The integral of any rational function can theoretically be 
expressed (cf. Examples 1 to 4) in terms of the logarithms of ratio- 
nal functions, in terms of inverse trigonome 
algebraic part” (i.e. a rational function), But, 
type ха, x?+px+q (i.e. the linear and irreducible quadratic terms 
into which the denominator of any rational function can be factored) 
can only be found in approximate fashion (see Sec. 308). 
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Incidentally, using a method discovered by M. V. Ostrogradsky, 
the algebraic part can always be expressed exactly because it can 
found without factoring the denominator. 


308. Factoring a Polynomial 


‘The factoring of the polynomial 


ах®+аүх®—1+...+аһ (1) 
reduces to solving the equation 
ах®+а,х®—1+...+ад=0 @ 


“Indeed, if we know some root x, of Eq. (2), then the polynomial (1) 
is exactly divisible by x-x, and we obtain a factorization of the form 


а,х®+а,х®—1+.,.+а„=а‚ (x-x,) (xh 71 bxh 72... +0. 1) (3) 


By methods explained in higher algebra it is always possible to 
find (approximately, but to any degree of accuracy) one of the roots 
o a numerical algebraic equation. ? However, the root x, may be 
maginary. 

fter we have obtained the expansion (3) we can find root хз of 
the equation x^—14-5,xA 724... +, .,—0. The number x, will at the 
same time be a root of Eq. (2). We then have the following factori- 
zation for tne polynomial (1): 


Gox" ax? +... agas (x x1) (x x3) 0 7? 6,x^ +... Cn L1) (4) 


etc. Finally, we obtain an expansion into л (real or imaginary) linear 
factors: 


ах®+а,х®—1+.,.+а„=а‚ (хх) (Х—Х)...(Х—Хд) (5) 


This expansion is unique. The numbers хү, Xs, ..., Xn are roots of 
Eq. (2). These numbers are also called the roots oi polynomial (1). 
Some of the roots may prove to be equal. But in this case too d 
is considered that Eq. (2) has п roots: each of the roots is counte 
once, twice, etc., depending on how many times the corresponding 
factor is repeated in the expansion (5). 

f all the coefficients of the polynomial (1) are real, then to any 
complex root o--Bí there corresponds another complex root бп 
(conjugate roots). If one of the conjugate roots is repeated, then the 
other is also repeated the same number of times. d 

The product of two complex conjugate factors х (0:-+Ві) ал 
x-(x—pi) yields a real polynomial of the form 


x*px4 
Here Pigh 


2 
p=-2a, q=a?+B3, q- (4) =p? > 0 


*) Division of polynomial (1) Буа binomial x—x4, where хү!з af 
approximate value of the root, yields a remainder 4 (equal to the va- 


lue of the polynomial for х=). д approaches zero as xy appro- 
aches х1. 
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Hence, every polynomial (with real coefficients) can be factored into 
real factors of the type X—Xy and x*--px«q (the latter is an irredu- 
cible quadratic). 

Note. Although the numbers ху, р, q which enter into the factors 
х-Ху, X*?-+px+g аге real, they are, as a rule, irrational. What is more, 
when the polynomial (1) is of degree five or higher, these numbers 
cannot, as a rule, be expressed exactly even in terms of radicals. It is 
therefore not always possible by far to give an exact partial fraction 
decomposition of a rational" function. 


309. On the Integrability of Elementary Functions 


As a rule, the integral of a rational function is not a 
rational function (ior example, f= Inx4-C). Simi- 


larly, as a rule, the integral of an elementary (nonrational) 
function is not an elementary function. 
Thus, the integrals 


x dx dx dx x dx 

{ Viex ' f Yi-» ' f Inx’ i In x 
cannot be expressed in terms of elementary functions, altho- 
ugh the following integrals, which look very much like them, 


x dx dx 

aS =; x dx, In x dx 
= { {in f= x 
are elementary functions. 

By the 106 of differential calculus, we can find for any 
elementary function the «derivative (which is also elementary). 
In integrál calculus, such rules for finding the antiderivative 
are Yir inae loa impossible. 

ut for certain classes of elementary functions the integral 
is always an elementary function (though it is often an in- 
volved expression). In Sec. 307 we studied one such class 
(rational functions). In Secs. 310-313. we will consider other 
important classes and indicate general rules for evaluating 
their integrals. Incidentally, in many cases specific techniques 
are preferable. They are usually suggested by experience. 


310. Some Integrals Dependent on Radicals 


The symbol А (х, y) will be used from now on to denote 
a fraction whose numerator and denominator are polynomials 
in x and у. Such a fraction is termed a rational function 


1) Nevertheless, for every continuous function there Is an indefi- 
nite integral (which is a continuous function) 
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of the two variables x, y (cf. Sec. 304). If the denominator 
is a constant quantity (polynomial of degree zero), the ratio- 
nal function is termed entire (integral). 

We define in similar fashion a rational function of three 
variables R (x, y, z), of four, etc. 

An Integral of the form 1) 


E рх+а \& px+q Ap 

INR [s (03) ; (oer) 3 n]a () 
where a, В are rational numbers and p, q, r, s are constants 
(numerical or literal), is reducible to an integral of a ratio- 


nal function and, hence, is expressible in terms of elementary 
functions. This purpose is served by the substitution” 


ete =t”, where л is the common denominator of the frac- 


tions a, p, ... 
To be specific, the integral 


i=] RI x*, x9, ...] dx @ 


is computed by the substitution x—/". 
Note. Reduction of a given integral to the integral of a 
rational function is called rationalization. 


Example 1. / — К AU А 
V 1+х-УТ+х 

Here p=qg=s=1, r=0, a=, p=+. The common 
denominator is n=6. The integral is rationalized by the 
substitution 

l-+-x=¢*, ax=6(5 dt 
We get 
= f НЧ ——6 anser pep piena 
7 p a 3 2 t 1 
ага) 

where te 14x. 


1) From here on the letter / denotes an integral. 

2 р 9 p_a к рх+9 

) It is assumed that — е the fraction -zyys 
reduces to a constant and no substitution is required. 
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1 1 -2 
Example 2. rs = dent dx. 
This is an integral of type (2). Put x—1*. We then have 


? di 3t 
1228 ae ins +3 arctant-+C 


where =} ks 


311. Tho Integral of a Binomial Differential 


A binomial differential is a differential of the form 
хт (a+ bx")? dx 


where m, n, p are rational numbers and a and b are constants 
not equal to zero. The integral 


Ll oe (a -.- bx")? dx (1) 


is expressible іп terms of elementary functions in the follo- 
wing three cases. 
Case 1. p is an integer. Then the integral fits the type 
of Sec. 310. 
9 


See Example 2, Sec. 310, where m=—y> п=-р› p=—2. 
Case 2. p is a fraction р= < , but те is an inte- 
ger. Then the integral is rationalized by the substitution 
a+ bx" — 25 
(where s is the denominator of the fraction p). 


Example 1. { 


l= Ej Rang dx (2) 


m+1_9 is an integer. We put 


TUE 
3. 
3—95 =2? (3) 


We can express х in terms of 2 and substitute into (2). 
But it is simpler to differentiate (3): 
9 


x ®ах=—-у@ (4) 
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and transform / with the aid of (3) and (4) as follows: 


jm f PN NOME: КЫ mn 
-j ey tue (-$:4)--$ je-m&- 


——43 tj 2+C 


ANF 
С (аЬ) t 
Case 3. Both numbers р=-- and "*l аге fractions but 


n 
their sum T фр is an integer. 


Then the integral is rationalized by the substitution 
ax" + b= 28 
where s is the denominator of the fraction р. 


Ехатр!е 2. 
1={ х-%(1 ur dx 
Here m— —6, n=3, p—— (fraction), mH (frac | 
tion), Tel += —1 (integer). 
Put 


x79-F2—23,  x-*dx— — 2? dz 
Representing 1--2x? as x? (x-3-I-2), we obtain 


2 
1— x79) 3 4х= | 2 (—22dz)=—L24C= 


5 
= r-t 4 20740 


Newton had already pointed out these three cases. Euler, 
who has never been surpassed by any mathematician in the 
art of transformation, sought in vain for new cases of the 
integrability of the binomial differential. He was convinced 
that these three cases were the only ones. In 1853, P. L. Che- 
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byshev succeeded in proving Euler's assertion. D. D. Mordu- 
khai-Boltovskoi, in 1926, proved the appropriate theorem for 
an inlegral of type (1) for irrational exponents т, п, р. 


312. integrals of the form (AG, y'axid-bx-rc) dx 


Integrals of this form 1 are rationalized by one of Euler's 


substitutions. 
First Euler substitution. It is applicable for 0570. Put? 


V mpy e+ Ya —t (1) 


Then 
axi х - c (t—x yay 
The terms containing x* cancel and x (hence also dx) is 


expressed in terms of t in rational fashion. Putting this 
expression. into (1), we find a rational expression for the 


radical V ax? +} bx+c as well. 


Example 1. 
[m dx 
f VEU COXS 
Put 
у= —х 
Whence 
12-2 20 qs kt) dt 
tar), HE TEES 
Vest 
Consequently 
(eg аке èd 
I= V AES. exp а арс, 


I=in (x V F x8) +С 


Third Euler substitution (note below discusses second). 
This substitution is applicable every time Ше trinomial 


Se uM may be taken that a # 0. for when а=0 we get the case of 
c. у 
зу We can just as readily put 


Vaxttbare-x Va et 
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ax*--bx--c has real roots and, in particular, for a « 0, 
Let the roots be xy, xg. Then put 


a(x-x) __ 
y 2 = à 
whence we find a rational expression of x in terms of t 


x,t%-ax, @) 


х= 1-а 


Rationalizing, we find 
V act += Y a (x—x) &—x) = 
=y = (x—x,9 =t | хх, | (4) 
lese cu dx 
Some Ў f (x- 1) V Zx+ 3x -2 
The trinomial —x?+-3x—2 has the roots x, —1, x,—2: 
—x* 4-3x —2— —(x — 2) (x — 1) 
The radicand is positive for 1 < x < 2 (ior x—1 and х=? 


the integrand becomes infinite). 
Put 9 


-(x-1) 
E mi 6 
From this we get 
2041 EET 
=m = ® 
VE N= yf =D s 215112] —(6—2 


(by virtue of the inequality 1 <x <2 the quantity x—2 is 
negative). Substituting into the right side the expression of 


9 For а< 0 the trinomial a@x*+6x+c could have complex roots 
too (If 4ac- 53 > 0), but then by virtue of the identity ax?+bx+c= 


= qq !(2ах+4)*+(4ас- Ьз)] the trinomial would always have negative 


values so that the root Vux?+6x+¢ would be imaginary for any 
value of x. 


*) We can put х,=2, ‹,=1 Then Euler’s third substitution is mo- 
dified ( we have to put ү ==” =!) 
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x in terms of £, we find 

Y-6-36—-D-27 (Q) 

By (6) and (7) we have И: 
E i ente 
Note. The first and third Euler substitutions are sufficient 
to compute any integral of the type under consideration. To 

complete the picture, we give Euler’s second substitution: 
уаты Y c (8) 
It is applicable for с> 0. Squaring and dividing: by x, we 


obtain a rational expression oi x in terms of ¢; then (8) ra- 
tionalizes the radical. 


313. Integrals of the Form { Gin x, cos x) dx 


Integrals of this type are rationalized by the substitution 


tan =z (1) 
whence 
: 22 _ lez 
sinx= p+ 005 = түл, @ 
242 
шетт 9 


dx 
Example. (= 375 coz 
By means of (2) and (3) we get 
2d 4 1 242 
e i Wesce | |+6 


1-2? 2-z 
2 
(1422) (3+5 rg 


Substituting z—tan 7, we find 


24 tan 5 
+С 


SE v 2- lan — 
2 
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314. The Definite Integral 


Let a function f(x) be continuous over an interval (a, b) 
and at its end-points. In the interval take n consecutive 
points xi, Xs, Хз, X4, ..., Xn (Fig. 327, where n=5); for the 
sake of uniformity, denote a—x, and b—x,,,. The in- 
terval (a, b) is partitioned into n+-1 subintervals (xo, Xy); 
(х1. Xa), (Хә, Xs)... Onan 
Хп), (ps Xni) \ 

In each of the subinter- 
vals (in the interior or at one 
of the end-points) take a 

oint [point — in (xo X) 
р іп (xi, хә), etc.]. 
Form the sum 


0|а®%& a. xy d. а беа Sp =} (Ey) (X, — x0) + 
+ Í Èo) (кә) +2: 
Fig. 327 ЕНЕ is) (54.131599 

The following theorem holds true. 

Theorem. If as the number of subintervals (x), Xi); 
(х1, Хз), ... increases without bound the largest one tends 
to zero, then the sum S, tends to some limit S. The number 
S is the same no matter 
how the partitioning into 
subintervals was  perfor- 
med or what the choice of 
points Ẹ &, ... was. 

Fig. 328 gives a pic- 
torial explanation of the 
theorem. The sum S, is 
numerically equal to the 
hatched area of the step- 
like figure [the base of 
the left step is equal to 
ху— Ху, the altitude is KL—f (Ё,); hence, the area is equal to 
F(&) (x3 —хо), etc.]. The narrower the steps, the closer is the 
area of the step-like figure to the area of the "curvilinear 
trapezoid” xọABx„+ı so that the limit S of the sum S; is 
numerically equal to the area of the figure x»ABx,+1- 


The sum (1) is often abbreviated to 
BiGo inia e 


3) lt is auvisable first to read Sec. 292, Item 2. 
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The symbol! рә (sigma) indicates that the expression (2) is the sum of 
terms of a Single Mos The expression f (5) (ха 1) indicates the 
law of formation of the terms: for i21 we h 
i=2, the second, etc. Ап expanded notation is 

i=n+1 


2 F (6p (i xi-1) (2a) 
t= 


Here, the first term is i=l, and the last, i=n+1. 


Definition. The limit to which the sum (1) tends as the 
largest subinterval approaches zero is called the definite in- 
tegral of the function f (x). The end-points a, 6 of the given 
interval (the interval of integration) are called the limits of 
integration: lower limit (а) and upper limit (6). 

The definite integral is denoted by 

b 


ave the first term, for 


ES @) 
a 
and is read “the integral of f (x) with respect to x between 
the limits a and Б." 

The value of the definite integral depends on the form 
of the function f (x) and on the values of-the upper and lo- 
wer limits. The argument of the function may be denoted 
by any letter, say у, 50 that the expression 

b 
ШИТ 0 
а 


represents the same number as (3). 
Note. The upper limit b may be greater or less than the 
lower limit a. In the first case, 


dew ede. cm eU (5) 
In the second, 
as ma cy Xaov ИШТ? (6) 


Supplement to definition. The definition assumes that 
ab. But the concept of the definite integral is extended 
to the case of a=b; an integral with identical limits is con-. 
sidered equal to zero: 


C) 09 ах=0 (2) 
5 
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[this agreement is justified on the grounds that the integral 
(3) tends to zero as a and b approach one another, сі. 
Fig. 327]. 


Example. Find { 2x ax. Here 
f (х)=2х 8) 
Solution. First method. Divide the interval (a, b) into 


equal parts (Fig. 329); then the abs- 
cissas 


SN Хоа, Xy, Хә, ..., Xm Xj 4.1550 
S form an arithmetic progression with 
A difference 
d b-a 
Ap —34 x, —X,—...—. A 


For the points Ej, £y, ... we take the 
right end-points!) of the successive 
intervals (a, ху), (х1, Xo), .... so that 


Ex, —x ..., ё„=л„ E41 = 5 


FG) =2e1, РЕ) =2e2, .-., FEE 
= 2x54, Í En+1)=26 (10) 


Fig, 329 By virtue of (8) and (10), the sum 
(1) takes the form 


Sy = 2x4 (X1 — Xo) H- 2X3 (ха)... + Wp (Xn —Xn-1) + 
T 2X 41 (Xn 1 — п) —2 zt ttt... +ЕХп+1) 
Summing the arithmetic progression, we find 


$,—25- Gating UH 06а) (5 4-5) (11) 


As the number of equal intervals increases without bound, 
their lengths approach zero; in the process, x, tends to 4. 
Therefore wol 

m S, — (b—a) (a+b) =b*—a? 
Consequently, * à ) 


b 
f 2x dx—=b?—a? (1) 


a 


1) In other words, the rectangles lie to the right of the ordinates 
of the straight line y=2x. 
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In exactly the same way 


b 

\ 2y dy — b? — а?, 
a 

b 

f ot dt —bi—a* 
a 


and so forth. 
The quantity b?—a? is the area S of the trapezoid 


A'ABB' (Fig. 329); indeed 
S=- (A'A--B'B) А'В' = (2a+ 2b) (b—a) =b" — a? 
Second method. Partition the interval (a, b) into unequal 


parts so that the points Xo, Ху, Xa «++» Xm Xn+1 form a 
geometric progression P (Fig. 330): 


Xp =A, X= Aq, «+s ¥,=aq", 


Xng1=b=ag"*? (13) 
From this equality we have 
b 
д" (14) 


For the points Ej, E --. we take 
the left end-points ? of successive in- 


GRENA 
Р 


tervals (a, х1) (Xs, Хз), +++» SO that “ 
&-2 B—xp ee En =*n-1 \\ 


En+1=*n 
Sum (1) takes the form Fig. 330 
Sj = 2p (ху— 5) + 2х1 (63 — X) + ++- +Е2х„ (X5&1—*n)— 
=2а (q — 1) 1459-9: -: +97") 


1) This is possible if both limits a and b have the same sign 
(neither can be equal to zero). In the preceding method, the numbers 
aand 6 may be arbitrary. 

2) The rectangles border on the ordinates о! the straight line 
y=2x on the left. 
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In square brackets we have a geometric progression with 
ratio q?. Summing, we find 


(п+1).. 1 2a!| nd t-l 
Sa = 2а q—1) 77 ee 


or, by virtue of (14), 


Т auus 


9+1 q+i 


(18) 


As the number л increases without bound, the ratio q, as is 
evident from (14), tends to unity: 


lim q=1 (16) 


The lengths of all subintervals approach zero. By virtue of 
(15) and (16) we have 


lim S,=62?—a* 
or 


6 
f 2x dx =b? — а? 
a 


315. Properties of the Dofinite Integral 


1. Interchanging the limits of a definite integral does not 
change the absolute value but only the sign: 


b a 
MI йх=—( f (x) dx (1) 
a b 


This follows from comparing the sums Sp which correspond to 
the two integrals. 


2. : \ : 
f (2) dx— | Fx) ак V F(x) dx (2) 
a a с 


This property is explained in Fig. 331 (area aABb = area 
aACc--area cCBb), but it also holds true when the point ¢ 
is exterior to the interval (а, b). 
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2a. In place of one additional point c, we can take seve- 
ral. For three points k, l, m we have 


b k 1 т b 
(лед de reo det S К+ Peo de S г) 
a a k 1 т 


The order ої the tone is immaterial; of practical impor- 
tance is the case when а, k, l, m, b are taken in increasing 
(Fig. 332) or decreasing order. 


A [^ 
Да c bx 
Fig. 331 Fig. 332 


3. The integral of an algebraic sum of a fixed number 
of terms is equal to the algebraic sum of the integrals of 
the separate terms. For three terms, 


b 


th @) +h @—fs (Ol 


b b b k 
{поа о 0 004 в) 
а а а 


| 4. A constant factor can be taken outside the integral 
sign: 

b b 

{mp (x) ат rena E 


а а 
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316. Geometrical Interpretation of the Definite Integral 


Consider the integral . 
b 


ў F(x) as 


a 


where the lower limit is less than the upper (a < Б).1) 

If the function f (x) is positive within the interval 
(Fig. 333), then the integral is numerically equal to (Sec. í 
the area covered by the ordinates of the graph y=} 
(aADEBb in Fig. 333) 


а |0 ЫХ ^, 
.Fig. 333 Fig. 334 
If the function 19 is negative within (a, b) (Fig. д 


then the absolute value of the integral is equal to the £ 
covered by the ordinates. but is negative. 


Now let f (x) change sign once or several times in (2, b 
(Fig. 335) The integral is then equal to the difference 
two numbers, one of which (diminuend) expresses the 
covered by positive ordinates, and the other (subtrahe 1 
the area covered by negative ordinates (cf. Sec. 315, Item 2a). 


© The case a> b reduces to that under consideration by virtue 
Sec. 315, Item 1. 
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Thus, for the case depicted in Fig. 335, 
b 
{ год dx= (Sit Sit 89 — s +5) 


a 


1 
Example. The integral (2 хах is eq- 


po 

ual (Sec. 314, Example) to 13—(—2)?— 

= —3. This number isequal to the diffe- 

rence between the areas (Fig. 336) 
ObB =- 0b-bB=1 


nd 1 A 
ia ОаА= a0. Аа=4 Fig. 336 


317. Mechanical Interpretation of the Definite integral 


1. The path of a material particle. Let a particle be in 
motion in some direction with a velocity 


v=} (t) 


where t is the duration of motion. It is required to find the 

distance s covered by the particle from time t=T, to time 

tz Ts. 

If the velocity is constant, then 
s=v (Ta— Ti) 


But й the velocity varies, then in order to find s we have 
to partition the interval of time into subintervals 


Ti h), (te bas veer ба-а, ба), Ue Ty) 


Let t, be some instant of the interval (Ту, 4), тг some 
instant of the interval (i, t2), etc. 

The quantity } (ту) is the velocity at time * the pro- 
duct f (ту) (3 — Ту) expresses approximately the distance co- 
vered during the first interval of time. In exactly the same 
way, f (тз) (ta— ti) approximately expresses ihe distance 
covered in the second interval, etc. The sum 


= (ту) (5 — T9 + (та) (tea +s tt (та+1) (Ta— tn) 
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describes the distance s the more precisely, the smaller the 
subintervals. The limit of the sum s,, i.e. the integral 

T, 

{ле а 

Т, 
yields the exact value of the distance s. 

Example. The velocity of a particle increases in propor- 
tion to the time that has elapsed starting from some initial 
instant: 

v—mt 
Find the distance covered from the initial time to time T. 

Solution. The required distance is expressed by the inte- 
gral of the function тї; the lower limit is equal to zero; the 
upper limit is T: 

т T 
s= È mt dt=m Í t dt 
0 0 


(Sec. 315, Iten 4) We know (Sec. 314, Example) that 
b 

b а? 
{ 2#@+-=мз—а. Hence (Sec. 315, Item 4), (tai T. 
а а 


For a—0, b=7' we һауе 
т . 
s=m | tdt= 4 mT 
0 


2. The work of a force. If a constant force P acts on à 
material particle moving in the direction of the force, then 
the work A of the force over the line segment (51, 5з) iS 
found from the formula 


А==Р (53—51) 


But if the force P maintains its direction of motion and 
its magnitude changes depending on the distance s, i.e 
P=} (s), then the work is found Фра the formula 


A- Vds 
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318. Evaluating a Definite Integral 


Theorem 1. If m is the smallest and M the greatest value. 


of a function А (х) їп ап interval (a, b), then the 


.value of 


the integral {Ре dx lies between т (0—а) and M (b—a). 


a 
For a « b we have ; 


m(b—a) < | f (ode M (0—0) 
a 
For a > b the inequalities are reversed. 


(1) 


Geometrically, the figure shown hatched in Fig. 337 is 
(in area) greater than the rectangle Forde and less than abLK. 


Example. Evaluate the integral ў 2xdx. 


4 
Solution. The smallest value of the function 2x in the 


interval (4, 6) is т==2-4==8, the greatest value M — 


Fig. 337 Fig. 338 


2.6—12. 


Finally b—a=6—4=2. Hence, the integral lies between 
а 


8.2— nd 12.2—24; 


16 « { а <и 


а 
Its exact value (Sec. 314, Example) is 20. 


Theorem 2. If at every point of the interval (a, 5) the inequalities 


MORTAS (x) 


(2) 
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hold, then 


b b 
Joe ах < f reo ах < f o cn ax e 
a a a 


Geometrically (Fig. 338), the area aABb < area aCDb « area aEFb. 

Theorem 1 is a particular case of Theorem 2 [3 (х) =т, o (x)- M). 

Note. Theorem 2 asserts that the inequalities can be integrated. 
But the inequalities cannot be differentiated. 


318a. The Bunyakovsky Inequality 1) 


The evaluation of an integral by formula (1), Sec. 318, is ordi- 
narily very rough. There are a number of formulas that enable one 
to obtain a more exact evaluation. An important one is the Bunya- 
kovsky inequality: 

b 


b зр 
f FG) ф(х) “| «fu (х)]* d. f [9 (x)}? dx 
a a a 
1 


Example. Evaluate the integral 1= | Y rx ах. 
0 


Represent the integrand in the form 1-V1+x? so that f (х)=1, 
p (x)=V1+x* The Bunyakovsky inequality yields 


1 1 1 
peres 4 
Pa f 1? ax: f (V 1x2)? ах= | (1x?) dx 
0 0 0 
whence 


2 
I< —— < 1.155 
V3 


Formula (1), Sec. 318, would have given (M=V2); 1< V2 « 1.415. 
The true value of the integral (found by the method of Sec. 323) is 


SHV pres /zi)|! zb yg, 3)2 1.147... 
1=5 УТ+хї+- In (x + Vxtx 1) „=з? ty In (14V2) 


319. The Mean-Value Theorem of integral Calculus 


The definite integral?) is equal to the product of the 
length of the interval of integration (a, 5) by the value of 


1) V, Ya. Bunyakovsky (1804-1889), noted Russian mathemati; 
cian, made contributions to number theory and probability. Transla 
lor's nole: the names Schwarz, Cauchy end Ceuchy дасе inequality 
are also encountered in: the literature. 


The mean-value theorem breaks down when the concept of the 
integral is extended to the case of a discontinuous function (Scc. 328). 
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the integrand at some point Ё of the interval (a, 5): 
b 
(гоа 09 (620 (0 


Explanation. In Fig. 339, let us displace KL from the 
position CD to the position EF. At the beginning, the area 
b 


AKLB is less than fiw dx (сї. Sec. 318, 
‘a 
Theorem 1), at the end, it is greater. At 
some intermediate time the following equa- 
b 


lity must hold: area AKLB=§ Р(х) dx. 
a 


The base of the rectangle AKLB is 

AB=b—a, and the altitude, the ordi- Кеа 

rate NM, corresponding to the point № (E) of the interval AB. 
ence 


6 
фа) = V red 


a 
Note 1. The mean-value theorem establishes that Eq. (1), 
where E is regarded as the unknown, has at least one root 
that lies between a and b. 
Example. For f (x)—2x. formula (1) takes the form 
b 


f 2x dx =(b—a) 25 2 


a 
The theorem states that & lies between а 
and b. Indeed, the integral is equal to 
b? —a? and formula (2) yields 
REL TOUT sth 
—3(-a 2 


i.e. Ё is the arithmetic mean P of a and 5. 
joa i а 


U The geometrical аша (2) expresses the 


оа familiar theorem оп the area of a trapezoid 
Ax (ACFB in Fig. 340; AB-b-a is the altitude, 


Fig. 340 N M=2% is the median). 
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Note 2. Actually, the mean-value theorem of differential calculus 
(Sec. 264) differs from the theorem of this section in notations alone. 
Denote the integral of formula (1) by / (x). Formula (1) becomes 


b 

J F (x) dx=(b-a) F &) 

a 
Here the left-hand side is equal to f(b)-—f (a) (see Sec. 322 below) 
and we get the Lagrange formula 

F(b)- F (a)=(b-a) F &) 
[as applied to a function f(x) with a tontinuous derivative]. 


320. The Definite Integral as a Functlon of the Upper Limit 
: b 
Given fixed limits a and 6, the integral {ле ах ої апу 


а 
function f(x) has a definite numerical value. But ії the ире 
(or lower) limit is capable of taking on a variety of values, 
then the integral becomes a function of the upper (or lower) 
limit. Its aspect depends on the form of the integrand f (х) 
(and also on the value of the constant lower limit). The cha- 
racter of the dependence is discussed in Sec. 321, Theorem 2. 
1 


Example 1. The integral f 2t dt has the numerical value 1, 
0 


2 3 
the integral {2а has the value 4, the integral {2 dt, the 
0 0 


x 
value 9, etc. Hence, {2 dt is a function of x; it is expres- 
ò 
sed by the formula 
x 
T 2t а=? () 
ò 


Note. In formula (1), the variable of integration and the 
variable upper limit are denoted by different letters (t and х) 
because these variables play different roles in the process of 
ш ration. Namely, we first evaluate (Sec. 314) the limit 
of the sum 


$,— 21, (1—0) 4-2 (f — t) +... + 2t p41 (x — tn) 
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where ti, fg, ..., t are taken {гот 0 to x, and the numbers 
Ty Te ... belong to the intervals (0, 41) (41 fW pco 
this process, x remains constant. 

Then x is subject to change; this time we do not deal 


with the variable £. 
If in place of (1) we write 


x 
{ 2x dx 0 Q) 
0 
then the above-indicated difference is blurred. 
Nevertheless, the notation (2) is frequently employed and, 


generally, we have 
x 


| Fe) ax @) 
a 
Li 
or, also, re dt, f f (s) ds, «| The fact of the matter 
a a 
is that after performing the inte ration the variable limit 
has the same meaning (geometrical, mechanical, etc.) as the 
variable of integration (see Examples 2 and 
Example 2. The area S of a triangle M 
OPM (Fig. 341) is expressed by the in- Y 
а 


tegral | x dx: 
0 a 
s- ri & 2 Р 
0 Fig. 341 


Let the ordinate РМ be moving; then the integral yi is 
a function of the upper limit; accordingly, we write ¢ in 
place of a: 
t 
2 

s= pu 6) 

0 
The notation (5) is flawless but inconvenient because in 
the formula $==- the letter Ё is the abscissa, whereas we 
used x to denote the abscissa. That is why preference is 
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frequently given to the not quite exact notation 


Y 2 
S= f xdi 6) 
0 
Example 3. The velocity о of a freely falling body is 
given by the formula 
U—gt (7) 


The distance s covered by a falling body in the time ntad 


(0, Т) is (Sec. 317, Item 1) equal to the integral fa dt: 
0 


s= atat T gr (8) 


The notation (8) is flawless, but in formulas (7) and (8) 
the arguments are denoted differently, whereas their physical 
meaning is the same. Therefore in place of (8) one writes 


321. The Differential of an Integral 


Theorem 1. The differential of an integral with variable 
upper limit? coincides with the integrand expression: 


d F(x) dx— 1 (x) ах (0) 


x 
Formula (1) may be written more precisely as afr (t) dte f (x)dx 
a 


(see Sec. 320). 
Example. 


х 
d | 2хах=2хах (1a) 
0 


3) An integral with limit x is always a differen- 
tiable НОК eh Ө е upper, rnit ЕН, alway 
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Let us verify this equality. We have (Sec. 320) 
x 


rdc 
Ü 


Differentiating, we obtain (la). 
Note. From (1) we get 
x 


а. год de 0) @ 


а 


In words, the derivative of an integral with respect.to the 
upper limit coincides with the integrand function. This pro- 
position may be stated otherwise. 

Theorem 2. An integral with variable upper limit is one 
of the antiderivatives (Sec. 293) of 
the integrand function. 

Explanation of formula (1). The 
area of ALMP (Fig. 342) is expres- 

x 


sed by the integral {ло dx. When 
a 
x is increased by dx —PQ, the area SE E 
of ALMP receives an increment 
PMNQ, which is divided into the 
rectangle PMRQ and the curvi- 
linear triangle MNR. The area of the rectangle is equal 
to РМ-РО =} (х) dx; it is proportional to dx, while the area 
of the triangle MNR is of higher order than dx (in Fig. 342, 
it is less than MR-RN —dx Ay). Hence (Sec. 230) the integ- 
x 


Fig. 342 


rand f(x)dx is the differential of the integral NES 
а 
Explanation of formula (2). If + (D) is the velocity ol a 
t 
particle at time 4, then {10а (Sec. 317, Мет 1) is the 


a 
distance s covered by the particle during the time that has 
elapsed between the initial time a and the time £: 


1 
ges f 1 () di (3) 


a 


462 HIGHER MATHEMATICS 


[ 
The derivative 4—4 f f (t) dt is the velocity of the particle 
a 
t 
(Sec. 223). Hence, 4r f(t) dt — E. 
a 


322. The Integral of a Differential. 
The Newton-Leibniz Formula 


Thé theorem given below reduces the computation of à 
definite integral to finding an indefinite integral (сї. Sec: 323). 
Theorem. The integral of the differential of a function Р (2) 
is equal to the increment to the function F (x) over the inter- 
val of integration: 
b 
f dF (ху= Е (b)—F (а) (1) 
a 
In other words: if F(x) is some antiderivative of the 
integrand function f(x), then 


b 
(rey ax F ()—F @ @ 
а 
Formula (2) is sometimes called the Newton-Leibniz 
formula. » 
Example 1. We have (Sec. 314) 
b 
{ 2x de=0—a @ 
а 
The integrand expression is the differential of the function 


x? (dx? —2x dx). When passing from x—a to x=b, the fun- 
ction x? receives the increment b2—a?. Formula (3) expresses 


1) The name is justified only insofar as Newton and Leibniz were 
the first to use the relationship between differentiation and integra- 
tion to find integrals. But they did not give formula (2) either in 
words or as a literal expression. In geometrical form the theorem 0! 
this section (as also Theorem 1, Sec 321) was established by Barrow, 
Newton's teacher. 
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the fact that the integral is equal to this increment. 
^ 
Example 2. Find the integral fae dx. 
a 


Solution. Noting that the integrand expression is the diffe- 
rential of the function x8, we obtain, by formula (2) 


b b 
f 3x2 а= { d (59) = — aè @ 


b 
Explanation. The integral f Зх? dx is (Sec. 314) equal to the limit 
a 


of the sum 
3x] (а, хо) 32 Ga x) +. FRR (ха Xn—1) 922 (пахо) (5) 


The first term is the differential of the function x* for the interval 
(xo, ху), the second, for the interval (x, X. ), and so on. Replace each 
differential by an appropriate increment. We obtain the sum 


(8-28) нЗ)... 493-3.) 0a 7709 (6) 


Remove parentheses. All terms, except xQ-a^ and х3 үү=®* cancel, so 


that the sum (6) is exactly equal to b*—a*. 
A number § Кд are committed їп "ранне from (5) to (6) but 


each one of them is of higher order than 
of the argument. Therefore, despite the accumulation of errors, their 


sum is infinitely small, which means that for an unbounded increase 
in the number of terms of (5), the expression (5) differs from 5*—a* 
RA = infinitesimal. In other words, 6*—a® is һе 

» ke. 


b 
f 3x? dx=b*—a* 
a 


The general formula (1) is derived in the same manner. 


Mechanical interpretation. Let a particle be in motion in 
some direction and let F(f) be the distance of A gs 
from the initial position at time f. The derivative F —1 (0) 

b 


is (Sec. 223) the velocity. Hence the integral f f (t) dt expres- 


a 
ses (Sec. 317) the distance $ covered between time !==а 
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and t=b: 


b 
s=( f(t) dt (1) 


But at time /—a the distance from the initial point is F (a), 
at time t=b the distance is F (b). Hence 


s=F (b) — Е (a) (8) 
Comparing (7) and (8), we get 


iat P (6)—F (a) 


a 


323. Computing a Definite Integral by Means 
of the Indefinite Integral 


b 
Rule. In order to evaluate the definite integral Loo dx, 
а 


it is sufficient to find the indefinite integral | f(x)dx, subs 


titute into this expression, in place of x, first the upper limit, 
then the lower limit, and then subtract the second quantity 
from the first. 

This rule is based on the theorem in Sec. 322. 

Note. The additive constant of the indefinite integral need 
not be written out, since it disappears in subtraction. 


3 
Example 1. Find Vas dx. 
2 


Solution. We find the indefinite integral 
f 3x? dx — x? --C 


Substituting x —3, we find 27 +C; for х= — 2 we get —84C 
Subtracting the second from the first, we obtain 
3 
S aetas Q1 C) (84-0) 27 — (78) 85 () 
-2 
The additive constant C disappeared in the subtraction. 
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л 
Example 2. Find { sin хах 
0 


Solution. We have { sin x 4х==— cos х (we drop the addi- 
tive constant) Hence 


л 
f sin x dx= — [cos 1 — cos 01=2 (2) 
0 


Notation of substitution The notation 
b 6 
F (e) |2 or IF (9; @) 
denotes the same as F (b)—F (a). For example, in place of 


А л д 
— |cos n—cos 0| one writes — cos x Ж |— cos xl: 


а 
Example 3. Find \ A: 
ò а+х 


Solution. 
а 
ax 1 DEL 1 NUIT 
f -[ arctan p dv arctan 1—— arctan 0= 5 


atta’ 
Example 4. 
e 5 
dx ns уе ше 
ris y m з 
3 


324, Definite 'ntegratlon by Parts 


Integration by parts (Sec 301) may be applied directly 
to a definite integral through the use of the formula 


ry Xs 
udo | *— | vdu (1) 
E. 59 Ў € 


It is better to use tormuia (1) than to first compute tne indefinite 
integral, particularly when integration by parts is repeated. 
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V3 
xtdx 
Example 1. /— | (тту 
0 


Setting 
x dx 1 
um xul dT =i [к= rm 
we find 
ҮЗ v3 


0 а] ттт], + 
0 


“з 


Mate arctan V 3—— РЕ ж 0.307 


х 
2 

Example 2. 1={ x sin x dx. 
0 

We have 


go SE 

з 2 

А +} cos xdx 
0 


The first term vanishes and we obtain 
л 


Ё 2 
[—sin x| c 
0 


325. The Method of Substitution in a Definite 
Integral 
Xs 


Rule. To evaluate the integral \ f (x) dx we can introduce 


x; > : 
an auxiliary variable z connected with x by some relation. 
The integrand is transformed, as in the case of indefinite 
integration (Sec. 300), to the form f, (2) 42. It is also neces 
sary to replace the limits x, and x; by new limits zı and 22 
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in such fashion that these values of the variable z are asso- 
ciated with the given values х1, Xa of the variable x. If this 
is possible, then we have n 

Xa 23 

{ло ак h (dz Т) 

x, 24 

Example 1. Find 
13 


\ ҮЗх—14х 
5 
Solution. Introduce the auxiliary variable z connected 
with x by the relation 
z=2x—1 (2) 
Expressing x in terms of z, we obtain 
rt 9 


The integrand V 2x—1 dx is transformed to 
1 


| + z? dz 
The limits x,—5, x,—13 must be replaced by new limits 
21, z, by formula (2): 
2,—2x,—1-—9. 29 —2x4—1-25 
According to (1) we have 


+a 
Example 2. Find \ y a3i—x? ах. 


е0 
Solution. The substitution 
x=asint (4) 


1) |t is assumed that: (1) the relationship between x and z may 

be expressed by the formula х=ф (2, where the function @ (2) has a 

continuous derivative in the interval (24, 24); (2) the function / (x) Is 

passus lor all values assumed by x when z varies in the interval 
"EAM ў 
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reduces (Sec. 303, Example 1) the integrand to the form 
а? УТ зіп? cos ¢ dt = + а? cos? t dt (5) 


The upper sign is taken if ¢ belongs to the first or fourth 
quadrant, the lower sign if it lies in the second or third. 
The new limits А, f4 must be chosen so that 


—a=asint,, a=asin ly 
This is possible (and in two ways). We can take 
1=— E Д => 


Then ¢ varies within the fourth and fisst quadrants, and 
so we take the upper sign in (5) and obtain 


л 


+а ? 


E 
2 

\ V@—# dx—a { cos t dt = 2 (tp sin 2e ) 
л 
i 


D 
2 


-а 
_— 74° 
эй; 
We can also take 
3л л 
"EE = 


But then we take the lower sign in (5) and obtain 


n 
*a m 
——Á да* 
f Иа 2 а= — о? f cos? t dt =-7 
-a зл 
Y 


If we take the upper sign in (5), the result will be in- 
correct; — TE : 

"Note. The method of substitution can lead to mistakes if the 
condition specified in the rule is not fulfilled: namely, if there 
аге no such values z}, 2, to which the given values Ху, Xa 
of the limits of intergration can correspond. Mistakes of this 
nature are encountered in Example 3. 
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Example 3. Evaluate the integrals 
ale 
2 +1 
= | YTA dx, һ= | УТ а 
-1 -1 
which differ solely in the values of the upper limit. 
Let us try to introduce an auxiliary function: 


хї=2 (6) 


When transforming the integrand Y1-3xi dx, we replace the factor 


УТ х? by the expression V1-z. To transform the factor dx, express x 
in terms of z; this yields 
х=? (7) 
The simplest thing would seem to be to take the substitution 
xz4Vz (8) 
But then it is impossible to replace, in the integrals /, and /,, the 


lower limit x=- 1 with the new limit 21, to which, by formula (8), 
would correspond the value x=- 1. We therefore take the substitution 


z-Y2 (9) 


and attempt to apply it first to the integral /,. Now, the values of 
the limits х= —1, Xxs-777 correspond to the values 2,=1, а= 4 
From (9) we obtain 


dz 
dx=- = 10 
түз (10) 
and by formula (1) we get 
ael E 
2 4 9 

„= | Vaan- у Ge an 

E 1 


or, interchanging thc limits, 


1 — 

hee y Ba (12) 
i 
EN 


n (13) 
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which yields the new limits 
(ста 
„=}/ --5 V3. &$-0 
F 


The corresponding substitution will be 


1 21 dt 
——— -——= M 
aeq. MT Db ud 
and we obtain 
0 V3 
1 abd | Сга 
hey \ тр] ) (+ 
V3 9 
As in Example 1, Sec. 324, we find 
V3 n 
L=- tg = 0-307 


If in place of (9) we employ the substitution (8), without noticing 
that the condition given In the rule is violated, then in place of (12) 


we get - 


«l= 


І 

f E and for /, we obtain the wrong value 
E: 

4 


(—0.307). 

As for the integral /,, neither substitution [(8) or (9)] is suitable 
because the former fails to yield the lower limit, the latter, the upper 
limit. If by mistake we take, say. the substitution (8), then for /2 We 


1 

get Li y dz, which is zero. This is absurd since the integrand 
1 

V T=? is positive throughout the interval of integration. 


To evaluate /, we can split it up into two terms as follows: 


0 1 
= J Yi-x: dx f Vi-xidx 
- Ü ы 


We apply substitution (9) to the first summand, and substitution 
(8) to the second. Each of the two terms becoines 
П 
riy 
2 


0 
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1 
һ=| y (15) 


0 


so that 


This is ап improper integral (Sec. 328) because the integrand has 
a discontinuity at the point 2=0. However, we can still apply substi- 


tution (14) (because the function 2= Т а is monotonic; see Sec. 328, 


Note 3). 
We find that 
+0 


ns { tè dt 
LU УЫ 
0 
This integral is also improper (Sec. 327). Nevertheless, we can apply 


(Sec. 327, Note 1) integration by parts, so that proceeding as in 
Example 1, Sec. 324, we find 


+o do 
t dt 
h--33415| * f ZF) 
o 06 


The first term 1з equal to zero, and we finally obtain 


to +o 
1 dt 1 л 
= —=— = 0.7 
l; 2 f 1:877 arctan f 5 = 0.785 


326. On Improper Integrals 


The concept of a definite integral was introduced (Sec. 314) 
for a finite interval .(а, b) and for a continuous function f (x). 
A number of specific problems (see examples in Secs. 327 and 
328) lead io an extension of the concept of an integral to 
cases of infinite intervals and discontinuous functions. This 
is attained by performing another passage to the limit in 
addition to the limit process of Sec. 314. Inte rals obtained 
by such a double passage to the limit are called improper 
integrals in contrast to the integrals introduced in Sec. 314, 
which are called proper integrals. In Sec. 327 we consider 
improper integrals of the first type (with one or two infinite 
limits), in Sec. 328 we consider elementary improper integrals 
of the second type (of a discontinuous function). 
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327. Integrals with Infinite Limits 
Definition 1. If an integral 


x 


f [ (x) dx () 


has a finite limit as x’ —-- co, then this limit is called the 
integral of the function f (x) froma to infinity and is denoted 


+o 


f f(x) dx @ 
а 
Thus, by definition 
*o T 
f F(x) dx= lim (лод ах (3) 
ü Kv te a 


If, as x’ —-|- 0, integral (1) has an infinite limit ° or hasno 
limit at all, then we say that the improper integral (2) di- 
verges. li integral (2) has a finite limit. we say that the 
improper integral (2) converges. 


+o 
Example 1. Find the integral f 2-* dx. 
0 
Solution. We have 
at e ‘ 
on =! —2- ==. l-— 
0 2 10—29] = (73 
0 0 


х 
t) When the integra! fre dx has an infinite limit as x' ++ 
a 


+0 
we say (conditionally) that the improper integral J f (x) dx has an 
a 
+o 
infinite value, and we write J f(x) dxz o. 
a 


= 
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As х’ = 4- оо this expression has the limit m Hence 


+0 29 
f 2-*dx lim { 2-а & 14 
h +9 0 In 2 


t 
Geometrical interpretation. The integral (2-* dx is de- 
0 


picted by the area OBB'D (Fig. 343) under. the line y—2-*. 
As the ordinate BB' recedes, the area OBB'D increases but 


not without bound. It tends to ui We say that the area of 


the infinite strip under the line y—2-* is equal toc. 


Explanation. Let us consider the step-like figure in Fig. 343. 
The first rectangle OACD has 
an area OD-OA=1-1=1, the 


second, an area AK АМ=-у1= 


=, the third, an area T 
etc. As the number of rectangles 
increases, their overall area tends 
io 2 (the sum oi an infinitely 
decreasing progression). The num- 
ber 2 is naturally considered a measure гої the area of the 
infinite step-like strip. The area of the infinite curvilinear 
strip is still less. 


ABN * 


Fig. 343 


x 


+o 
Example 2. Find f а. 
i 
А 
Solution. The integral E: — In x' has an infinite limit as 
i 
x’ ++ ©. The required improper integral diverges.” 


+o 
1) It then has an infinite value: ( f азе) See footnote on 


1 
р. 472. 
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Geometrically, the area of the strip AA’B’B (Fig. 344) 
under the hyperbola y-l increases without bound (the in- 


finite curvilinear strip has an infinite area). 

Example 3. Two electrified balls with positive charges e, 
and e, electrostatic units are attached 
to a plane surface R cm apart. The 
ball carrying charge e, is released and 
it recedes from e, due to the force 


of repulsion of charges Р = 25 (ris 

the variable distance between the cent- 

o A BX resin centimetres, F is the magnitude 
Fig. 344 of the force in dynes). 

The work of ihe force F over the 

interval (R, 7’) is expressed (in ergs) by the integral (Sec. 317) 


Я 
HE dO ER dd 
ўзае, ( R P ) 

R 


The improper integral 


+o 
1 


1 
DA ( Z= lim [eves are = ) cmm 
P’ = 
R © 


expresses the total reserve of work of the system at hand. In 
physics this quantity is termed the potential. 


a 
Definition 2. The limit of the integral {ло а as 
x 


x" — — œ is called the integral of the function f(x) from 
— co toa: 


"T Г 4 
О 4) 


Convergence and divergence of the improper integral 
a 


f (х) dx is to be understood as in Definition 1. 
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Definition 3. The integral of а function f(x) from 
— оо to +o: 


ET 
reas © 
is the sum ү 
а +o 
V rede V Мда 6) 


It is independent of the choice of a. It is assumed that both 
improper integrals (6) 
converge. 

Integral (5) expresses 
the area of a strip under 
the curve y=/ (x) exten- 
ding to infinity in both 
directions (curve VAU in 
Fig. 345). 

Example 4. Find the Fig. 345 
area of the infinite strip 


under the curve y=—qi;gr (the versiera, ог the Witch of 


Agnesi, Fig. 345; see Sec. 506). е 
Solution. The desired area is given by the integral 


o 0 +o 

аз ах _ аз ах а? dx 7 
| Sm { + A 0) 
E -® 0 


Ж 
Since f а? ах a? arctan =, it follows that 


at+x? 
+o 
{ _a@ dx .q» lim arctan eee о 
a! xt xe " 2 


The first summand is evaluated in similar fashion and we get 


+o 
a*dx —— 
\ = e 
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Note | The basic lormula 
b 
J Í (x) dx=F (b) - Р (a) 
a 


+o 
as applied to the convergent integral J F (x) dx is of the form 
a 
LJ 


J Р(х) dx=F (0)- Е (a) 
a 


The symbol F (o) denotes lim  F (x^) 


Xi o 
The formula for integration by parts is applied in similar fashion. 
© 


To compute the improper integral f f(x)dx we can also use the 
а 


meted of substitution, provided that the function x=@ (2) is mono- 
onic. 

Note 2 |t is sometimes advantageous to convert a proper integral 
into an improper one. Thus, in computing the integral 


л 
a 
f sin? x cos? x dx 9) 
(Sin? x+ cos? x)? 
it is best to introduce the auxiliary function 
tan x=2 (10) 
This yields 
© © 
( ш xag Ml XR (11) 
(1*-2)* ^ 3 (1 +23) PRO 


Transforming integral (9) to the form (11). we regard the given 
Integral as the limit of the integral 


x 
f sin? x cos? x dx 


n 
———— as x! — 
(sin? x--cos? x)? P] 


328. The integral of a Function with a Discontin: ity 


Delinition 1. Let a function f (x) be discontinuous at n 
о x=b and continuous at all other points of the interva 
à, b). 
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If the integral 
- 
NI. () 
a 
has a finite limit as x’ tends to b (remaining less than 5), 
then this limit is called the improper integral of the junction 
f(x) from a to b and is denoted in the same way as the 
similar proper integral: 
b х 
NI dx іт {одах (9) 
f x’ = b-0 t 

For proper integrals, proof is provided for formula (2), 
but for improper integrals it is taken as a definition. 

A similar definition for the improper integral is given 
when f(x) has a discontinuity at the end-point x=a alone 
of the interval (a, 6). 

Convergence and divergence of an improper integral are 
to be understood as in Sec. 327. 

Definition 2. If f(x) has a discontinuity only at some 
interior point c of the interval (a, b), then 


b c b 
Create 0 одах 0 1004 (8) 
а а 6: 

|t is assumed that both improper integrals on the right 


converge. à 
Formula (3) is proved for proper integralsi here, it serves 


as a definition of the improper integral fiw dx. 


a 
Note 1. Definition 2 may be extended to the case when 
there are two, three, etc. , points of discontinuity in the 
interval (a, b) For instance, for two points c', c" we have 
b e b 


et 
Ç газак = f oae fro ae + frs (3a) 
a a с et 
Example 1. Find 
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This integral is improper because the integrand function 
is discontinuous (becomes infinite) at x—a. The integral 
converges because the function 


а? dx 


hauc Ct Li api in. 
PEU а? arcsin = (4) 


tends to the limit m as x' — a. Hence 
а ? 2 
б = (5) 


Geometrically, the area of the 
infinite strip KAOBL (that is, the 
limit oi the area LSOB as the polnt S 
tends to A; Fig. 346) is equal to the area 
of the semicircle BOB'A; hence, the 
hatched figure going off to infinity is 
equivalent to the sector AOB’. 

+а 


gU 
Kig. 329. Example 2. Find \ а = dx. 


-а 
This integral is improper because the integral becomes 
infinite at x—0 inside the interval (—a, +a). By Defini- 
tion 2 we have 


+а 3 АК 0 а 
f ay Aix ar? f x79 $ dx + qh/$ frm (6) 
kc da ò 


By Definition 1, 


0 x 
(хш tim {8а 
RE е0 5, 


= іт 3 (а 1/8 —x! M3) 341/% 
x'-0 


!) The radius a of circle О is a mean proportional between the 
ordinate of the line L'BL and the corresponding ordinate of the semi- 
circle A'BA; this makes it easy to construct the line L'BL. 
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The same goes for the: second term in formula (6). We 
finally get ' 


+а "M Ей» 
EET 
-a 


Geometrically, the area of the infinite strip ADLL'D'A' 
(Fig. 347) is three times the area of the rectangle A’ ADD’ 
(so that the “infinite spire” 
DLL'D' is equal to the square 
constructed on DD’). 

Example 3. In the expression 
+1 


4. 

{ E the integrand is disconti- 

-1 

nuous at the point x=0, and the 
1 


improper integrals ү апа ES 
x x* 
-1 0 


diverge (because the integrals f sl and { ae. 


-1 
= К ма have infinite limits as x -0 and x ++0), Hence, this 
expression is not in the least an 
improper integral (in the meaning 
of Definition 2). The infinite strip 
ADLL'D'A' (Fig. 348) under the 


line ТЕЕ has an infinite area. 


Note 2. Applying the basic for- 
mula of integral calculus 


b 
fro dxeF (b)-F (а) (7) 


to expression \ 4. we would 


-1 
т get the negative number -2; 
this absurd result (the integrand T is everywhere positive! ) is 
+1 


obtained because the expression f E is meaningless. Now if the 


-1 


480 HIGHER MATHEMATICS 


improper integrals 


с b 
Ј f (x) dx. f F (x) dx 
a € 


entering into (3) gunveree: then formula (7) is always true for the 


improper integral f f(x) dx. 
а 


Note 3. As to integration by parts and by substitution, we сап 
repeat Note 1 of Sec. 327. 


329. Approximate integration 


In practical situations we often encounter integrals that 
cannot be expressed in terms of elementary functions (Sec. pu 
or involve cumbersome expressions. It often happens tha 
the integrand function is specified in the form of a table or 
a graph. In such cases, the integrals are found by approxi- 
mate methods. 

Historically, the first was worked out by Newton in his 
method of infinite series (see Sec. 270). It is still used (on 
a more rigorous basis; see Sec. 402). i 

Another method, often called the method of quadratures, ® 
consists in substituting for the integrand function y—/ (9) 
a polynomial of degree n 


P (х) agx^ + ayx^ 73 -- ... aq 23X- 0 (1) 


such that for the given values х=, х= ..., *=*n 
(thelr, gre is n+1) it has the same values as the func- 
ion f (x). 

Geometrically, the curve y=f[ (x) is replaced by a “para 
bola of degree п” y—agx^ -I-ajx^ -1 --. ..++a, passing through 
n-+1 points of the given curve. 

The approximate computation of the values of the func- 
tion f (x) from several of its given values f (хо), / (х1), see 
f (xa) is called interpolation, .while the polynomial (1) is 
called the interpolation polynomial. А 

Integrating the interpolation polynomial, we obtain ап ap- 
proximate value of the integral of the function / (x). 


!) It is also based on the ideas of Newton and was first developed 
by Taylor, Simpson, and others. Some of the latest work has ре 
ros by the Soviet mathematicians V. P. Vetchinkin and F. М. 

ogan. 
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Example 1. For one given value Yo= (xo) we obtain an 
interpolation polynomial of degree zero: 
Р (x) — Uo (2) 
The curve y—f (х) is replaced by the horizontal straight 
line UV (Fig. 349) passing through the given point M, (xo; у). 
The approximate value of the 
integral 


h h 
at Xt 
f тобе f wdx—u^ @) 
Eh: ma 
' 2 0 2 


yields the area oí the rectangle 
AUVB (in place of the area of the Fig. 349 
curvilinear trapezoid АА'В'В). 

Example 2. For two given values "Ws (хо), Y= oth) 


we obtain an interpolation polynomial of the first degree: 


P (x) =yot 0—50) (4) 


It represents the straight line MyM, (Fig. 350) passing through 
the points Мо (хо, Yo), М1 (хо №, gi). The corresponding 
approximate value of the integral 


Xoth xh 
Crede (рода беи) ® 


yields the area of the straight-line trapezoid xoMoM393- 
Example 3. For three given values 
ESTESA RO ya f (xo 2h) 
we obtain an interpolation polynomial of degree two: 


P у= jo E n) Es 9 e oF 
(6) 
We can verify the validity of formula (6) by substituting 
successively 
X=Xy, L=Xoth, x= Xo + 2h 
We obtain 
P(x%)=yo Pu -th)—4v P (xo-- 2h) — Ve 


482 HIGHER MATHEMATICS 


The formula becomes complicated if we arrange P (x) in powers 
of x. The expressions 1 – Js (= Дуо) and y;—29,-5 (=А?у„) are the 
first and second differences (Sec. 258) of the function / (x). 


The polynomial (6) is a parabola with vertical axis (Fig. 351) 
passing through three points: Mo (xo. yo» Mi (xo^. И), 
М; (xo + 2h, ys). 


0 2, EXC 
Fig. 350 Fig. 351 


The approximate value» 


Xot2h Xo 2h 
{ Fe) dx = f P (x) dx = (yo+ 4y: из) А (7) 
% % 


yields the area of the parabolic trapezoid A,M,K'M,L'MsAs 
(in place of the curvilinear trapezoid АьМ,КМ,1МзАз). 


Formulas (4), (6) generalize to an arbitrary number of equidistant 
values of x. For four values we have 


P (x)= yo +100 


(cay) EET DIAS yy pe (y Hh) + 


21h? 
-3ysk3y, - 
n s U1 7 Yo (x — xo) [x — (xo +h)] [x (xo + 2h)] 


or, more succinctly, 


А 

Р (X) go HA Gr xi) А00 pee) (xx) 
{ хо 21Ax, 

A* go 

Зідх? 


o 


а 


(x xo) (c7 x3) (67 X2) 


Xo 2h 
?) Evaluation of the integral f P (x) dx is simplified if we 
хо 
introduce an auxiliary variable х-(х„+һ)=г. 
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The corresponding general formula is known as Newton’s interpolation 
formula. From it, Taylor obtained (in nonrigorous fashion) an expan- 
sion of the function / (x) in a power series (he ut x,—X,, X47 xo, etc. 
and replaced the differences AXo, Ago, Atyy etc. by the differentials 
ахо, dyy. d*yo, etc.) (ci. Sec. 270). 


330. Rectangle Formulas 


Using points xy, Xs, «++» Xn-1 (Figs. 352, 353) divide the 
interval of integration (a, b) into n equal parts, each of length 


b-a 
h=- 


For the sake of uniformity, put a—xo, b=X%n. Use Ха, sj, 


0@=%) Ty 2; т-у Tr 


@=2) T; 0, 4 1 


Fig. 352 Fig. 353 


LEE (Fig. 354) to denote the midpoints of the subinter- 
vals (хо, xj), (Xy, Хз), (Xv ¥3)) +++ > We set 
хо) = Рб) = Pew 65 
Роа) =, FG) =a), F (%s/,)=Yo),.» tee 


id The rectangle formulas are the following approximate equal- 
ities: 


b 
(ie) de = “у cbe (0 
2 b 

(лозах ж 2а @) 


a 
b 


frora ee ил] @) 
2 


п 
а 
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Expressions (1), (2), (3) yield the areas of the step-like 
figures in Figs. 352, 353, 354 (cf. Sec. 329, Example 1). 

In most cases, for a given n, formula (3) is more accurate 
than (1) and (2). As n increases, the accuracy of formulas (1), 
(2), and (3) increases without 
bound. 


Note. The limiting error of 
lormula (3) is 


(b-a)? 
24n? М, @) 
Fig. 354 where M, is the greatest value of 


| f” (x) | in the interval (a, b), For 
empirical functions, in place of М, we take the greatest value of the 


quantity || 
Example. Using formula e compute an approximate value 
of the integral (for 10 ordinates: n — 10) 
1 
fe he (==0.785998... ) 

%1/2=0.05 у„:=0.9975 

*з/о=0.15 43/2 = 0.9780 

5/9 0.25 Увџо — 0.9412 

Хуа =0.35 y;,,— 0.8909 


X9/9 0.45 99/2 = 0.8316 2а 
*|1/2==0.55 01 1/2== 0.7678 п 10 


*13/2=0.65 џузуо = 0.7029 
*15/2=0-75 — yi5,5 = 0.6400 
*17/2=0.85 утә = 0.5806 
X19/35 70.95 иу — 0.5256 


the sum >) y — 7.8561 
| = 575 y y — 0.78561 
The error amounts to roughly 0.0002. 
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mos 3x*-1 y 
We have f” (x) 22 TET . The greatest value of LE" (x) | in the 


interval (0, 1) is equal to 2 (it is reached at x=0). Substituting Into (4) 

п=10, M,=2, we find the limiting error 0.00085. Hence, there is no 

sense in computing ГА Ys) and so on to more than four places. 
2 2 


By formulas (1) and (2) (the values Yo, Y1» Yay ... are gi- 
ven in Sec. 331), we obtain / = 0.8099 and / ~ 0.7599, i.e. the 
error is approximately greater by a factor oi 50. 


331. Trapezold Rule 


Using the notations of Sec. 330, we have 
b 
(гоа е [ette tma] © 


a 
This is the trapezoid Jormula. It yields the total area of 


the trapezoids shown in Fig. 
355 (cf. Sec. 329, Example 2). 


Note. The limiting error ot 


lan 3 
tormula(1) amounts to wo Ms, 


where M; is the largest value of 
|” (x)| in the interval (a. b) (cf. 
Sec. 330, Note.) Fig. 355 i 


Example. Let us -compute the integral /— f 72 


0 
(=0.785398...) using the trapezoid formula and 11 ordinates 
(n—10). This yields 


y Hr 
1 1 zb 
ls qs (Ese 1.0998) — 0.78498 


i=9 
the sum У) y; — 7.0998 
i=] 
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The error comes out to roughly 0.0004, as in the case of 
formula (3), Sec. 330. But there the approximation was in 
excess, here it is in defect. 


332. Simpson’s Rule (for Parabolic Trapezolds) 
In the notations of Sec. 330, we have 
b 
b- 
{ лодак а 2а Е TE +9n-1)+ 
a 
+2 (91/2 d- V3/9 - -- - Syn] 0) 


This is Simpson's formula. It gives the total area of the 
curvilinear trapezoids xoMoM „Мух, М, Мз Мәх, ++ 


00-2, тр 2, пу, 254 2120 


Fig. 356 


(Fig.356), where in place of the arcs MyM „Му, M1M 5/5 Ms -++ 
oi the given curve y=f(x) we take the same arcs of para- 
bolas with vertical axes. Fig. 356 shows one parabola MyM, 2i 
(сї. Sec. 329, Example 3). К 

For the same number of ordinates, Simpson's formula is 
in most cases much more accurate than the rectangle formula 
(Sec. 330) and the trapezoid formula (Sec. 331). 
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Note. The limiting error of formula (1) is 


(b—ay 
Teo (2л) М* (2) 


Here, M, is the largest value of | DATI in the interval (a, b). 


Example. Compute the integral 
1 
—=\ UE UE 
i=) ©. (= 0.785398...) 


by Simpson's formula using five ordinates: 


Y 3n 
х0=0 + Yo = 0.50000 
хуро 0.25 23121 88235 
х1=0.50 y, = 0.80000 


ONE Paging OS 
the sum — 4.71235 
1 = 4 -4,71235 = 0.78539 


The error amounts to approximately 0.00001, which is less 
by a factor of 40 than in the pesos of Secs. 330, 331, 
though the number of ordinates in the latter instances was 
twice as great. 


It is useful to compare the Simpson formula with the trapezoid 
formula. In the first Elie, we have an extra term 2 Wied нө) 


that the expression in square brackets in the Simpson 
ughly three times the corresponding express 
mula. Accordingly, the factor t is three times less than the factor 
b-a t 


n 
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333. Areas of Figures Referred to Rectangular 
Coordinates 


The area of a curvilinear trapezoid (aABb in Fig. 357) 
located above the x-axis is expressed (Sec. 316) by the in- 
tegral 

b 
5=(/() ах (I) 
a 
For the trapezoid beneath the x-axis, we have 


b 
EE f f(x) dx (1) 


Figures of any other shape аге partitioned into trapezoids (or 
the trapezoids are completed) and then the area is found as 


Y 
A 
8 
0| « b 
Fig. 357 Fig. 358 


the sum (or difference) of the areas of the trapezoids. Com- 
putation is facilitated by a suitable choice of rectangular 
system. 
_ Example 1. Find the area of the parabolic segment АОВ 
(Fig. 358) from the base AB— 2а and the height KO—h. 
Let us choose the axes as in Fig. 358. Divide the seg- 
ment АОВ into equal curvilinear trapezoids OKB and OKA: 


h 
area окв= V ydx @) 
ò 


The coordinates x, y are connected by the equation 
y? = 2px (3) 
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The parameter p is found from the condition that the para- 
bola passes through the point B (h, a): 


a? —2ph (4) 
From (3) and (4) we find ў 
ааа 
v= V7 ® 
Substituting into (2) we get 
h 
NEED 
area окв=у | Y xdx— Б аһ, 


area AOB=2 area окв= (2a) h 


that is, the area of the parabolic segment comprises t of the 


area of the rectangle ABB'A' having the same base and the 
same height. 

Alternative method. Take the segment АОВ and complete 

the rectangle AA'B'B. The area of the complementary tra- 
+a 


pezoid is f xdy or by virtue of (5) 


j“ h tT 1 
CE dy y 22 
-a 


Hence А 
area A0B — 2ah— 5: 2ah= 3: 20h 


Example 2. Find the area S of the figure (Fig. 359) lying 
between the parabolas y2=2px and xi—9py. 

The area $ is the difference between the areas of ONAL 
and OKAL. The parabolas intersect at the points 0 (0, 0) and 
A(2p, 2p). We have 


2p 2p 
s={ Урак | pera eU 

ò 0 

S comprises а third ої the area of the square ) OLAR. 


1) Using the result of Example 1, the area S may be found in 


elementary fashion. 
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Example 3. The area of an ellipse z EE I. 
+a b 
$—2 f т V ах dx= лар 
-=a 
Example 4. The hyperbola 2—0 =1 (Fig. 360): 


х 
area AMP= f E y x3i—aidx— 
a 


b ab x4Vxt—a? ху ab X £ 
=z VP а а I (s +4 


A 


{ 
L 
i 
L 
Fig. 359 Fig. 360 


Example 5. The cycloid (Fig. 361): 


x=a(t—sin?t), y-a(1—cos 1) 
2л 2n 

area оулго= \ уйх= а f (1 — соз t dt =3na? 
0 0 


Hence, the area of the cycloid is three times the area of the 
generating circle. 


334. Scheme for Employing the Definite Integral 


The definite integral can be used to express a great va- 
riety of geometrical and physical quantities (see Secs. 335-338). 
In all cases, the following uniform scheme is employed. 
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1) The unknown quantity U is associated with ап interval 
(a b), the range of some argument. 

Thus, to express by an integral the area aABb under the 
line AB (Fig. 362) we associate it with the interval (a, 5), 
the range of the abscissa x. 


Fig. 361 Fig. 362 


2) The interval (a, b) is partitioned into subintervals 
(а, ху), (ха, х8), e (Xn b) (the number of subintervals will 
then tend to infinity and their lengths will approach zero). 

Let the unknown quantity U be subdivided into parts Uo, 
Uy, Us, ... (Fig. 362), the sum of which yields U. 


N_L B 
ү 


o a Ti Ty bX 


Fig. 363 Fig. 364 


Quantities having this property are called additive quantities (in 
contrast to nonadditive quantities; for instance, the angle between 
the generatrices of a conical surface is a nonadditive quantity). The 
angle АОВ (Fig. 363) may be associated with the interval (а, 5), 
where а= RA and 52 RB, which are arcs of the directrix reckoned 
from some initial point R. But if we partition (а, b) into subinter- 
vals (a, c) and (c, b), the corresponding angles ОС and СОВ do not 
yield, as a sum, the angle АОВ. 4 

‘An additive quantity can be expressed by an integral, a nonad- 
ditive quantity cannot. 


(3) One of the subintervals U; is taken as a typical re- 


presentative of the parts Шуко уо te Depending оп {һе 
conditions of the problem, it is expressed by an approximate 
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formula of the form 
U; & F (xi) iix) () 
and the error must be of higher order than x; 4.;—¥x;. 

The expression f (xj) (x; 41 — xj) or, briefly, 

f (x) Ax (2) 
is called an element of the quantity U. 

The element of the area aABb (Fig. 364) is the area of 
the rectangle x;KQx;,,; the error of formula (1) is the area 
of the shaded triangle KQL. It is of higher order than 
Xiyi—X;— Ax; (the area KQL is less than the area of 
KNLQ=KQ-KN=Ax;Ay;, and the latter is of higher order 
than Ax;). 

(4) From the approximate equality (1) we get the exact 
equality 


b 
uro d (9) 
а 


Explanation Аз the number n increases, the error in the 
sum 

F (xo) (Xa — xo) HF (1) (каа) +. HF а) (аа) (0 
(despite the accumulation of errors) tends to zero, since the 
errors of the individual terms decrease faster than the num- 
ber of terms increases. That is why U is the limit of the 
sum (4), i. e. 

b 
uà f f (x) dx 


a 


335. Areas of Flgures Referred to Polar 
Coordinates i 


The area S of the sector АОВ bounded by the curve AB 
and the rays OA and OB (Fig. 365) is given by the formula 
1 Q: 
s=7 \ Pde (1) 

Ф. 


where r is the radius vector ої the variable point М of the 
curve AB, ф is its polar angle. 
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Explanation. The scheme of Sec. 334 is applied here as 
follows. 

(1) The area of AOB is associated with the interval (1, 
qs) of variation of the polar angle. 

(2) The interval (Pı, Ф) is artitioned into subintervals, 
the sector АОВ is thus subdivided into subsectors of the form 
AOM,, МОМ» and so on; the sum of their areas yields the 
area of АОВ. 


Fig. 365 Fig. 366 


(3) We take the subsector M,0Mg (Fig 365) as a repre- 
sentative of the subsectors AOM;, M,0M;, etc., and replace 
it by the circular sector M,0Q, the area of which, 


40M Ms =-ргг Аф= Tn Аф 


is an element of the area of АОВ. The error of the approxi- 
mate formula 


area M,OM,~ T Аф (2) 


is of higher order than Aq. 
The error is equal to the area of the curvilinear triangle M:QMs, 
and the latter is less, area QM,RMs—7 (0M}-0M}) дә = rarhe- 


(4) Formula (1) follows from thea proximate equation (2). 
Example. Find the area of the figure OCDA (Fig. 366) 
bounded by the first whorl of the spiral of Archimedes 
(Sec. 75) and the line-segment OA=a (the lead of the spiral) 
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Choosing the polar system as in Fig. 366, we have 
'= 9 


The beginning O of the whorl and the end A are associated 
with the values 


pı =0, q,—2z 
By formula (1) 1 : 
2л 2л 
s-4f Pd = ұт f g dp — na? 8) 
0 0 


The area of the first whorl is three times less than that of 
the circle having as radius the lead of the spiral. This result 
was found by Archimedes." 


336. The Volume of a Solid Computed 
by the Shell Method 


e . We consider а solid of arbitrary shape (Fig. 367). Let 
the areas F (x) be known of all its cross sections parallel to 


Fig. 367 Fig. 368 


the plane R(x is the distance of a section from the R pla 
ne). Then the volume of the solid is 


Xs 
vel F (x) dx (1) 
xy 
') Though Archimedes did not explicitly introduce either the 


concept of an integral or that of a limit, his method actually coinci- 
des with the method of integral calculus. ; 


INTEGRAL CALCULUS 495 


Explanation. Divide the solid into parallel slices, or 
shells; the solid NMKQmP is a representative of these sli- 
ces. Construct the cylinder NMKnmk. Its volume, e ual to 
F (x) Ax, is an element of the volume V. Formula (1) follows 
therefrom (cf. Secs. 334 and 335, Explanation). 

Example 1. Find the volume V of a pyramid UABCDE 
Р 368) їгот the area of the base S and the altitude 


Solution. The area F(x) of a section A,B,CiD,E, is found 
їгот the proportion 


F (x): S= U01:UO? =x: H°? 
By formula (1) 


H 
v= гоа tiec SH ©) 


This formula isa familiar for- 
mula of elementary geometry, 
but the derivation there is 
much more complicated. 
Example 2. Find the vo- 
lume of an ellipsoid (Sec. 
173) with axes 2a, 2b, 2c 
Solution. The section 
KLK'L' (Fig. 369) parallel to 
the principal ellipse BCB'C' 
and distant h—0M from 
it is (Sec. 173) the ellipse 
with semiaxes Fig. 369 


к=мк=ьү 1-5, d =ML=c y -E 


The area F (h) of a section is equal (Sec. 333, Example 3) to 


F (h) = nb'c! = nbc (1—4 
By formula (1) к 


у= [m (h) dh —2 f abc (1-2) dh—-l- xac (9) 
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A cone with elliptical base BCB’C’ and altitude OA=a has 
volume 


(the derivation is the same as in Example 1); that is, 
V=- лак. Hence, the volume of an ellipsoid is four times 


that of a cone having as base one of the principal sections 
and as vertex the opposite vertex of the ellipsoid. This 
result was found by Archimedes (for an ellipsoid of revolution). 

When the ellipsoid becomes a sphere (a=b=c), we get 


the familiar formula Vat nr, 


337. The Volume of a Solid of Revolution 
The volume V of a solid (Fig. 370) bounded by a surface 


of revolution and two planes P,, Pa perpendicular to the 
axis of revolution OX is expressed by the formula 


Vea {зах (1) 


Fig. 370 Fig. ?71 


Note. The quantity лу? is the area of a transverse (cir- 
cular) section (сї. Sec. 336). id 

Example. Find the volume of a segment of a paraboloi 
of revolution (Fig. 371) from the radius of the base 4B—" 
and the altitude OA=h. 
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Solution. As in Sec. 333 (Example 1), we find that the 
meridian (parabola) is given by the equation 


rix 


v= 
By formula (1) 
h 
V=n f D акр arth 
0 


That is, a segment of a paraboloid is equal in volume to 
half the cylinder having the same base and the same altitude. 
This result was found by Archimedes. 


338, The Arc Length of a Plane Curve 


The length s of an arc AB of a plane curve is expressed (in 
rectangular coordinates) by the formula 
t 
s= | Vie OFFI or a 0 
һ 
where ¢ is a parameter used to express the current coordina- 


tes x, y (ls > fj). . 
lf the parameter has not been chosen, formula (1) is more 
conveniently written as 


(B) 
s= | Yaerap (2) 
(A) 


The labels (A) and (B) indicate that for the limits of integ- 
ration we have to take those values of the parameter which 
correspond to the ends of the are AB. à 

In particular, it is often convenient to take the abscissa x 
as the parameter. Then we have 


s=| Yr (3) 


Explanation. The infinitesimal arc MN is equivalent to 
the chord MN (Fig. 372). On the other hand, 


MN = VEE ON У Безди s Y abr 
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Hence 
MN x Мах? ау 


Tnus, the expression Vdxi-rdy? (it is proportional to the 
increment Af in the argument?) 
is an element (differential) 
of the arc АВ. By Item 4 of 
the scheme given in Sec. 334 
we obtain formula (2). 

Finding the arc length is 
called rectification of the arc. 

Example. Find the are length 
of one branch of the cycloid 
(Sec. 253) x=a(t—sint), y= 
= а(1—соѕ t). 


Fig. 372 Solution, 
p? (Z) + (2 * =a V (1—60s f? F sin? i= 
=a Y 2(1—605 1) —22 | sin +], @) 


2л 
s= 2a sin + dt= 8 6) 
0 


The length of one branch oí a cycloid is equal to four 
times the diameter of the generating circle 


If we compute the total length of two branches of a cycloid using 
ал 
the formula a= { 2a sin -5- dt, we get zero, The error is due to the 


0 
fact that in the interval (27, 4л) we have 
t t $ 
LE |=- sin (and not + sin +) 


Note. When we measure the length of a curving path by 
paces or the length of a sinuous river (on a map) using some 
scale unit, we are implying the equivalence of arc and chord. 
This property is suggested by practical experience. But if we 
wish to prove it mathematically, we must define arc length. 

Definition. The arc length of a plane or space curve is 
the limit to which the perimeter of a polygonal line inscri- 
bed in the arc tends when the number of segments of the 
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polygonal line increases without bound and the lengths of 
the segments approach zero. This is the usual definition. 


Using this definition, we сап now prove that MN = MN. For- 
mula (1) is also directly derived from it, so that the scheme of Sec. 334 
would appear to be dispensed with completely. Actually, however. 
the scheme is "hidden" in the definition. 

Arc length may also be defined as the limit of a circum- 
scribed polygonal curve. This definition is equivalent to the 
preceding one. 


339. Differential of Arc Length 
The differential of arc length is given (Sec. 338, Expla- 
nation) by the formula 
ds = Y dx? + dy? (1) 
lf the argument is x, then (Fig. 373) 
dx=MQ, dy=QP, 
ds — Y MOF QP! = MP 


The differential of the arc expres- 

ses the length of a segment of the 

tangent line from the point. ої 

tangency to intersection with the 

increased ordinate. 

т Example: The uae of 
e arc of a cycloid is (cf. Exam- 

ple, Sec. 338) rg s 


ds = V dxi + dy =a Y 2 (1— cos t) dt — 
—2a зїп dt O<t <2n) 


340, The Are Length and Its Differential in Polar Coordinates 


The length of the arc AB (Fig. 374) is given in terms 
of polar coordinates г, q by the integral 


(B) 
s= { V dr? гаф? (1) 
(A) 
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The differential of the arc is given by the formula 
ds = V drà F rdg? @ 
Explanation. From point O as centre, draw a circle 
(Fig. 374) of radius ОМ =. Its arc MK (—7A«), the seg- 


ment KN(=Ar) and the arc MN (=As) of the curve AB 
form a curvilinear triangle 
with right angle at the vertex K. 


Fig. 374 Fig. 375 


Although the Pythagorean theorem does not hold exactly for 


such a triangle, for an infinitesimal arc MN the square of 
the “hypotenuse” is equivalent to the sum of the squares 0 
the other two sides: 


MN x V Kus Kits 
or 
As x LAE Аф? = V dr?4-r? dg? 


Hence, the expression V dr?--r*dq? is the element (differen- 
tial) of the arc length s. 

Note. Formula (2) of this section may be obtained from (2) 
of Sec. 338 by the substitution 


dx —d (r cos ф) —cos p dr—r sin q dq, 
dy —d (r sin Фф) —sin q dr +r cos p dp 
Example. From point О on a circle of radius a, draw 


а гау OK (Fig. 375); from point L where the straight line 
OK again cuts the circle, lay off a segment LM —2a in the 
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direction of the ray OK.” The curve described by the point 
M as the ray is rotated is called a cardioid (which means 
“heart-shaped”; see Sec. 508 for a detailed discussion of the 
cardioid). Find its length. 
Solution, Choose the polar system as in Fig. 375. We 
then have 
OL=OA cos ф = 2a cos Фф, (3) 
r=OL+LM=2a (cos 94-1) 
The cardioid is ашыу deseribed when ф ranges over 
the interval (—л, +7); Its length, by (1), is 
TX 


RERUMS вш 
s= \ Y 4a? (1 F cos p)? 4- 4a? sin? ф dg = 


-л 

Ta +n 
=2a f ҮТЕ? cos q do —4a f cos Ф. йр = 16а (4) 

2л -л 
Note. A cardioid may be obtained as the path of a point 
on the circumference of circle Орд (Fig. 375) rolling (without 

sliding) on a circle ONAL of the same radius. 

From (4) it is clear that the length of the cardioid is 
equal to eight times the diameter of the generating circle. 


The cardioid may be drawn by varying © from zero to 2л But 
эл 


if we compute its length from the formula s=4a f tos -$ аф, we get 


0 
zero, The source of the error is indicated in Sec. 338 (fine print). 


341. The Area of a Surface of Revolution 
The area S of a surface formed by the revolution of an 
arc AB about the x-axis is given by the integral 


= È 2nyds @) 
(А) 
where y is the ordinate of the meridian AB, ds = V dx? + dy? 
is the differential of its arc (Sec. 339), (А) and (В) are the 
end-point values of the parameter in terms of which the coor- 
dinates are expressed. 


1) When the straight line touches the circle at point О, segments 
equal to За are laid off in both directions from 0 (0M;=0M,=2a). 
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Explanation. Partition the surface ABB’A’ (Fig. 376) 
into parallel shells, and replace each shell MNN’M' by the 
lateral surface of a frustum of a cone with the same bases, 
The areas of these surfaces are 
equivalent. Therefore, 


area .MNN'M' x 
z&n(PM--QN)MN (2) 
Since PM-+QN=2y-+ Ay, 
— 
MN = MN=As, it follows that 
area MNN'M' = n (20 - Ay) Ase 
д 2ny As (3) 


Whence formula (1) follows. 
Example, Find the area of a surface formed by the revo- 
lution of a cycloid about its base. 
Solution. We have (Secs. 338, 339) 


ds —2a sin sat (0 <2 1 << 22), 
2л 

s=] 2ла (1— соз 0)-2а зіп а= 
0 


Fig. 376 


2n 
=8na! T sin? + 
0 


By way of comparison, take the area of the axial section 
(that is, double the area of the cycloid) бла? (Sec. 333). The 


5 
area of the surface of revolution exceeds it by a factor of 3> - 


Note. In order to prove the equivalence of the area of 
the shell MNN’M’ and the ‘area of the lateral surface of a 
frustum of а cone, we have to define the concept of “the area of 
a curved surface”. This definition is given in Sec. 459. Due to 
its complexity, one often introduces the following particular 
definition which is in agreement with the general definition. 

The area of a surface of revolution is the limit to which 
tends the area of the surface formed by the rotation of a poly- 
gonal curve inscribed in the meridian when the number of 
straight-line segments of the polygonal curve increases without 
bound and the lengths of the segments tend to zero. 

From this definition, it is possible to derive formula (1) 
directly (cf. Sec. 338, Note 1). 


FALDET 
dt =; na 


PLANE AND SPACE CURVES 
(FUNDAMENTALS) 


342. Curvature 


Suppose, as point M on curve L moves to point M’ 
(Fig. 377), the tangent line which is in the direction of the 
motion turns through an angle of œ (omega) from position 
MT to M'T'. The ratio of the angle œ to the arc length 


MM, IX describes the curvature of the curve L on the 


segment MM’ and is called the average curvature of the arc 
MM’. The angle œ is ordinarily mea- 
sured in radians. 

The average curvature of any seg- 
ment of a straight line (its tangent 
coincides with the straight line itself) 
is equal to zero; the average cur- 
vature of any arc of a circle of 
radius R is equal to 4 

The dimensions of average curvature are reciprocal to the 
dimensions of length; that is, when the scale changes, the 
numerical measure of curvature varies inversely with the 
numerical measure of segment length. 4 

Definition. The curvature of a curve L at a point M is 


the limit to which the average curvature of an arc MM" 
tends when the point М” tends to M. The curvature is de- 
noted by the letter К: 
K= lim = (1) 
MM +0 MM’ 
Curvature characterizes the amount of bend of a curve at 


the point under consideration. The curvature of a straight 
line is everywhere equal to zero. The curvature of a circle 
of radius R is everywhere equal to A For any other curve, 
the curvature varies from point to point. It may be zero at 
some points (called points of айол! Near a point of 
rectification, a curve resembles a straight line. — : 

Note. We consider curvature to be a positive quantity 
(if it is not zero). To the curvature of a plane curve we can 
affix a sign, to the curvature of a space curve we cannot 
(see Sec. 364). 


Fig. 377 


w. 
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343. The Centre, Radius and Circle of Curvature of a Plane Curve 


Suppose a point М” (Fig. 378) is in motion along a plane 
curve L and tends to a fixed point M where the curvature K 
is nonzero. Then the point C', where the fixed normal MN 
cuts the normal M'N', tends to the point C which is dis- 


tant MC 1) from M. The ray MC is in the direction of 


concavity of L. 
The line segment MC is called the radius of curvature, 
and the point C, the centre of curvature of L (for the point M). 
The radius of curvature is denoted by Ё or the Greek 
letter p (rho). The quantities R and K 


Т p аге reciprocal quantities, i.e. 


R=% BU 
and 
1 
=> @ 


The radius of curvature of a circle is 
equal to its radius and the centre of 
WwW curvature coincides with its centre. 
A circle described from the centre 
Fig. 378 of curvature C (Fig. 379) with radius 
g А ; 
n R— MC is called the osculating circle, 
or the circle of curvature, of the curve L (at the point M). 
The curve L is exterior to the circle of curvature in the 
direction of increasing radius of curvature (in Fig. 379, it is 
to the right of M), and interior to the circle of curvature in 
the direction of decreasing radius of curvature (to the left of 
M in Fig. 379). Therefore, as a rule the circle of curvature 
is tangent’ to the curve L and at the same time intersects il. 


? In the triangle MC'M* (Fig. 378) the angle C’ is equal to 
the angle o (angles with mutually perpendicular sides), £ С'М'М= 
7909-2, where angle = MM'’D is infinitesimal (it is less than ©). 


By the sine theorem, мс". (90572) мм, cos a, MM, passing to 
4 sin @ sin @ 


— 
the limit and taking into account the fact that MM’ = MM’, sin à =O 
and cosh + 1, we get 


Mnt». 2148 
MC lim MM <1 stim =1:K 
о 


[2] 
MM’ 
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In exceptional cases when the radius of curvature at the 
point M has an extremum, ihe curve L, on both sides of M, 
is situated inside the circle of curvature (in the case of a 
maximum, Fig. 380) or outside it (in the case of a minimum, 


Fig. 379 Fig. 380 Fig. 381 


Fig. 381). An instance oi the first case is the end of the 
minor axis of an ellipse, an instance of the second case is 
the end of the major axis. 


‚Мое. If at M the curvature of the curve L is zero, then the 
point of intersection of the normals MN and M'N' recedes from M 
indefinitely when the point M* tends to M. We then say that the ra- 
giu AQUI at the point of rectification is infinite, and we 
write =o. 


344. Formulas for the Curvature, Radius and Centre 
of Curvature of a Plane Curve 1) 


The curvature of a curve y=f (x) is computed from the 
formula 


Suae adi 1 
К=з x 
the radius of curvature, from the formula 
mh (2) 
Rey 

the coordinates of the centre of curvature C, from the formulas 

" ” Ley? 
rene COSE, yom yt i (3) 


1) The corresponding iormulas for а space curve are given in 
Sec. 363. 
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If y"=0, then the curvature is zero, the radius of curva- 
ture is infinite and the centre of curvature is absent. That is 
what always occurs, for example, at points of inflection (cf. 
Sec. 283). 

Formulas (1) to (3) are replaced by symmetric formulas 
if the curve is represented by the parametric equations x — f, (t), 
у=} (t). Then 


Wo 
IM. 0 

0o (etes 
R Terre” m 
хр" х'?+у®% о? (Ш) 


Xc—X— zu yr Yor T vy y 

The primes denote differentiation with respect to the pa- 

rameter ¢. Formulas (1) to (3) are obtained from (I) to (III) 

if we put x=/ (then x'—1, and x'—0). If we put y—t 

(then y—1, y" —0), i.e. if the equation of the curve is taken 

in the form x—/ (y), then in place of (1)(3) we get the 
following formulas: 

ds 4x1 (1а) 

(1+2'?)*/2” 

а (12) 27а 

в бт Qa) 


Xc—x4- 1 зз К сеу (+) (3a) 


The existence of the derivatiyes x’, y’, x", y" at the point A fe. 
the given curve ensures the existence of curvature at that point. 1e 
converse does not hold: it may happen that the curvature exists a 
but the derivatives x’, y’, x^, y” (one or several) do not exist. T 
formulas (1)-(111) are not valid and this shows that the parameter 
was not properly chosen. See Example 1 (fine print). 


Example 1. Find the curvature, the radius and the centre 
| ig aa C at the vertex A (0, 0) of the parabola y? —2px 

ig. Ё 

Solution. The easiest way is to take the ordinate у Íor 
the argument: from the given equation we get 


, Y n" 


x p. SEU. e (4) 
Е he pi * —p 


At the vertex of the parabola we have 


n 


жє” Then 


sae (5) 
Р 
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Using formulas (la) to (За) we get 
K=}, R-p xc—p gcc? © 


The radius of curvature at the vertex of the parabola is 
equal to its parameter, that is, the focus F bisects the seg- 
ment AC. 


1f for the argument we take the abscissa x of the parabola y*=2px, 
then in place of (4) we get (see Sec. 250) 


у=, an 0) 


The derivatives y’, y" do not exist at the vertex of the parabola 
(x=0, y=0), so that the formulas (1) to (3) cannot be utilized di- 
rectly However, formulas (1) to (3) are suitable for all the other 

oints of the parabola, and after ihe substitution (7) they are trans- 
ormed to 
2 
K=—_-- H 
(yt рэ)" /2 
3 (8) 
NL 
Кет рї! n 


ГЫ 
хс=х+—+Р (=3х+ р). 
p 
» 9) 


0с=- BF 


If we substitute x=0, y=0 here, then we again get the values (6). 
The meaning of this computation lies in the fact that we have found 
the limits to which the quantities 
K, R, xo, Yç tend when а point of 
the parabola approaches the vertex 
of the parabola. 


Example 2. Find the radius 
and the centre of curvature at 
the vertices of an ellipse with 
semiaxes a, b (Fig. 382). 

. Solution. The simplest way 
is to use the parametric equations 
of the ellipse (Sec. 252) 


x=acos t, y=bsint 
From them we find Fig. 382 
x'=—asint, y’ =b СОЗ; 
х'==— а cost, у= — bsint 
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From formulas (11) and (111) we get 


EACH sin? ¢+ b? соз? o/s 


2 ; (10) 
xcs 0) cos? / ; 
(a* — b?) sin? / (1) 
Ий ъ,. 
At the vertex A (а, 0), where /—0, we have 
Ro. ас, aco (12) 
At the vertex B(0, b), where t= +, we have 
R= +. хс=0, ус=— EIU (13) 


Note. Forming the equation of a tangent to the ellipse 
(Sec. 252) 


bcos t- X +a sin £-Y —ab=0 | 
we find that its distance from the centre (Sec. 28) is 
ab 


бз Кат sin? ¢+b* cos? t 
Comparing with (10) we find 
pa qub 


Thus, the radius of curvature of the ellipse is inversely pro- 

ortional to the cube of the distance from the centre to the 
angent at the corresponding point. In particular, from (12) 
and (13) we find that 


Ra: Rg =b8:0a8 


345. The Evolute of a Plane Curve 


The locus L’ of the centres of curvature of a plane curve k 
is called the evolute of the curve L. Formulas (111), (3) po 
(За), Sec. 344, which yield the coordinates xc, yc of the 
centre of curvature, are at the same time the parametric 
equations of the evolute [in formulas (3) and (3a) the role o! 
parameter is played by x and y, respectively]. Eliminating 
the parameter, we gef an equation relating the coordinates 
of the evolute. 
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Example 1. Find the evolute of the parabola 
y?=2px (1) 


Solution. For the parameter let us take the ordinate у. 
Substituting into formulas (3a), Sec. 344, the expressions 


, 1 
x =4, g= , we get 
2 24y? з y? 
ak e a @ 
( + 2 3 
ус 0001 ат @) 


These аге the parametric equations of the evolute with para- 
meter y. To eliminate y, represent the system (2)-(3) in the 
orm 


2 рас р) = Pyc=— t 


Cubing the first equation and squaring the second, and equat- 
ing the left members, we get the equation of the evo ute: 


27руё =8 (xc—P) 
The evolute is a semicubical parabola (Fig. 383). 


Fig. 383 Fig. 384 


Example 2. Find the evolute of the cycloid. А 
Solution From the. parametric equations of the cycloid 
(Sec. 253) 


x=a (t — sin 0), у=а(1— cos t) (4) 
we find, from formulas (III) of Sec. 344, 
xc =a (t+ sin 4), yo=— а (1-— cos 0) (5) 


The similarity of equations (4) and (5) is not accidental; if 
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a new parameter /' is introduced with the aid of the relation 


t=t' 4n (6) 
then Eqs. (5) transform to 
Xc — na J- a (t' —sin t’), | @) 
ус = — 2a-- a (1— cos t’) 


Hence, the evolute L' of the cycloid L (Fig. 384) is a 
cycloid congruent to the given one but displaced along the 
base OB by half of the base and dropped below the base a 
distance KC, equal to the altitude. 


From (6) it is seen that the turns of the generating circles at the 
corresponding points of the common cycloids differ by 180*; in parti- 
cular, the vertex of one of the cycloids is associated with the point 
at which the arches of the other come together. 


346. The Properties of the Evolute 
of a Plane Curve 


Property 1. The normal oi a curve L is tangent to its 
evolute L' at the corresponding centre of curvature. 

Example 1. The normal M,C, ої the cycloid L (Fig. 384) 
is tangent to the cycloid L’ at the centre of curvature Сз of 
the first cycloid. 


Explanation. On the normals PP’, QQ’ oi curve L (Fig. 385) 
take the centres of curvature p, q. Let the point P be fixed and let Q 
approach it. Then the point q describes 
an arc gp of the evolute L^ and tends 
to p. The point a, where the fixed nor- 
mal intersects the moving normal, also 
tends to p (by virtue of the definition 
of the centre а curvature). In the DIL 
gle pqa, the angle p is less than t 
exterior angle / PaQ=w and is thers: 
fore infinitesimal. Hence, the secant 
line gp tends to coincidence with РР 
ie. PP' is tangent to the evolute; the 
point of tangency is the centre of cur- 
vature p corresponding to the point P. 


Fig. 38 Property 2. Let the radius of 

3S vigil YR of the curve L inc- 

Tease as we move from point P to point U (Fig. 385). 

Then the length of the arc pu of the evolute L' is equal to 
the increase in the radius of curvature of the curve L: 


"pu =Ry— Rp 
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Example 2. The radius of curvature of the cycloid L (Fig. 384) 
at point O is zero; it increases on the arc OM, and at M, 
is equal to M4C,—4a (see Example 1). By Property 2, the 
length of the are OC, of the cycloid L’ is 4а—0=4а 
(cf. Sec. 345, Example 2). 

Explanaiion. Partition the arc pu of the evolute L' into subarcs 
pq, qt, eic.; their number will then tend to infinity. Suppose that all 
the subarcs pq, qi, .. аге of the same order of smallness. Then the 
arcs PQ, QT, ... of the curve L will be of the same order. The diffe- 
rences, however, Pa- Qa, Tb-Qb, eic. will be of higher order. Since 

ра+ад=(Ра- Pp) (Qq— Qa)eQq - Pp (Pa- Qa) 
and similarly for the polygonal lines дЫ, tcu, ..., the perimeter of the 
polygonal line рдѓи differs from the quantity 
(Qq—Pp)+(Tt- QQ) (Uu- TI). e Uu- Pp 


by an infinitesimal (that resulting from the accumulation oí infinite- 


simals of higher order). 
Hence, the length of.the arc pu of the evolute, which is the limit 


of the length of the circumscribed polygonal line, is equal to Uu- Pp. 


Note. li between the extremities of the arc of curve L there 
are points with extremal radius of curvature, then Property 2 
breaks down. Thus, at points Ms and M; (Fig. 384) of the 
cycloid L the radii of curvature are the same, whereas the 
length of the arc ССС» is of course nonzero. Property 2 
breaks down because at the point M, the radius of curvature 
has a maximum. The arc СС, is equal to M4C4— МзСз, the 
arc C,C, is also equal to M4C,— MCa (and. not. to 
M3C,— МС). 


347. Involute of a Plane Curve 


A plane curve L may be obtained from the evolute L’ of 
the curve by the following mechanical construction. в 

Take a string (flexible and nonextensible) and wind it onto 
the evolute L'; coming off the evolute at p (Fig. 385), the 
string would have-a free end at P of curve L. Now if we 
unwind the string from the evolute, the free end will describe 
the curve L. 

Explanation. The taut string is all the time tangent to L'. When 
it comes off the КУДШ М, аР) its free part increases by the length 
of the jq. 1. е. ` ty 2) by. Qq—Pp. The free part 
becomes equal MONETE Boye Qu ала dne e of the string coinci- 
des with point Q 

aM construction leads to the following geometrical defi- 
nition. 
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Definition. On a given curve // (Fig. 385) choose the di- 
rection of increasing arcs (either one is possible, say, from 
и to p) in this direction, lay off on the tangents the seg. 
ments uU, (T, Qq, ..., the lengths of which decrease just 
as much as the arc length increa- 
ses. The locus L of the end-points of 
these line-segments is called the 
involute of the given curve. 

Every plane curve L' has an 
infinite number of involutes (PS, 
P,.S, Р,8, in Fig. 386). For each 
one of {һеп1 {һе curve L’ is the 


evolute, . ў 
The involutes of the curve L 
Fig. 386 are ort al trajectories of its 
tangents (i. e. they intersect all 
tangents at right angles; cf. Sec. 3 Property 1). 


or the involute of a space curve, see Sec. 362, Note 


348. Parametric Representation of a Space Curve E e л 

А curve in apace that is regarded as the iie section of 
surfaces is given by a system of two equations. celating x, y, 2 
бее Aes. 170). Nm do ii 
3 curve in space regarded asi thè trace of a moving poin 
is represented by a system Кт. Ж 


х=10, 01000). e= ^. 50 


expressing the coordinates of int їп | “ад 
meter t (in mechanics, time ^ E PN А ^d Ў 
are called {һе р ‘equations oi the space curve (СЇ. 


Sec. 251). Vista - Wow ie 
One of the coord nates is ordinarily taken for the para- 
meter, say x. Then the equations of the curve have the form 


а YFP), г=ф@) e 
[the first of Eqs. (1) becomes an identity: х=]. 
Eqs. (2 xt d suitable for representing a curve lying in a plane 


кы е x-axis (because all the points of such a curve have 
If ation of a surface becomes an identity after sub- 


of expressions (1), then the curve (1) lies on that 
surface, 
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Any line can be represented parametrically in an infinite 
number of ways. If one system of parametric equations is 
known, then we obtain any other system by replacing £ by 
some function of the new parameter /'. 

The projection of curve (1) on the plane z=c (in parti- 
cular, on the coordinate plane XOY) is given by the equations 


x—[(t, y=), 2=с (3) 
The equation z=c is often simply implied. Similarly, for 


projections on the planes x—a and y—b. 
Example. The parametric equations 


x=—2 +t, y=3 + 2t, z=1—2t (1а) 


describe a straight line. j 
If for the parameter we take x, then the same straight 


line will be represented by the equations 


х=9х4-7, 2——2x—3 (2а) 
Line (1а) lies on the surface 
Pip ДН 
ттн (4) 


(hyperbolic paraboloid) because equality (4) becomes an iden- 
tity when we substitute expressions О) into it. 
The straight line (1a) also lies in the plane 


y+z—4=0 (5) 
Hence, the straight line (la) belongs to the intersection of 
the surfaces (4) and (5). 


From this it does not follow that the suríaces (4) and (5) intersect 
only in the points of the strai ht line (1a). Plane (5) intersects the 
paraboloid a along two rectilinear generatrices (Sec. 180); one of 
these is the straight line (1a). 

1 

Taking the expression of the parameter t, 1—2-- 7 t' in 
terms of the new parameter /^, we get other parametric equ- 
ations of the same straight line: 

х=, рТ, z= (1b) 

. The projection of the straight line (la) on the xy-plane 
is given by the parametric equations 

xz —2--1,! 033-21 (3a) 

(equation z=0 is implied). We obtain the equation of the 
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same projection from (Ib) in the form 
xU y=7+0’ (3b) 


and so forth. Eliminating the parameter, we get y=2x-+7 
in both cases. 


349. Hellx 


Let a point M (Fig. 387) be in uniform motion along the 
generatrix QR of a circular cylinder and let the generatrix 
itself be in uniform rotation along the surface of the cylinder. 
Then M describes a curve AMC called a helix. The radius 


n 
EAE 


Fig. 387 Fig. 388 


" 
aT ") 
ШЕ 


Q 5 


А 


of thie helix is the radius a of the cylinder on which the helix 
s drawn. 

If the motion of the point M is viewed from the base 
towards which it is moving, then the rotation of the gene 
ratrix is either positive (counterclockwise) or negative (C ock- 
wise). D In the first case, the helix is termed right-hand 
(Fig. 388a), in the Secorki, left-hand (Fig. 3886). 

he straight-line path АС==һ (Fig. 387) traversed Бу 
oint M along the generatrix during one complete turn of the 
atter is called the lead (or pitch) of the helix. The lead of 


1 И M, is in motion along the helix in the opposite direction, Wê 
observe it from the other base, but the ае их too will be revol- 
ving in the opposite direction. Hence. positive rotation remains pos! 
tive and negative rotation. negative. 
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a right-hand helix is taken to be positive, that of a left-hand 
helix, negative. 

Right- and left-hand helixes (of one and the same radius 
and with the same absolute value of lead) cannot be brought 
to coincidence. They are mirror symmetric. 

Note. If we develop a cylindrical surface on a plane, the 
circle AQB (Fig. 387) becomes a straight line 
perpendicular to the generatrices. Since the M 
segment QM is proportional to the arc AQ: ав, 


QM:AQ=h:2na (1) Fig. 389 
it follows that the helix becomes a stra- 


ight line (AM in Fig. 389). The angle ү of its inclination 
to the generatrices is determined from the formula 


tan vi =F (2) 


where b= : 

Parametric equations of a helix. Take the axis of the 
cylinder for the z-axis (Fig. 387), and take the x-axis towards 
an arbitrarily chosen point A of the helix. For the parame- 
ter ? we take the angle of turn of the plane of the axial 
section OQMR from its initial position OAC. Then 


x—OP=acost, y=PQ=asint, z2—QM-bt (3) 
The two equations y=a sin t, z—bf are the projection of 
the helix on the plane YOZ. This projection is a sine curve. 
The projection on the plane XOZ is also a sine curve, the 
projection on the plane XOY is a circle. 
350. The Arc Length of a Space Curve 


The length of the arc AB of a space curve is given by the 
integral 


(B) om 
ТУ see", on 
э (А) 
(В) 
s= | Уатта аа @ 


(А) 
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The differential of the arc (cf. Sec. 339) 


ds — V ахау а= V x? y? Fz” dt (3) 
Puente 1. Find the length s, of one turn (revolution) of 
a helix. 
Solution. Formula (2) yields [taking into account formu- 
las (3) of Sec. 349] 


2л 


ы f V [d (a cos Ю]#-Е[4 (a sin DEF d CH= 
0 
Qn 
ue | Уат віп pat cos? 71-02 dt —9x VEF (4) 
0 


that is the length of one revolution of the helix is equal 
to the hypotenuse of a triangle, one leg of which (2ла) is 
equal to the circumference of the base, and the other (2mb) 
is equal to the lead of the helix (cf. Sec. 349, Note) .— 

If the initial point of the arc is fixed and the terminal 
point varies, the arc length is a function of the parameter t, 
and, hence, (Sec. 348), can itself be taken as the parameter. 

Example 2. Write the equations of a helix, taking for the 
parameter the arc length ected from the initial point £—0. 

Solution. As in Example 1, we get 


1 
nr V à? sin? 1 4- a? cos? 1 53 dt — V a? 4-0 t (5) 
ò 


Expressing ¢ in terms of s and substituting into (2), Sec. 349, 
we get 


E ‚ s b 6 
x=a cos ———— = NC SUN, =——s (0) 
Varo’ y (C YI ear ш Y a?4 b! 


351. A Tangent to a Space Curve 


The tangent to a curve (L) at a point M (x, y, z) is the 
straight line MT to which the secant line MM' tends when 
the point M' tends to M (cf. Sec. 225). 

lf the curve (L) is represented parametrically, 


х=), y=e(t), 2=%9(0 (!) 
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then for the direction vector (Sec. 143) of the tangent we can 
take the vector ” 


К dx dy dz 
r= i. d s 2) 
or the vector collinear with it, 

[ак @ а 

– {= рано A (3) 


(Sec. 144) of the tangent: ‹ 
соз а=, соз p=%, cos 1=& (4) 
(in Fig. 390, «= Z AMT, B=Z ВМТ, y= Z CMT). 


Explanation. For the direction vector of the secant line we can 
take the vector MM’ = (Ax. Ay, az} and, hence, also the vectors 


"T2 M AM 

MM jAx. Ay A and ee Ay a) collinear with 

At AC ANC At MM' As As’ As 

it. Formulas (2) and (3) are obtai- 

ned by proceeding to the limit. 
From Fig. 390 ме have 


MC Az 
со: "а е =. 
s CMM MM As Passage to 


the limit yields cos eZ. We ob- 


7 


tain the other two formulas in (4) 
in the same way. 

The symmetric equations of 
the tangent (Sec. 150) are of 
the form 


Fig. 390 
X-x. Y-y. Z=? (5) 


The primes denote derivatives with respect to any parameter. 
Example. Consider the helix (Sec. 349) 


x—acosí, y=asint, z=bt (1а) 


1) The vector r' is the derivative of the rad 
(see the theorem in Sec. 355) 


dx V (dy V (dz * dxt+dyt+dz* dst |, 
=) „(Ж FA AEIR ds* ds? 


ius vector r ie y 2} 
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The vector 
r'={—asint, acost, b}={—y, x b) (2а) 


is the direction vector of the tangent. From equations (б), 
Sec. 350, we get the unit vector of the tangent: 


a ; 5 а $ b 
—1l————anv— = 008 ———, ру н 
f { Yat b’ Шут Vat bt Varb?  Vat+ b’ } 


(За): 
so that 
ILLA Ls gin SS = — sin, 
cosa =a sil =F Ун sin ай 
а b 2 
coser 085 эЛ 
This formula yields: tan ү==-у (сі. Sec. 349). 
The equations of the tangent have the form 
X—acost Y-asint Z-bi 
Tasini ^  acost TU b ба) 
ог 
NEXU 6b) 
=y x b 


In parametric form, 
X=x—yu, Ү=уфхи Z=z+bu (6) 


At the initial point (t=0, х=а, y—0, 2==0) the tangent 
is given by the equations X—a, Y —au, Z —bu. 


352. Normal Planes 


A plane P (Fig. api) passing through a point M of a 
curve L and perpendicular to the tangent MT is called a 
normal plane to the curve L. 3 

The direction vector of the tangent (Sec. 351, r'— 
= {x', y', z'), is a normal vector to the plane P. The equa- 
tion of a normal plane is of the form (Sec. 123) 


(Хх) х --(Y —y) y' --£—2)2'—0 
or, in vector form, 
(R—r)r'—0 
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Example. The equation of a normal plane to the helix 
х==асоз і, y=asint, z—bt 
is of the form 
(X —a cos t) (—asin t)+(Y —a sin £) (a cos 1) -(Z —bt) b—0 


ог 
—yX 4- xY +62 —bz=0 


The normal plane at the initial point 
(a, 0, 0) is given by the equation ( 


aY +bZ=0 


1 
Any straight line passing through 2 . 
the point M of thespace curve L am 
perpendicular to the tangent MT is 
called the normal to the curve L (at the Fig. 391 
point M^. A space curve has an infinity 
of normals all of which lie in the normal pie 
If a curve L lies in one plane, then from the infinity of 
normals one is selected (the principal normal) lying in that 
plane. We can also choose a principal normal in the case of 
a twisted curve (Sec. 359). 


353. The Vector Function of a Scalar Argument 


Difinition. A vector p is called a vector function of a 
scalar argument u if to every numerical value that и can 
take on there corresponds a definite value of the vector p 
(ie. a definite magnitude and a definite direction of the 


In contrast to a vector function, a scalar quantity depen- 


оп. 

Example 1. Point M is in motion along a curve L 
(Fig. 392). The velocity € (regarded as a vector) is the vec- 
lor function of the scalar argument £ (the time reckoned 


may also be regarded as a function of the (scalar) argument 
s (arc length MM). The magnitude of the velocity is a sca- 
lar function of the argument ¢ (or 5). 
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Example 2. The radius vector (Sec. 95) OM of point M 
describing a curve L (Fig. 392) is a vector function of the 


arc length s= MoM. The coordinates x, у, 2 of the vector 


OM (i.e. the coordinates of the point М) are scalar functions 
of s (cf. Sec. 350, Example 2). 


Fig. 392 Fig. 393 


Note. If the terminal point of a vector p is moving (as 
in Example 1), then we can choose some xed point 0 


А — 
(Fig 393) and take it for the origin of the vec. OP equal 
to the vector p. The locus of the terminus P (as a rule. this 
is a curve) is called the hodograph of the vector function p. 
Notation of a vector function. The notation 


P=P (u) 


signifies that p is a vector function of a scalar argument 4. 


354. The Limit of a Vector Function 


Definition. A constant vector b is called the limit of a 
vector function p (и) as u—+a (or as и — ©) if the abso- 
Mts s e difference of the vectors p (и) and b is 

mal as 

а? ика (as и — оо). 

lim p (и) —b (1) 
u-a 

Explanation. Let us refer the variable vector p (u) to the 
fixed origin О (Fig. 393). If as и — a the moving terminus 
P tends to coincidence with the fixed point B, then the vector 


get 
OB-b is the limit of the vector p (u). The difference 


р (и) —b is the vector BP, and the absolute value of the 
latter is infinitesimal. 
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Note 1. If the absolute value of a vector function p (t) 
is infinitesimal, then the vector p itself is infinitesimal. The 
order of smallness of a vector is the order of smallness of 
its absolute value. 

Note 2. The continuity of a vector function is defined in 
the same way as that of a scalar function (Sec. 218). Picto- 
rially, the continuity of a vector function is expressed by 
the fact that its hodograph is an unknown curve. If a vector 
ge a continuous function of f, then its coordinates are 
ikewise continuous (scalar) functions of t, and vice versa. 

Note 3. The theorems on the limit of a sum and product 
are also extended to vector functions; observe that all pos- 
sible products may be considered (a scalar function by a 
vector function, a scalar product by two vector functions, 
their vector product, and a mixed product of three vector 
functions). The theorem on the limit of a quotient is applied 
to the only type of division considered in vector algebra 
(the division of a vector function by a scalar function). 


355. The Derivative Vector Function 


Definition. The derivative of a vector function p (u) is 
the vector 
‘Z lim Р@+АШ-Р) (1) 
P Au-+0 ди 


The vector p' is itself а vector function of the argument 
и. Whence the name, derivative vector 
function, and the designation: p' (и). 

Geometrical interpretation. Let the mo- 
ving terminus of the vector OM=r (и) M 
(Fig. 394) describe a curve L [the hodog- 
raph of the vector function r (и)]. Then 


the vector r'(u) is directed along the ? 

tangent MT towards increasing values o o 
the parameter u; its length |r' (01 is 0 @ 
equal to |а| (ѕее Ехатріе 1). If we ta- Fig. 394 

ke s for the argument, then the deriva- 


tive vector function is equal to unity (see Example 2). 


Explanation. As the vector r(u) moves from point М(и) lo 
M’(u+Au), it receives the increment 


eie 
Arar (u+ Au) -r()20M' -0M e MM" 
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— 
ГҮЙ 


The vector vee is directed along the secant MM’; Its length 
за 5 
MM’ MM’ As 
— = —— =| —/. у d s 
is equal to ҮҮТ Tau] =| As Au-+0, the secant MM’ tend 


ds 
ETE 

The coordinates ої the derivative p'(u) of the vector 
р (и) are respectively equal to the derivatives of the coor- 
dinates of the vector p (u); that is, 


[x (u) i+ y (и) j+ z (и) k)' —x' (u) i+y' (и) j--z (ШЕ @ 
or, in an alternative notation, 
EPI ти, } (3) 


Example 1. Using the notations of Sec. 349, we express 
the radius vector r of a helix in terms of a parameter £ as 
ollows: 


r —(acos t, asint, bt} 
By (3), 

r' — (—a sin t, acos t, b} 
The vector r' is directed along the tangent to the helix [сі. 
Sec. 351, formula (2a)}; its length Уаз 02 is equal to 
ar 191. (5), Sec. 350]. 


Example 2. If we take the arc s for the argument of the 
radius vector r of the helix, then (Sec. 350, Example 2) 


: 5 ; 5 (2 
r= acos ——— , asin -= , va} , 
\ Vapo ' Vat+b? ' Vat+b? 


EU Sin 223 al cos быу oh ) 
Vau Vapo! Vapo о Үшү! Varro! 


The magnitude of the vector r' is 


а? s 2 b? 
— RE. TARL ua +s 1 
a? + bt on Vat4 b? * Уат+ b Sos Varo а? p 


Higher-order derivatives. They are defined in the same 
way as for scalar functions, and are denoted p" (и), p'"' (M), 
etc. The expressions of derivatives in terms of differentials 
are given in Sec. 356. 


PLANE AND SPACE CURVES 523 


Mechanical interpretation of derivatives. Let r(t) be a 
vector function expressing the radius vector of a movin 
point in terms of the time t. Then r'(/) is the vector o 
me velocity of point M and r” (D) is the vector of its acce- 
eration. 


356. The Differential of a Vector Function 


The differential of a vector ne e (u) is defined in the 
same way as for a scalar function (Sec. 228) and is denoted dp. 

The differential of a vector function p (u) is а vector; it 
is equal io the product of the derivative 
of the vector function p'(u) by the incre- 
ment in the argument: 


dp—p' (и) ^u (1) 
or 
dp —p' (и) du Q) н 
Geometrical interpretation. The. diffe- T 
rential dr (u) is a vector MN (Fig. 395) 0 
directed along the tangent MT; the Fig. 395 


coordinates of the vector dr are the ; 
differentials of the coordinates x, y, 2 of point M: 


dr — (dx, dy, dz} (3) 
The length of the vector dr is equal to the differential of 
the arc s= MoM: 


[dr | = V dx& F dy? + d£ = ds (4) 
or 
ағ? = ds? (5) 


И the are s is the argument of the veclor function г (s 
then |dr|—As-- MM". In the general case, however, |Ar| 
differs from the arc MM’ (and also from the chord MM’) by 
an infinitesimal of higher order than Ad. 

The invariance of expression (2). Formula (2) also holds 
true when u is regarded as à function of some argument. 
Formula (1) does not possess this property t. Sec. 234). 

Differentials of higher order. They are defined in the same 
way as for scalar functions (Sec. 258) and are denoted by 
dp, dp, etc. 
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Expressing derivatives in terms of differentials: 


р ü=% (6) 


2 a 
P=, Р" u-;.. Th @) 


In formula (6), и тау be either an independent variable or 
a dependent variable; formulas (7) are valid when u is an 
independent variable, otherwise they do not, as a rule, hold 
true (cf. Sec. 259). 


357. The Properties of the Derivative 
and Differential of a Vector Function 


1. The derivative of a constant vector а is zero; the diffe- 
rential is also equal to zero: 


d 
750, da=0 (1) 


Conversely, if the derivative of a vector is identicaily equal 
to zero, then the vector is constant. : 

Note. A constant vector not only has constant length, 

d 

but constant direction as well. The derivative ES of a va- 
riable vector p of a constant is not equal to zero (it is per- 
pendicular to the vector p; see Property 6). 

2. The differential of a sum of several vectors is equal 
lo the sum of their differentials. The property is the same 
for derivative: 


4[р (u)4- 4 (u)—r (u)|=dp (u)--dq (u)—dr (), 0) 

d 
аР) = +@—1- e 
3. Formulas of differentiation similar to those of Sec. 239 
hold true for all types of multiplication of vectors, with the 
sole difference that a strict order of the factors is observed 
а ча and mixed products (сї. Sec. 112, Item 2, Sec. 117, 

em 1): 


d (mp)—m dp +p dm, @) 
d (pXq)—p xdq--dpx 4. M 
d (pq) —p dq -- q dp, ©) 


d (pqr)—dp qr +p dar --pa dr (6) 
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The corresponding formulas for derivatives are: 


dp 
£ (mp) n, Ps (3а) 
а ( т (оа) dp 
a; PXa) = pXqu т (4a) 
dq dp 
4 (ра) = P ж - 1a; (5a) 
dp dq 
2 (рағ)-= 35 ar +P 3,1 + PV ae (6a) 
4. As a particular case of formulas (5) and (5a), we have 
d 
d(p)=2p dp, (P= 2 1 0) 


5. А constant factor (scalar or vector) тау be taken out- 
side the sign of the differential (derivative): 


d (ap) —a dp (а = const), (3b) 

d (axq)—axdq (а= const), (4b) 
d (aq) =а dq (a = const), (5b) 
d(agr)-ad(qxr) (а= const) (6b) 


This follows from Properties 1 and 3. 


6. If the vector p (и) maintains constant length, then it 
is perpendicular to the vector p'(u). and also to the vector 
dp (u), i.e. if 
p? — const (8) 
then (cf. Item 4) 
pp! —9, рӣр=0 (9) 


This follows from (7). 


Geometrically, the hodograph of the vector р (и) is a 
spherical line; its tangent is perpendicular to the radius of 
the sphere. 


358. Osculating Plane 


Definition. The osculating plane of a curve L at a oint M 
is the plane P, with which the plane KMK’ (Fig. 396) tends 
to come to coincidence when two (noncoincident) points K 
and K' approach (along L) the point M. 

Note 1. For the curve L lying in the plane Q, the oscu- 
lating plane coincides with the plane Q. For a straight line, 
the osculating plane remains indeterminate. 
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Explanation. Label three points M, K, K' on a wire model 
of the curve L. If they are not too far away from each other, 
the arc KMK' will practically lie in the plane KMK’ 
(although the arc will depart considerably from rectilinear 
form). The osculating plane is 
an abstract image of the plane 
KMK’. If, using the model, we 
put a sheet of paper so that it 
practically coincides with the 
osculatirg plane, then, despite 
the inclination, it will retain its 
equilibrium (due to íriction on 
the section КМК”). In all other 
ositions, the sheet of paper will 
all away from the model. 

The equation of the oscula- 
ting plane. The "velocity vec- 
tor” r'(u) and the "acceleration 
vector" 7” (и) bota lie in the 
osculating plane. If they are 
not collinear, th:n the vector 
product 
Fig. 396 B=r'xr (1) 


is the normal vector to the osculating plane!) and the equa- 
tion of the latter is di 


(R—r) r'r' =0 (2) 
or, in coordinate form, 
X—x Y—y 2—2 
x! y 2’ 
xt y" 2" 
Example. Find the osculating plane of the helix 
r — (a cos u, asinu, bu} 
Solution. We find 
r' (u)—(—asin и, a cos u, b}, 
r'(u)—|—acosu, —asinu, 0}, 
г (и) Ху" aan sinu, —ab cos u, a*}= 
=albsinu, —b cos u, а} 


=0 (3) 


1) If r^ and 7” are collinear and if г) is the first of the derivative 
vectors not collinear with r’, then for the normal vector to the oscu- 


lating plane we can take r’xr'*), 
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By virtue of (3) the equation of the osculating plane is 
(X—a cos u) b sin u —(Y —a sin u) b cos u -+ (Z —bu) a—0 


or 
b sin uX —b cos uY +aZ —abu 


The angle Фф formed by the osculating plane and the axis 
of the helix is found (Sec. 146) from the formula 


1 а а 
ж ёт == 
ШЫ; Vr sn: upo? costura?  Уа+5# 
Whence tan =F) that is, the osculating plane forms with 


the axis of the helix the very same constant angle as the 
tangent (Sec. 351, Example). 

The osculating plane has the following properties. 

(1) The plane TMK (Fig. 396) which passes through the 
tangent MT and the point K of curve L tends to coincidence 
ШШ, the osculating plane P when the point K tends 
to M. 

(2) The plane P' (Fig. 396) which passes through the 
tangent MT and is parallel to the tangent KS also tends to 
heey with the P plane when the point K tends 
о М. 
Note, Either of these properties may be taken as a difini- 
tion of the osculating plane. 


359. Principal Normal. The Moving Trihedron 


The three mutually perpendicular planes T MN (osculating), 
NMB (normal) and BMT (rectifying) form a moving trihedron; 


x-axis, the principal normal MN as the axis of ordinates, 
or y-axis, and the binormal MB as the z-axis). See Sec. 361 
on the choice of positive directions. 
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It is convenient in the general case to compute the direc- 
tion vectors of the edges in the following order: 


Ty (vector of tangent, see Sec. 351), (1) 
BENAR (vector of binormal, see Sec. 358), (2) 
М=ВхТ= 

—(r'xr")xr' (vector of principal norma!) (3) 


Expression (3) of the vector N is simplified when the 
arcs of curve L is taken as the parameter. Namely, 


=a (4) 


Example. Find the moving trihedron of the helix 


r —(a cos u, asin и, bu) 
Solution. The vector of the tangent (Sec. 355, Example 1) is 
T=r'={—asinu, acos u, b) 
The vector of the binormal (Sec. 358, Exam ile) is 
B-r'xr'—(absinu, —ab cos u, e?) 

The vector of the principal normal is 

N— Bx T={—a (024-2) cos u, — a (a? +b?) sin u, 0} 
The equations of the principal normal have the form 


X-acosu Ү-азіпи Z-bu | 


cou sinu 0 


We can see that the principal normal is perpendicular to 
the axis of the helix and intersects this axis at the point 
(0, 0, bu), Hence, the principal normal goes along the radius 
of the cylinder that carries the helix. The rectitying plane 
coincides with the tangent plane of the cylinder. 


+) Using the formula of the vector triple product (Sec. 122), we get 
М (г ҳр") е" (n2)- 7 (r'r) 
Since in the given case r’*=1 and r’r’=0, it follows that Nar”. 


Geometrically, the vector of acceleration pud is in the osculating 
r 


di 
plane and is perpendicular to the vector of the tangent ==. Hence 
it is directed along the principal normal. 
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360. Mutual Positions of a Curve and a Plane 


1. If а plane Q passing through a point M does not pass 
through the tangent MT of curve L, then near the point M 
this curve lies on both sides of the pane, 

In particular, a normal plane always cuts the curve L. 

In the case under consideration, the distance d from 
a neighbouring point M’ of curve L to the plane Q is of the 
same order as the arc MM’. { 

2. If the plane Q contains the tangent MT but is not 
the osculating plane, then L, as a rule, lies on опе side of 
the plane near point M (the direction of concavity of curve L). 
An exception is possible only if the vectors r', г” are col- 
inear. 

In particular, as a rule, curve L lies to one side of the 
rectifying plane. 

The distance d is of second order with respect to the 
arc MM’ in the general case under consideration. 

3. If plane Q is the osculating plane, then curve L near 
point M, as a rule, lies on both sides of the plane. The only 
exception is for coplanarity of the vectors r^, r^, C 

The distance d, here, is as a rule of third order with 
respect to MM’. Only in the indicated exceptional case is 
the order of d above third. 


361. The Base Vectors of the Moving Trihedron 


For the positive directions, on the edges ої the moving 
trihedron we take the directions of the following unit vectors 
(which play the part of the vectors Ї, j, Ё in the rectangular 
coordinate system). 3 

1. The base vector of the tangent f is directed along the 
tangent in the direction of increasing values of the parameter: 

T ru) 
а Vs i 

If we take the arc s of curve L for the parameter, then 

ar 
t=% (1а) 


2. The base vector of the principal normal n is directed 

along the principal normal towards concavity of the curve L: 
N (ro XP) KE 

п= =p 2) 


VN Very Vr? 
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If we take the arc s for the parameter, this expression 
can be substantially simplified: 
d?r 


dr 
3. The base vector oí the binormal b is directed along 


the binormal so that the triad of vectors f, m, b is right- 
handed: 


(2a) 


м; 2 rx 
eet sh UPS E © 


For the parameter s we have aP 


аг dr ^ 
ncc ба) 
dir 
ds? 


Note. The direction of the base vector of the principal normal 
does not depend on the choice of parameter, i.e. it has objec- 
tive geometrical meaning. The base vector of the; tangent сап 
have either one of two opposite. directions, depending ОП 
parametrization, If for instance we take the time as the pa- 
rameter, then the direction of the vector t coincides with the 
direction of motion of point M along the curve: L. If ‘the 
arc is the parameter, then the direction of the vector f coin- 
cides with the direction of текот positive arcs. Thus, 
the direction of the vector f does not have objective geomet- 
rical meaning. When the direction of the vector f has been 
established, the direction of the vector b is fully defined. 


"igit: 

362. The Centre, Axis and Radius of Curvature of a Space Curve 

In Fig. 397, let the point M’ moving along a space cur: 
ve L tend to a fixed point M where the curvature K is not 
equal to zero. Then the straight line A’B’, along which the 
fixed normal plane Q intersects the moving normal plane 0, 
tends to coincidence with the straight line АВ, which is pet: 
pendicular to the osculating plane P and distant MC=K 
from point М. Here, the ray MC is in the direction of con- 
cavity of curve L. 
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The straight line AB is called the axis о} curvature, the 
point C where AB intersects the osculating plane P is the 
centre of curvature, and the segment MC is the radius of 
curvature. 

The radius of curvature is denoted by p; the quantities p 
and K are reciprocal: 


p=. = (1) 


For a plane curve (its plane is the osculating plane) the 
centre and radius of curvature may be obtained by a con- 
struction as indicated in Sec. 343. 

A circle with radius CM—p 
described from the centre of curva- 
ture C is called the osculating 
circle or the circle of curvature oi 
the curve L at the point M. 

Note 1. If the curvature of L 
at M is zero, then we say that the 
radius of curvature is infinite and 
we write p= о (cf. Sec. 343, Note). 

Note 2. The definition of an 
involute given in Sec. 347 refers 
both to plane and twisted curves. 
The twisted curve L' also has an 
infinity of involutes (all twisted). 
But in contrast to the case of the 
plane curve (cf. Sec. 347), the 
centre of curvature of each one of 
the involutes L describes a curve Fig. 397 
which does not coincide with L’. 

For this reason, the locus ol the centres of curvature of a 
twisted curve is not giver the name evolute. 


363. Formulas for the Curvature, and the Radius 
and Centre of Curvature of a Space Curve 


The curvature K is given by the formula 
i Aap (1) 
K^ ym. 


In coordinate form, 
——Áá—MÁ—ÀÁTTEeTLi 
ke UEZIN AE EVEEN @ 
V (xr yt 2?) 
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If the arc is taken for the parameter, formulas (1) and 


(2) are simplified: 
ke VE) ы m 


(£ аз \* 
K- y. @ + (34) +(@) d) 
In accordance with gmula, (1a), the vector pua is called 
the curvature vector, This vector is in the same direction as 
уыр MC from point M of curve L to the centre of curva- 
ure C. 
The radius of curvature p is found from the formula 


peed: ® 


One of the expressions (1), (2), (1a), (2a) has to be substitu- 
ted here. 


The radius vector r¢ of the centre of curvature is 


rc-r-np (4) 
and is expressed [by (2), Sec. 361] by the following formula: 
rec=r vL (r^ xr’) xr] (5) 


Accordingly, the coordinates хс, yc, 2с of the centre of cur- 
vature are expressed by the formulas 


xn? y? 27? 


Xc— Agree 82 — CV). 
иси egre (Cx — Аг), © 
tome H arere (АИ Br) 


For the sake of brevity we use the following notation: 
Azy'z" —z'y", Bzz'x'—»x'z, C-x'y'—yx (7) 
Ii for the Соте we take the arc, then formulas (5) 
and (6) take the form (after simplifications): 
ar 


Tear te a (ба) 
e) 


rc—r-4- 
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os 
s* dx 
CREE TREE CT RET LER 
diy 
on ds? AVY d'y 
Jc T TRAE TB SET HP ane (ба) 
(аа) (ай, 
4% 
2с=2-+ ds? 7 =г-Ер'@ 


ИШИМЕН. LEER iol 
dx)? (азу\?, (аг 
Note. The formulas for the curvature, the radius and centre 
of curvature of a plane curve (Sec. 344) are obtained from 
the foregoing if we put 2—2'—2z'—0. 
Example. Find the curvature, the radius and centre of 
curvature of the helix L: 
г= {а cos t, asin t, bt} (8) 
Solution. Taking the arc length for the parameter, we 
have (Sec. 350) 
r= l a cos —— азїп—=—_ аш ыш 
-| Varro ' Var+o? ' Vat +b? | 


Differentiating twice, we get 


21-17] га. <8. ‘ieee A gig) # ш 
r =| соз Fae шй sin ҮШҮР ' o} 
Formulas (2a) and (3) yield 
214b? b? 
Кта ортаа © 


That is, the curvature and the radius of curvature are cbn- 
stant. Formulas (6a) yield 


= со 
хс==а cos УЙ 5 5 БП 
b 5 bt 
== 9105 Vergi a 
m i b (10) 
ус ур a^ 
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From (10) it is evident that to construct the centre of cur- 
vature it is necessary to produce the radius of the cylinder 
(carrying the helix) beyond the axis of the cylinder to a 


constant distance = . Thus, the centre of curvature of the 
helix L will describe a helical curve L, (with the same lead 
h=2nb) plotted on a cylinder of radius a,— (with the 


same axis). The symmetry of the relation aa, —5? shows that 
the curves L and L, are reciprocal, that is, the centre of 
curvature of [1 vill describe L. 


364. 0n the Sign of the Curvature 


We attach n in the following manner to the curvature of plane 
curves lying in the same plane. If the vector of the tangent rotates 
counterclockwise as point M moves towards increasing values of the 
PNE then the curvature is considered positive; if clockwise, 

s negative. 

The sign of the curvature is reversed if the parameter и is repla- 
ced by another parameter u’ which decreases when u increases. When 
the abscissa is taken for the parameter, the increase in the parameter 
is associated with displacement oí the point M to the right. In this 
case, the curvature is positive when the curve is concave up. and 
negative when the curve is concave down (Sec. 282). : 

Formulas (1) and (I), Sec. 344, are replaced by the following: 


CLA ami 1 
Grrr (1) 
Ke кй (I) 
(хї®+ у'1)°/» 


, 
Example. The curvature of the circle 
x=acosu, y=asinu 


computed from formula (I) is 4 (increasing parameter is associated 


with counterclockwise traversal; the vector of the tangent rotates in 
the same direction) If this circle is represented by the equations 


x=acosu’, y=-a sinu’ 


then formula (1) yields К=--1-. 
If the circle is given by the equation 
х*+у?=а? 
and we apply formula (1), then lor the upper semicircle we et 
Kem (traversal is counterclockwise and concavity is down), for the 


lower semicircle we get K=, 
a 
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This example shows us that in itself the sign of the curvature is 
devoid of any geometrical meaning. It is only the change in dm 
when passing through some point (point of inflection) or, on the 
FOR Тагу» preservation of sign on some segment that is of any signi- 

cance. 

Sign cannot be attached to the curvature of space curves (plane 
curves included) because in space there is no clockwise or counter- 
clockwise rotation. These two directions are distini uished for lines 
in the same plane, because we can choose the front of a plane and 
have in mind an observer on that side, Now if (by some criterion) 
we were to distinguish the front and back sides on the osculating 
planes of an arbitrary curve in к there would not be any posi- 
Hon from which an observer could perceive all planes from the iront 
side. 


365. Torsion 


The torsion of a space curve characterizes the degree of 
deviation of a curve from the plane form (just as the curva- 
ш characterizes the degree of deviation from the rectilinear 
orm). 
Definition. The forsion of a curve L at a point M isa 
quantity defined as follows: it is equal in absolute value to 
the limit to which the ratio of the angle œ’ formed by the 
binormals MB and M'B' to the arc MM’ tends when the 
point M’ tends to М on L. The sign of the torsion (and also 
the sign of the angle o") is considered pun when the pair 
of binormals MB, M'B' is right-handed (see Sec. 165a) and 
negative when this pair is left-handed. The symbol for tor- 
sion is 0: Т 

o=lim XT 
ИМ? 

Note. The binormal of a plane curve preserves constant 
direction so that the torsion of a plane curve is everywhere 
zero. Conversely, if the torsion of a curve is everywhere zero, 
then the curve is plane. The torsion of а twisted curve can 
equal zero only at special points called planar points. 

Radius of torsion. The quantity 1—- , the reciprocal of 
the torsion, is called the radius of torsion, by analogy with 
the radius of curvature, p=}. But this analogy is incom- 
plete: the process, similar to the construction of a centre of 


curvature, does not yield any “centre of torsion”. 
Torsion is expressed by the formula 


LE "^a 
=й 0 
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or, in coordinate form, 
РЕ 
е) а g^ 


ә ү” у” г" 
о руу ууу)? 2 
If we take the arc s for the parameter, then formulas (1) 
and (2) are somewhat simplified: 
dr d*r d'r 
__ds ds d$$ —. (рш) 
7 o fdrM ds ds? 45% 
(2) 
or, in coordinate form, 


dx dy di 
ds ds ds 


dix у dz d ах? азу \? d*z T 
9— | 15 ds? dst (=) E) +(%) (2a) 
d?x d'y 4%: 
ds? ds? 45% 
Example. Find the torsion of the helix 
x=acosu, y=asinu, z—bu 
Solution. We have 
—asin 4 acosu b 
r'r'r"'—| —a cosu —asinu 0 |—a?b 
asinu —acosu 0 
(r' x r")? =a? (a? +b?) 
By formula (1) we obtain 


(1а) 


= b 
Tath 


From this we see that the torsion of a right-handed helix 
(b > 0) is positive, that of a left-handed helix is negative. 
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366. Introductory Remarks 


In order to overcome the difficulties involved in integra- 
tion, Newton and Leibniz expressed the integrand function 
in the form of a polynomial with an infinite number of terms 
(see Sec. 270). Applying to such expressions the ordinary 
rules of algebra, mathematicians of the 18th century made 
a host of remarkable discoveries. It was observed, however, 
that if one applied the rules of algebra to infinite sums 
without restriction, errors would inevitably crop up. It be- 
came necessary io state in precise form the basic concepts of 
infinite series and prove in rigorous fashion the properties of 
infinite series. This problem was resolved by mathematicians 
of the 19th century, some of whom we will encounter in the 
following sections. 


367. The Definition of a Serles 
Let there be given a sequence of numbers 
Uy, Ug, Ug, ceo Um oes (1) 


Let us add these numbers together in the order they are 
given. We obtain a new sequence 51, Sa, 5, +++ Sm +++ W ere 


S= Uy, 
Sa =U; + Us, 
85 — Ug + lat Us, (2) 


The process ої its formation is given, in abbreviated fashion, 
as follows: 

upust is T- Hunt.. (3) 
This is called an infinite series or, simply, a series. The 
numbers иу, Ug, Hg, ... аге called the terms of the series. 
The sum 


Sp — uy pet Ug - Tun 


is called the partial sum of the series (5== 01 is the first 
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artial sum, $; == и-и» the second partial sum, ss — uy -+ug +t, 
he third partial sum, and so on). 
Example 1. The expression 


БО ЯНЕ... (ett... @) 
or, as it is usually written, 
ЛАБ EA (4a) 


is a series. The meaning of expression (4) is that from the 
terms 
1, —1, +1, —1, ..., (—1)^*1, ... 
we form the partial sums 
$,—1, ss=1—1=0, $4—1—1--1—1, ... 
а (рин 0 
Example 2. The expression 
Le katat t(r) +. (6) 
is a series. It states that the terms 


"n 1 \n-1 
т... (=) ЗЗР 
go to make up the partial sums 


=, =l g Hl ty... =2—-(F) 0 


868. Convergent and Divergent Series 


Definition, A series is called convergent if [Ше seque 
of its partial sums has a finite limit. This limit is terme 
the sum of the convergent series. Ae 

If a sequence of partial sums has no finite limit, then the 
series is called divergent. A divergent series has no sum. 

Example 1. The series 

1104-34-44... фа... а) 


1) The word sum is understood in the sense established by due 
definition. The concept of a sum of a series may be extende and 
then some divergent series will also have sums (in the exten 
sense). 
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is divergent because the sequence of its partial sums 


sl, 68, m6 us $m UE. e 0) 


has the limit infinity. 
Example 2. The series 
1—14-1—1 4... (—Dnt1... (3) 
is divergent because the sequence of its partial sums 


s—l 9220, sl. BE. 4) 


(cf. Sec. 367, Example 1) has no limit at all 
Note 1. When the sequence sj, 5%, 5з, ... does not have 
any limit, the divergent series is called indeterminate. 


Example 3. The series 
ЫЕ 1 \n-1 
LER) +... (5) 
is a convergent series because the sequence 
1 3 1 үл-1 
81, 615, SHI es s,-2—() STU (6] 


has a limit equal to 2: 
lim s,=2 
now 


The number 2 is the sum of the series (5). 
Note 2. The notation 


Us H- Ug T- nS (7) 


means that the series шш. а converges and 
that its sum is equal to S, i.e. the no ation (7) is equiva: 
lent to the notation 


lim (u+ ug d- up) =S 


n-o 


Example 4. The notation 
in od 142-1 "arae 
ipeo (HE eei 
means that the sequence of partial sums 


1 3 2 pn 
зу==1, == ay Wl һ=т[!—(—+) | (t 
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has a limit equal to +, that is, that 
" 1 1 3n-1 Io 
Ш)" | 


369. A Necessary Condition for Convergence of а Series 


The series 
ш+из +... Бип... (0 
сап converge only when the term и, (the general term ої the 
series) tends to zero: 
lim чен) (2) 


л» 


To put it differently, if the general term u, does not tend 
lo zero, then the series diverges. 
Example 1. The series 


0.4 -.- 0.44 -- 0.444 4- 0.4444 4- ... (3) 
definitely diverges because the general term (it has the 


limit +) does not tend to zero. 
Example 2. The series 


tr 101—104... (4) 


definitely diverges because the general term does not tend to 

zero (and has no limit at all). A 
Caution. Condition (2) is not sujficient for convergence 

of a series; a series whose general term tends to zero may 

converge but may also diverge (see Examples 3 and 4). 
Example 3. The so-called harmonic © series 


галаа 6) 


diverges although its general term tends to zero. To P 
vince yourself of the convergence of the series, consider the 


ided 
" The name stems from the tact that when a string is div 
into 2, 3,4, .. even parts, the sounds emilted are in harmony 
with the lundamental tone. 
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partial sums 


s-1b-33 


IS 
vast (444) > ERIT 
а= (н) tt x)" 


d 
-5-—. 


1 1 1 1 
$19 — Ss + (=+5+ S +5) * б and о on. 
We see that the partial sum increases without bound, i.e. 
series (5) diverges. 
Example 4. The series 
dtp 
Ira “tira a ai OR (6) 
which is obtained from the harmonic series by reversing the 
sign of even-numbered terms converges. To see this, take a 
u ws S — Ss 5 
0 a Q шв 04 5 06 0 08 09 1 
Fig. 398 


number. scale (Fig. 398) and plot points representing ne 
partial sums sy=1, 3 =, s=4 » $—317 Se= gp | 5в==60 Я 
Each of the odd points sı, з, ss will be тоге fo left than 
the preceding one, and each of the even points Sg, $4, S, 
will be to the right; that is, the even and odd points move 
towards each other. It can be proved that this law holds 


true) and that the points Sən, Sen+1 come closer together 
indefinitely.” This means that both even and odd points 


1 1 1 
1) The difference ана (Lot ЧА, rren oT 


1 1 1 1 1 he diff 
чт) (1-9 аст) 7m ni negative, the diffe- 


is positive. 


1 
n+) 2n42 
2) The difference San i7 пр 


TENCE $544- 17 5п= 
tends to zero as n-o. 
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tend to some point S (even from the right, odd from the 
left). Hence, the sequence of partial sums of the series (6) 
has as its limit the number S, i.e. series (6) converges and 
S is its sum. 

The partial sums s,, sy, 5, yield approximations of $ 
that are too large, while ss, S4, s, yield approximations that 
are too small. Сиш 50.745 and $,9— 0.645, we get 
for S one correct digit: S=0.7. Computing sgg, and 500, 
we would find that $— 0.693 with three correct digits. The 
exact value of S is In2: 


1 1 1 
laky t...=in2 0 


Formula (7) is obtained from the expansion 
EU xe! xt 
In(143)8x-— +--+. ss 


for x=1 (cf. Sec. 270, Item 4 and Sec. 272, Example 2). 


370. The Remainder of a Serles 


If we discard the first m terms of a series 


Uy bug... tum tumertumtetes: (1) 
we get the series 
Ug 41 Um eo T e 
which converges (or diverges) if the series (1) converges (01 
diverges). Therefore, when investigating the convergence of 4 
Series we can disregard a few of the first terms. 
When the series (1) converges, the sum 


Rn=Untitumset--- 6) 
of series (2) is called the remainder (or remainder term) of 
the first series (R,—us-L-ug--... is the first remainder, 
Ra—us-Fus--... is the second, etc.). The remainder Ry Ё 
the error committed by substituting the partial sum Sm for 
the sum S of the series (1). The sum S of the series and the 
remainder Rj» are connected by the relation 


S—sg-- Rp @ 


As m co the remainder term ої the series approaches zero. © 


It is of practical importance that this approach be “sufficient- 
ly rapid", that is, that the remainder Rm should become 
less than the permissible error, for m not too great. Then 


| 
| 
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we say that the series (1) converges rapidly, otherwise the 
series is said to converge slowly. Quite naturally, the speed 
of convergence is a relative notion. 

Example 1. The series 


1 1 1 
lcu (5) 


converges very slowly. Summing the first twenty terms, we 
get the value of the sum of the series only to within 
0.5-10—1; to attain an accuracy of up to 0.5:10-4, we have 
to take at least 19,999 terms (see Example 4, Sec. 369). 
Example 2. The series 
tie d 
ltt (6) 
(a geometric progression) converges much more tapidly than 
series (5); its fifteenth remainder —gu mme is 
5 
already less, in absolute value, than (5) < 0.5:10-* so 
that 0.5.10-* accuracy is ensured by fifteen terms of the 
series. 4 } 
Example 3. The series 


I'M MET 
Іт еа 
(its sum is equal to е; cf. Sec. 272, Example 1) converges 


still faster; 0.5.1074 accuracy is ensured by eight terms of 
the series. 


371. Elementary Operations on Serles 


1, Termwise multiplication by a number. If the series 


ши... Би: (1) 
converges and its sum is S, then the series 
шщ + Wig + -Wint (2) 


obtained by term-by-term multiplication of (1) by one and 
the same number i» also converges, and its sum is equal 
to wS, i.e. 


Uu -|-tQua -- ... + Uu - -- =w (u; +4 + аиа) @) 
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Example 1. The series 


Dee MINUS | 
lappa b 7 Р... (4) 
converges and its sum is equal to 0.693...— n 2 (Sec. 369, 
Example 4). Consequently, the series 
Deu Vi 1 
ue WES we tet © 


converges and its sum is 0.346... =-- In 2. 
2. Termwise addition and subtraction. If the series 


Uypugt...+upzt..., (6) 

Uu 9. d... +0, +... (7) 

converge and their sums are respectively equal to U and V, 
then the series 

(ш 3 03)-- (ug + 09)2- ... - (us + 05) 4-..- (8) 


obtained by means of termwise addition (or subtraction) is 
also convergent and its sum is equal to U-+-V (or U—V), 
i.e. 


(иу 3E 93) (0+0) +... = (4 tug t+...) (1 Ро) O 
Example 2. The series 
0.11 4-0.0101 4-0.001001 + ... 
converges and its sum is 5 . Indeed, this series is obtained 


by termwise addition of the convergent series 0.1 +0.1? + 
-F0.13--... and 0.01+0.012-+0.018+..., and the sums of 


these series are, respectively, T 

Caution. Not all properties of finite sums hold true for 
convergent series. Thus, if the terms of a convergent series 
are rearranged, the sum may be different and the series may 
even become divergent. To illustrate, rearrange the terms of 
the convergent series 


1 
and сс. 


0,693 (10) 


so that one negative term follows two positive ones (the 
order of the positive terms remains unchanged; this goes for 
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the negative terms as well). We get a series 
1 1 [ 1 І І 1 І 1 1 
|a sage ш ТИТ ЕЛЕ bas 
atte. (11) 
which converges but whose sum is one and a half times 
greater than that of the original series. Indeed, we have 
(see Example 1) 
1 1 1 1 1 1 
0+ 4p--0 — 4--- 0-20 — +04 7G 4---= 70-693 
(12) 
(inserting zeros does not alter the sum of the series!). Adding 
the series (10) and (12) termwise (Item 2), we get 
1+0-++4—2-+-1+0++—1+у+0+...= 
= 0.693... 


Reducing fractions and deleting zeros, we get series (11) on 
the left. 


372. Positive Serles 


A positive series (that is, a series all terms of which are 
positive) cannot be indeterminate Le 368, Note 1). Its 
partial sums always have a limit—finite or infinite. In the 
former case, the series converges, in the latter it diverges. 

A positive convergent series remains convergent u 
rearragement of terms and ifs sum does not change (cf. 

371, Caution); a divergent positive series remains divergent. 


373. Comparing Positive Serles 


To test a given positive series 


uo-l- 4 d- Us T --- (1) 
for convergence, it is frequently compared with another po- 
sitive series 

+2 9+: +: 10] 


about which it js known that it converges or diverges. 
If the series (2) converges and its sum is equal to V, 
while the terms of the given series do not exceed the corre- 
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sponding terms of the series (2), then the given series con. 
verges, and its sum does not exceed V. Likewise, the remain- 
der of the given series does not exceed the remainder of the 
series (2). 

If the series (2) diverges, and the terms of the given series 
are not less than the corresponding terms of (2), then the 
given series diverges. 

Example 1. Test for convergence the series 


1 1 1 
libet t+ рист +... @) 


and if it converges find four significant digits of its sum S. 
Solution. Compare the given series with the geometric 
progression 


L at gre pes ds e 


Series (4) converges; its sum is 1.25. The terms of the 
given series do not exceed the corresponding terms of (4). 
Hence, the given series converges, and S < 1.25. The remainder 


GUN nU 1 1 5 
R= unns wen gett x3 5er 00 9 


of series (3) is less than the nth remainder of the series (4), 
that is 

1 1 1 | 
Ra Sas gee eve 


For a better estimate, compare the remainder (5) with the 
series 


1 1 1 pea (D 
[CESVELRMTESTELEE *uwrnsereccueBe " 
Reasoning as before, we get the inequality 


1 T 
Rn <a i 


Putting n—1, 2, 3, ... in succession, we find that the expres 
sion Teh becomes less than 0.0005 for n—4. Sum 
four terms of the given series. This yields the following appro: 
ximation (too small) 

зет + agit peal. 
(to within 0.5- 107). 
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Example 2. To investigate the convergence of the series 
xk dL. у (8) 

tcs" Tar 

we compare it with the harmonic series 
viov sod 

765 (9) 
This series diverges (Sec. 369, Example 3), and the terms of 
the given series are not less than the corresponding terms of 


the series (9). Hence, series (8) diverges. 
Example 3. To investigate the convergence of the series 


++. а (10) 
compare it with the series 
1 1 1 1 
тз Ваау Ке (11) 


the terms of which, from the second onwards, are greater than 
the corresponding terms of the series (10). The series (11) con- 
verges and its sum is S=2 because the nth partial sum can 
be represented in the form 


(а) (12) 


The series (10) most definitely converges and its sum is less 
than 2. The remainder A, of (11) is equal (Sec. 370) to 


Ry=S—s,=> 


The remainder of (10) is pee slightly less, so that the 
series (10) converges slowly: to find four significant digits of 
the sum, it is necessary to add about 2000 terms. The exact 


value of the sum of the series (10) is (see Sec, 417, Exam- 
ple 3), 
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374. D’Alembert’s Test for a Positive Serlos 


Theorem. In the positive series 
ии... и... (1) 


let the ratio “*++ of a following term to a preceding term 
have the limit q'as n — œ. Three cases are possible: 

Case 1. q < 1. The series converges. 

Case 2. q > 1. The series diverges. V 


Case 3. g=1. The series can either converge or diverge. 
This theorem is called the D’Alembert's test.? 


Example 1. Consider the positive series 
2-0.84-3-0.82-1-4-0,83- . . . 4-(п--1):0.8"+... 


At first we observe an increase in the terms? (a,=1.6, 
4,— 1.92, аз= 2.048, ...). However the series converges be- 


cause аџ +1: an=0.8 (1+ | ) and the limit of this ratio 


n 
is 0.8, which is less than E 
Explanation. Suppose that for some positive series a, T 
+ 4, 3-03 3- ... 4-0, -... the limit of the ratio un 41:4; is 0.8. 
Then from some term N onwards the ratio и, ,1:u, will differ 
шт ns by less than + 0.1. Hence, it will remain less than 
.9 so {һа 


Un+1 < 0.9иу, | 
UN+2 < 0.9uy +1 « 0.9?и y, (2) 
UN +3 < 0.9uy +a < 0.9%uy 
and so оп. A comparison of the series uy +1 HUN s LN 37:77 
with the series URL TTE RE "бшу + ... (decreasing 
ec 


geometric progression) shows (Sec. 373) that the given series 
converges, б 
In place of 0.9 we can take any number between i 
and l. (It is meaningless to take unity or a number gre? Ur 
than unity.) 
The same scheme is used in the general proof of the theo- 
rem for the case q < 1. 


1) Included here is the case when lim us 41:457 œ- 

2) This is a misnomer because the theorem "was first stated and 
proved by Cauchy. 

3) A decrease sets in later. 
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Example 2. Consider the positive series 
Li Li 1.1% 
Ын тайчи е ГС л RT RUND (3) 


The initial terms decrease, but the series diverges because 
the limit of the ratio 


boit ia 7 spite ы eC TNR 
us atium aer A (1 er) 


is equal to 1.1, which is greater than 1. 

Explanation. Since lim (uj 41:45) — 1.1, it follows that after 
some term N, the ratio u,.4.1:4, is greater than 1.09. Com- 
paring the series uy +1 Huy +2 tuy 3 - --- with the diver- 
gent series 1.09uy --1.0925,,-- 1.0934 y +... and reasoning 
as in the preceding explanation, we prove (Sec. 373) that the 
given series diverges. 

In place of 1.09 we can take any number between 1.1 and 1 
(but not unity). 

The same scheme is used in the general proof for the 


case q > 1. 
Example 3. Consider the series 
HEHH. tite. (4) 
l¢d+ate tote. (5) 


For both we have 
q= lim (и, 41:01) =1 
n= o 

But series (4) diverges (Sec. 369) while (5) converges (Sec. 373). 

Note. In Case 1 (q < 1) the convergence is the faster, the 
smaller д. In Case 2 (4 > 1) the divergence is the faster, the 
greater q. In Case Mus the series converges slowly if it 
converges at all, and for this reason it is poorly suited for 
computations. 


375. The Integral Test for Convergence 


If every term of a positive series 
us tug... hunt. (1) 
is less than the preceding term, then in testing for 
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convergence we can consider the improper integral 
ә 
{аап ®) 
i 


where Fin) is a continuous decreasing function of n, which 
takes on the values шу, us, из, ... for n=l, 2, 3, .... 

The series (1) converges or diverges depending on whether 
the improper integral (2) converges or diverges. In the case 
of convergence, the remainder A, of the series (1) satisfies 
the inequalities 


© e 
{ Аат < Ry < È Рп) ап @) 
n+l n 

Note. The integral test is convenient in cases when the 


term u, is given by an expression that is meaningful not only 
for integral values of n but for all л greater than unity. 


Example 1. Let us investigate the convergence of the har- 
monic series 


Пага (4) 


This series is positive; each term is less than the preceding 
one, and the general term и, is given by the expression 77; 
which is meaningful for all values of n (except zero). The 


function Hn)— in the interval (1, o) is continuous and 


E 
is decreasing. Consider the improper integral Vi. It diver- 
i 


ges because it has an' infinite value: 


x 
lim (ites lim In х= оо 
xoi e X0 


Hence, series (4) diverges too (сї. Sec. 369, Example 3). 
Example 2. Test ior convergence the series of inverse 
squares : 


1 П 1 5 
+. tates 6) 
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Here, fn. The corresponding improper integral 


converges. Hence, so does the series (5). Taking 10 terms, we 
бла $,,— 1.5498. The remainder А; satisfies the inequality 


o e 

dn анау 1 
| S< Ro S Le. тт < Rio € To 
11 10 
Hence, the error in the approximate equality 


lg gr des 1.5498 


does not exceed 0.1. 


Explanation. The graph of Fig. 399 depicts a function f (л); the 
terms Us, ug, ... are indicated by the ordinates PMs, РМ »..5 he 


Fig. 399 


latter are numerically equal to the areas of the rectangles PM, N:P 
PsMeN5P,, ..- 
LÀ 


The divergence of the integral {ло dn signifies that the area 


1 


of the strip under the curve М,М„М; ... is infinitely great. The area 
of the РАТ step-like figure is all the more so infinite, that 
is, the series uy+u,+... diverges. 
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LÀ 
Now |f the integral И; converges, then the area of the 


1 
strip under M MyM, ... is finite. The area о! the inscribed figure 
shown shaded 1а Fig. 400 is all the more so finite, that is, the series 
Mak Sat converges. Hence, the series u,- uy us... converges as 
well. 
Inequality (3) can be explained by an example In which n«2. The 
РИК... |y 4 Аы is огах equal 15 he area of the circum- 
о 
scribed figure XP,M,N,M Ns... (Fig. 399); hence, Ry > f 1m) dn (by 
3 
Deed this integral conve ‚ The same remainder is equal to 
the area of the fure X Pe KSM M ^. (Fig. 400); hence, 


кеја 


376. Alternating Serles. Leibniz’ Test 


A series is called alternating if its terms ге alternately 
of opposite sign. The series 


My —us d- us — ... -„(—1)"-%ш„+Ь... (0 
where Mas tt Us, ... denote positive numbers, is am alter- 


Leibniz’ test, An alternating series converges И its terms 
lend to zero, all the time decreasing in absolute value. 2) The 
remainder of such a series has the same sign as the first 

OU (se, Ee 
d of this 
a ular case in Example 4 of Sec. 369. 


1) The terms of [ t to zero but not 
decrease all the time. Then there кө, Аг that the series 


ESI Yr 134 

core a 40 8 ЕЕ 

the terms of which tend to zero, but do not decrease all the tine 
diverges. Indeed, grouping the terms in pairs, we fnd that лет+ 


D П 
Еа) that (Sec. 369, Example 3) lim 2,49 e. 
п- 0 
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Example. The alternating series 
нр @ 


converges because its terms tend to zero, all the time de 
creasing in absolute value. The filteenth remainder 


а ТЕТТЕ... 


в tive, so that the partial sum lelds an a ims- 
tion їп fem, lor the er the wen (2). The піп 


is less than i in absolute value. 


377, Absolute and Conditional Convergence 
Theorem. The series 
ЕЕЕ [t 
definitely converges if the positive series 
pus Pete ug e [He (2) 
composed of the absolute values of the terms of the given 


Жүн of the series not exceed the cor 
renting rue f б ere i bot ale 

nu ot th ий е in absolute 
value than the sum S° of the ser ao 


isi< 5" 
Ти юш ойу ve all terms of series (1) are of 
the same 
Note 1. The series (1) can also converge when the series 
(2) diverges. 
Example 1. The series 
1 
мнен ә 
third term of which is because the 
following series converges (Sec Example 3) 
TREES AE +. 0 


+) The proof is given below (ме Explanation 
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This series is composed of the absolute values of the terms 
of the given series. The sum S of (3) is less than the sum 
S' of (4). 0 

Example 2. The alternating series 


1 1 1 1 
Esa E e 


converges (Sec. 369, Example 4) despite the fact that the 
series composed of the absolute values of the terms of the 
given series diverges (Sec. 369, Example 3). 

Definition 1. А series is called absolutely convergent if the 
series composed of the absolute values of its terms converges 
(in this case, the given series converges as well; сї. Example 1). 

Definition 2. A series is called conditiona!ly convergent 
if it converges while the series composed o: the absolute 
values of its terms diverges (cf. Example di 

Note 2. A convergent series in which all ‘he terms are 
positive or all the terms are negative is an absolutely con- 
vergent series. 


Explanation of Example 1. -Retain the positive terms in (3) and 
replica the negative terms by zeros. We get a convergent positive 
1 1 


1 1 1 
1+ tta, tert Ot ret ap t0+...=U (5) 


us convergehce follows from a comparison with series (10), Sec. 373]. 
ow replace the positive terms of (3) with zeros and reverse the sign 


of the negative terms. A Н rgent series of 
MU diu This yields the following convergen 


1 
O+04 +0404 10404 ar tV [2] 


Subtract series (6) from (5) term-by-term. This yields series (3). 
By virtue of Sec. 371 (Item 2), it converges and its sum S is 


5=0-у (7) 


Each of the positive numbers О, V is less (Sec. 373) than thesum S” of the 
series (4). Therefore 


S«s' 


The general theorem is proved in exactly the same way. 
Note. Adding (5) and (6), we get 


S'-U4V e 


1) Here, set S’ (see Explanation). 


n 
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In the given example we also have (Sec. 371, Item 1) 


1 1 1 1 1 1 Tic: 
Vegrtgr'gr t3. (reget "3 S (9) 
From (7), (8) and (9) it follows that 
seis 


378. D'Alembert's Test for an Arbitrary Serles 


Suppose that in the series 
uyt ug Us (1) 
we have some negative terms (or all the terms are negative). 
Let the absolute value of the ratio ип +1:0» have the limit q: 
lim | is exin (=q 
n-o 
Then for q <1 the series converges, for q > 1 it diverges, 
and for g=1 it can either cones or diverge. 
This follows from Secs. 374 and 377. 
Example. The series 
авт @ 
Т aaao ӨТ TAF ТҮН 
where any two negative terms are followed by two positive 
terms which are followed by, two negative terms, converges 


because | unii tnl Ea a a? hence 


q= lim | „1:01 |0, ie. 9 < 1 
п 0 


379. Rearranging the Terms of а Serles 


In an absolutely convergent series it is possible to rear- 
range the terms in any fashion whatsoever: the absolute con- 
vapo of the series will not be upset thereby and the sum 
will remain unchanged (in particular, the sum of a conver- 
gent positive series is independent of the order of the terms). 

Contrariwise, in a conditionally abe ај series not 
every rearrangement of the terms is admissible because the 
sum can change and even the convergence can break down. 

Example 1. The series 

1 


Gy-i Qy-Gyr«qr- o o 
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obtained by rearrangement of the terms of the absolutely 
convergent series 


1 B 1\3 1\4 
-g +) +( xt( г)... o 
also converges and has the same sum S as the geometric 
progression (2). Hence 


2 1 
ST @) 
2 


Formula (3) can be verified by considering the partial sum Seq of 
the series (1) as the sum of terms of a geometric progression with 
2 


түт 1 * 1531 
first. term 3) zog cce "and common ratio (=) =ч 


Example 2. The series 
Weis ae tems: 71 
INE о тт... Ф 
converges conditionally (Sec. 377). The series 
ЖЕЕ КЕ ДЫ 1 1 
сиңер opty bia 1. 
obtained by rearranging the terms of (4) converges but its 


sum is one and a half times the sum of the given series 
(Sec. 371, Caution). 


Note. |n every conditionally convergent series it is possible to 
rearrange the terms їп such a manner that the new series will have 
dud Ee preassigned number (it is also possible to make the series 

erge). Z 


380. Grouping the Terms of a Series 


In contrast to the commutative property (which holds only for 
absolutely convergent series; cf. Sec. 379), all convergent series pos- 
sess the property of associativity. 

Namely, in any кешеп! series it is possible to group the terms 
in any wav, without changing the order of the terms. Combining the 
terms inside all groups, we get a new series, which also converges ап 
whose sum is the same. 

Example 1. In the convergent (by Leibniz' test) series 


Ben n 0) 


we can group the terms as follows 


(-1)+(+-+)+(т-®)+-- e 
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Combining terms inside the groups, we get 


2 2 2 
m-p*te-cr'e-1t + (3) 


This positive series has the same sum) as the alternating series (1). 
Example 2. In the series (1) we can group the second term and 
the third, the fourth and fifth, etc. The resulting convergent series is 


l--—rT-31—91-13531—1 ^ з (4) 


which has the same sum. 

Note. The inverse operation (removal of brackets) is definitely 
admissible only if affer such a removal a convergent series is obtained 
(then the given series is definitely сопу; However, It is also 
possible for the given series to converge and the series obtained after 
removal óf brackets to be divergent. 

Fxample 3. The series 


(1—0.9)--(1—0.99)--(1—0.999)  ... (5) 
(the geometric progression 0.1+0.01+0.001+ ...) converges and has 
the sum —. 
Removing brackets, we get the series 
1-0.9+1-0.99+1-0.999+ ... (5^) 
which diverges because the even-numbered partial sums have the js 
ginal limit of * while the odd-numbered ones have the limit 1 9% 


Example 4. Consider the series 
1 1 1 1 
eb pet pe у-ү И 6) 
T223 *3-1 TE" e 
It can be represented as 


1 ol e 
(1-+)+(т-+)+*(з +) (7) 
Here the brackets may be removed because the resulting series 
1 1 1 1 1 8 
l-pty ets 1 +... (8) 
converges. Indeed, any partial sum Sen—1 is equal to unity, while the 
partial sum 1 


sm=l лур 


tends to unity. The sum S=1 of the series (8) is also the sum of (6): 


122 dE ened 
— ep -e vis es ST 
1.2:27.3 34 as 


у It is equal to 43 see Sec. 398, Example 3. 
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381. Multiplication of Series 


Theorem. Two absolutely convergent series 


ииги... =U, () 

vitut ost.. V (2) 
can be multiplied together like polynomials. Each term of 
the series (1) is multiplied by each term of (2) and the pro- 
ducts are added in any order whatsoever. We get an abso- 
lutely convergent series whose sum is UV: 


Uiu, 4 итд; + изо + иуоз 4- изо H- изо... =UV (3) 


Note 1. So that іп (3) no term is repeated twice or omitted, 
it is advisable to group terms иго, with the same sum of the 
subscripts i, k (this sum is called the weight of the term шй). 
Then the series becomes 


@,+w,+5+ ... (4) 
where A d 
w =u, 
W =U] + Us, 
Ug = gU, + UgUg + Us, @ 


Wy, = Us, + Un — 10g Ung . -Un 
This grouping corresponds to multiplication via the scheme 


Kitus cbug +u, +... 
Rats bop tu 4... 


UWr Ug; + из + gd, + --- 


UDF 305 H- изо... (6) 
UsUg + UaU + ~. 
uj... 


wtw +w, +w, +... 
Example 1. Consider two absolutely convergent series 
LY t HEH FaH 0) 


(—1)*—1 


р te tee @ 
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Multiplying them by scheme (6), we get 
1 oat [ [ 
Idae bue rere 


Ж ОТЕ mtt (9) 
Tube 


L4-0-- 47-0 Hg 


The law of formation of the resulting series is expressed 
by the formulas 9 


І 
Ü)n-i—3m-:; Wan=0 


Dropping zeros, we obtain an absolutely convergent series: 
1 
ttt gest (10) 
Its sum is the product of the sum of the series (7) and (8). 
This is easy to verify since the sum of the progression (7) 
is 2, the sum of (8) is Æ, and the sum of (10) р. 
Example 2. The series 
4 
Hittite tant. (11) 


converges absolutely (by the d'Alembert test). Find its sum 
Solution. The required sum is the product of the sums of 
two identical absolutely convergent series 


LIA К. БК =o: (12) 
LL. mme Y (18) 


1) The terms in each column of (9) have the same absolute value 
but alternate i sign. The even-numbered column ее пша 
of the terms is even) yields zero. In the odd-numbered column 27- 1, 


the first term is ‚ the remaining ones cancel out. 


PIDE 
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Indeed, by scheme (6), we get 
[ 
bps tartare... 
1 1 П 
ттт 


1 4 
ze. 


1 
Ae 
І. 
Hence, the sum of the series (11) is 


Note 2. 11 one of the series (1), (2) converges absolutely and the 
other conditionally then the series (4) found by '.; is convergent, 
and its sum remains equal to UV. But it may dE {о be conditio- 
109 оунан then not every rearrangement oí te»ms is permissible 

ес. ‚ 

If both series (1) and (2) converge condition::'y, then (4) may 
prove to be divergent. *) But if it SO Velges. then its sum is equal to UV. 


1) The series 


1 1 1 \ 
= + ee <- t... F... (U) 
Y3 Yi у 


‘is convergent (by the Leibniz test, Sec. 376), but it converges condi- 
tionally; that М the positive series a з 

CR : + ы жк К 

аЗ И аа Иа. 

diverges (Sec. 373, Example 2). 1f we apply formulas (4) and (5) fo 
two series, each of which Botas des with (5), en we obtain the series 
(М) 


1+ 


U,U UT ... 


in which each term is greater in absolute value than unity. Indeed, 
formula (5) yields 


lwp [=e 1 


+-====+ 
Vien УЗ(п-1) 


Here each of the п terms is greater {һап =+ Hence wn does 


n:n 
not tend to zero, and the series (W) diverges (Sec. 369). 
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382. Division of Series 


Theorem. Suppose we have two convergent series: 
utugt... Hunt. =U, (1) 
vtu +... HUn tV (2) 
Applying to them the scheme of division of the polynomial 
и Би... +un by the polynomial v, 4-0 + - .· 1-95, we get 
the series 
Wy We... + Wy... (3) 


If the series (3) is convergent," then its sum W is equal 
Là А Let us apply to the convergent series: 

++ ЕК КК 0, (1a) 

— Кж И (2a) 


the scheme of division of a polynomial by a polynomial. 
We have 


Tee ets pre 
араа acr E seed 
cO ute 
eee 

pt 0 +31 e 


of the series (1) and (2 hus, using the indicated scheme, if we di- 
vide the series 1+0+0+0+... (all terms zero except the first) by the 
series 1+1+0+0+0+ ... (all terms zero, except the first two), we 
get the divergent series 1—141-14..* 


1) |t may prove divergent even in the case of absolute convergence 
А 
0 
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In the given example, the terms of series (3) are formed 
by the law 


m=. mista, On E l „mon 2) 


PESE] 

Indeed, the second remainder is obtained by termwise 
multiplication of the first remainder by T . Consequentl y, the 
third term of (3) is obtained from: the second term by 
multiplication by +. In the third subtraction, all corres 


ponding terms in both the diminuend and the subtrahend are 
one half those in the second subtraction. Hence the third re- 
mainder is obtained from .the second by multiplication by 


+: The fourth term of the series*(3) is obtained from the 


third by multiplication by + etc. 
Thus, the terms of the series (3), starting with the second, 


i ^ " SUI 
form a geometric progression with common ratio sate Hence, 


the series (3) converges. Its sum W is equal: to U:V. 
Indeed, we have 


U=, Vet, W=1+—;=3 


so that 
U:V=W 


383. Functional Series 


А funclional series (i.e. a series of functions) is an eXp- 


ression 
uy (x) + us (x) +. um (5)... (1) 


where u (x), us (x), ... (terms of the series) are the functions 
of one and the same argument x which are defined in some 
interval (a, b). 

The meaning of expression (1) is explained in Sec. 367. 
The difference is that the terms of the series are now functions, 
whereas in Sec. 367 we considered a series whose terms were 
numbers. That was a numerical series, in contrast to the fun- 
ctional series which we shall now discuss. The partial sums 
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of a functional series are determined in the same way as for 
a numerical series. 

If in series (1) the argument x is assigned a value [in the 
interval (a, b)], then the functional series gives rise to a nu- 
merical series. 


384. The Domain of Convergence 
of a Functional Serles 


It may happen that for any value of x taken in the in- 
terval (a, b), the functional series converges. It may also hap- 
pen that the series diverges for any value of x. Typically, a 
functional series converges for certain values of x and diver- 
ges for other values. The totality of values of x for which 
the series converges is called the domain of convergence of the 
functional series. 

In the domain of convergence, each value of x is associa- 
ted with a definite sum of the series so that the sum is a 
function, of the argument x, defined in the domain of con- 
vergence. Outside this domain the functional series has no sum. 

Example 1. Consider the functional series 

Lp 1:2: 24-1-2:3393- ... 1:2... nz. (1) 
Its terms are the functions 
ш (х)=х, п„(х)=2, us (а) = 60, iv (2) 
defined in the interval (— c», -I- ©). However, only for x—0 
does the series (1) converge; for any other value of x, the 
series diverges. Indeed, assign to x some value хо not equal 
to zero. This yields the numerical series 


1, 1-2x0-4 H12. 039 4 (3) 
The ratio 
Lu, sais | np D aint i =n D 101 
has an infinite limit as n— о. Hence (Sec. 378), the series (3) 
diverges for x #0. The domain of convergence consists of a 
single point х==0. Dm 
Example 2. The functional series 
2 x^ 
+++ КГК (4) 


[its terns are functions defined in the interval (-- оо, + %)] 
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converges for any value x—x,. Indeed, the ratio 


E 
| gaius |= et 


tends to zero as n — со (Sec. 378). The domain of convergence 
is the entire interval (— co, -+ со). The шт of the series (4) 
is a function defined in this interval (the function is equal to e*; 
сї. Sec. 272, Example 1). 

Example 3. Find the domain of convergence and the exp- 
ression for the sum of the series 


201—0) ра (1-а) +... т (10). @ 
Solution. Write the partial sum of (5) in the form 


1 1 
S, —2- p хр gue. - > хаа хатарли 


maa 6) 


If |x| > 1, then s, does not have a finite limit as n — o 


(the term— 3-х" is infini- 


tely large); that is, the 
series (5) diverges. For 
х= — 1 the series also 
diverges, because then 


From this we see that Sn 
alternately takes on. the 
values 2 and 1 
The series (5) conver- 
ges for the other values 
Fig. 401 of x (i. e. for — 1 «x«l 
Indeed, if x—1, then а 
lerms of (5), except the first, vanish, and we have 
S(1) 22 (7) 


But if |x| < 1, then in formula (6) the term— 3- x” tends 
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to zero as n — oo for fixed x, as well so that 


Jn 1 1 
SQ) lim. (Qtysra Het ee (8) 
The domain of convergence of the series (5) is the interval 
(—1, +1), from which the extremity x=— 1 is eliminated 


(in Fig. 401 the segment ab with the point a deleted). In this 
domain, the sum S of the series (5) is a function of x defined 
by the following equations: 


S(9o24-x for ч) (9) 

5 (х)=2 for x=1 
The function S(x) is discontinuous at x—1 and is continuous 
at all other points of the domain of convergence. Outside the 
domain — 1 < x«l the function S (x) is not defined at all. 
Its graph (see Fig. 401) is the segment AB, the extremities 
of which are removed and to which is adjoined point C (in 
place of B). 


385. On Uniform and Nonuniform Convergence 1) 


Let the functional series 
Uy (x) ug (X) - 4 GO HF - -- (1) 


converge at every point of a (closed or open) interval (a, b)” 
and let it be required to find the approximate sum S of (1) 
to within e (in other words, the remainder R, should not ex- 
ceed, in absolute value, the positive number £). This require- 
ment is satisfied for every definite value of x, starting with 
some index n— N. As a rule, the quantity N depends on x 
and it may happen that there is no number n that can ensure 
the required accuracy for all x at once. Then we say that the 
series (1) is nonuniformly convergent in the interval (a, 6). 
If the required degree of accuracy can always be ensured at 
once for all x starting from one and the same number N, then 
we say that the series (1) is uniformly convergent in the in- 
terval (a, b). 
Example 1. The functional series 


24-3 x(1—2)4- 8 0—2) 4 --- Lie0—294. @ 


1) For definition, see Sec. 386. 
2) The series can also converge at points exterior to the interval 


(a, b), but such points are disregarded. 
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(see Sec. 384, Example 3) converges at every point of the 
closed interval (0, 1). We shallshow that it is nonuniformly 
convergent in this interval. 

We require that the partial sum 


Sp= 2p X—- xn (3) 


yield the sum of the series (2) to within +-0.1. For x=] 


and also for x—0 this requirement is satisfied by all partial 
sums (the exact value is S=2). For the other values of x 
the sum of the series is 


5=2+- х (4) 
so that the remainder of the series is 


n= S—s, => gn (5) 
For x=0.1 ог for x—0.2 or for x=0.3, the required accu- 
тасу is ensured beginning with N —2; for example, for x=0.3 
we have 


| A, |=-5 0.32? < 10.1 


But lor x—0.4 two terms do not suffice; we have to take at 
least three. Then 
| Rs |=- -0.4.x 4.0.06 < 4.0.1 

Further trials will show that for x—0.5 the required ac 
curacy is ensured only from N=4, forx—0.6, beginning 
with N=5, and for x=0.8 we have to take N —11. As xap- 
Proaches 1, the number N increases without bound so that for 
all values of x at once there is no number N that is able to 
ensure an accuracy up to 0.1 (greater accuracy all the Fc 
so), Hence in the interval (0, 1) the series (2) is nonuniformly 
convergent. 

Fig. 402 depicts the graphs of the partial sums 

1 


$(x)—2, s, ()—2-4- -x—4 


53 ()=24++x—1 xs, Sq (9924 lx— 3 x 


The remainder is depicted for x 3 1 as segments of е 
between the corresponding graph and the straight line y= + 
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+ i x [which represents the sum of the series (2) for all values 
of x except x= 1]. 

The convergence of the series (2) is seen from the fact that 
the graphs of the partial sums hug more closely the straight 
line DB over an ever increasing portion of it. The nonuniformi- 
ty of convergence is evident from 
the fact that near B each one of 
the graphs s, departs from DB. 
But as n increases, perceptible 
departures occur on an, ever 
smaller section. 

Example 2. Let us show that 
the same series (2) converges 
podia in the interval (0, 


We will require an accuracy 


of up to 3041. For x=0.5 


this accuracy is ensured begin- 
ning with N=4, because 


IR | — T +0.5*= 


1 1 
= 4-:0.0625 < +-0.1 


Fig. 402 


For any other value of x in the 
interval (0, 0.5) the required 
accuracy is definitely ensured from. N=4 onwards. 

Let us require an accuracy up to = 9.01. Then for х==0.5, 


it suffices to take M —7 because 


| Ry |=4 -0.5 ае -y 0.0078 < 4001 


For any other value of x in the interval (0, 0.5) seven terms 
is all the more so sufficient, Generally, that number N which 
ensures an accuracy up to e for x=0.5 will always ensure 
the same accuracy at once for all values of x in the interval 
(0, 0.5). Hence series (2) converges uniformly in this inter- 
val. i 

In Fig. 402 the uniformity of convergence is seen from 
the fact that in the interval (0, 0.5) the greatest departure 
of the graph s, from the straight line DB tends to zero with 
increasing л. In the interval (0, 1) this does not occur. 
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386. Uniform and Nonuniform Convergence 
Defined 1) 


A functional series 
Us (X) Ug (х)+...+иш, (х)+... (1) 


convergent in ап (open or closed) interval (a. b) is called ШОН 
convergent in that interval if the remainder A, (х), beginning wit 
some number N, which is the same for all values of x considered, 
remains less in absolute value.than any preassigned positive number e: 

IRa()i«e forn>N (е) (2) 
(the number N depends solely on &). 

If for some & the condition (2) cannot be satisfied (for all x at 
once) for any value of N, then we say that the series (1) is nonunt- 
formiy convergent in the interval (a, б). 

For examples see Sec. 385. 


387. A Geometrical interpretation of Uniform 
and Nonunlform Convergence 


Let AB (Fig. 403) be the graph of the sum S(x) of a 
series convergent in the interval (a, b), and let the lines 
А.Ва dai Bari -.. be У 
the graphs of the partial d 
sums Sn (x), 5,41 (А), ... 
Сопйпе AB to the strip 
A'A"B'B', in which each 


Fig. 403 Fig. 404 


of the boundaries A’B’ and A"B” is a constant distante 
e from АВ (vertically). In the case of uniform conver 


9 It is advisable to read Sec. 388 first. 
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gence of the series, all the lines 4,B,, beginning with 
some number N (е), are located entirely inside this strip 
(within the limits of the interval under consideration). 

This does not occur in the case of nonuniform convergence. 
A vivid explanation is given in Fig. 404; here, all the graphs 
s, (x) have two “tongues” each that shoot up from the strip 
А'А"В"В' (they move towards the point C as n increases). 
Yet, after the tongue has passed the point D, the graphs 
Sn (x) above every separate point D of the section ab approach 
the graph S (х) without bound. 


388. A Test for Uniform Convergence. 
Regular Series 


If every term up (х) of the functional series 
ш (X) H- us (9+... (2 T (1) 


for any x taken in the interval (a, b) does not exceed, in 
absolute value, the positive number А, and if the numerical 


series 
Ai Ao. Ane (2) 


converges, then the functional seríes (1) converges uniformly 
in this interval. 

Explanation. The convergence of the series (1) follows from Secs 
377 and 373. The remainder of the series (1) does not exceed, in 
absolute value, the remainder of (2), starting from some number N, 
which ensures accuracy up to е for the series (2) and all the more 
so for all x at once. 


Example. The functional series 


cosx , cos 2x cos 3x cos Nx 
—m mp E uci mec 0) 
converges uniformly in the interval (—œ, -{- ©) because its 
terms, for any x, do not exceed in a solute value the corres- 
ponding terms of the positive number series 


1 1 
з tate (4) 


This series converges (Sec. 373, Example 3). Accuracy up to 
0.1 is ensured for the series (4) beginning with n=10. For (3), 
the same accuracy is all the more so ensured, starting with 
the tenth partial sum. 
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In the closed interval (-z, л) the sum of the series (3) is 


+ (0-8) 


For x=47 the functional series (3) becomes a numerical series (4). 
the sum of which is equal to X (see Sec. 417, Example 3). 


Note. A functional series which meets the criterion of this 
section is called a regular series. Every regular series con- 
verges uniformly. Nonregular series converge uniformly in 
some cases and nonuniformly in others. 


389. Continuity of the Sum of a Series 


Theorem. If all terms of a functional series 
My (X) +-из (X) H- .. . us (X) H-... (1) 


uniformly convergent in the interval (a, 6) are (in that in 
terval) continuous. functions, then the sum of (1) is also a 
continuous function in (a, b). 
` Example 1. All the terms of the series 
cosx , cos cos nx 
55 е (ри ла р, (2) 

Which is uniformly convergent in the interval (—o0, +œ) 

- 388) are continuous functions. Hence, the sum of (2) is 
a function continuous for any value of x. f 

Nole. The sum of a nonuniformly convergent series of 
continuous functions is continuous in some cases and discon- 
linuous in others. 

Example 2. All the terms of the series ; 


Ptrl ар... tert... @ 


which is nonuniformly convergent in the closed interval (0, 1) 
(Sec. 385) are continuous functions. But the sum of the series 
is a function that is discontinuous for x—1 (see Sec. 384, 
Example 2). 

Example 3. The series 


(x— x?) - [2 — 3) — (у x2)] 1 |G2— 35) — (2 xt] +... (0 
with general term 


Un (X) = (x^ — x24) — (хп - 1 — x22 - 2 (5) 
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converges nonuniformly in the closed interval (0, 1), but it 
has a continuous sum S (x) identically equal to zero. 

Indeed, we have Sp (x)—x"— x?" and for every separate 
value of x in the interval (0, 1) this expression tends to zero 
so that the series converges and has the sum S (x) —0. 

But the remainder A, (X)— S (x) —s, (х) ==" — х2" of the 
series cannot be made less than T at once for all values of x 
considered because, no matter what n, the remainder is equal 


to Lf 1 
o 101 х= = 


Fig. 405 


_ Consequently (Sec. 385), the convergence of the series (4) 
is nonuniform. Yet its sum S (x) —0 is a continuous function. 
Geometrically, the graphs of all partial sums s, (Fig. 405) 


have humps on the straight line y=t so that no graph lies 


entirely within the strip between the straight lines y= + + ч 


This does not prevent the sum of the series (depicted by the 
heavy segment on the x-axis) from being a continuous function. 


390. Integration of Serles 


Theorem. If a convergent series 
ш (3) fetta (x) Fee Fen = SH) (1) 


made up of functions continuous in an interval (а, b) conver- 
ges in that interval uniformly, then it may be integrated term 
by term. The series 


x x x 
Ç u, (x) drt È ma ode oe {| tn) det (2) 


a a а 
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converges uniformly in the interval (a, b) and its sum is equal 
2 


to the integral ў 50) ах ої ће ѕит ої {һе ѕегіеѕ (1): 


а 
X x x x 
ju (o de | de) de... + Sus (nda... = 5 (dx @) 
a а а а 


Explanation, The partial sum s. (x) of the series (2) is the integ- 
ral oí the partial sum s, (x) of the series (1) 
s z 
5 (x= | Sn (x) dx 
a 
x 


and is depicted as the area aAnCpx (Fig. 406). The integral fs (x) dx 


a 
of the sum S(x) of the series (1) 
is shown as the area aACx. 
The theorem asserts firstly that 
the series (2) converges and that 
x 


its sum is equal to fs (x) dx. 
a 


Geometrically, the aréa аАСх 
(Fig. 406) is the limit of the 
area dA,Cyx as n- Ф. 

Indeed, in the case of uniform 
convergence of (1), the grap 
aAgC,x lies inside the strip 
А'А”@”С' (Sec. 387). Thus tre 
area aA,C. lies between 

po 106 areas ВАЛ and a A"C"x. And for 
both the limit is the area aACx. 
= The theorem secondly asserts that the series (2) converges uniformly. 

Geometrically, it is at once possible, for all positions of the ordi- 
nate xC", to make the quantity 


| area aACx— area aAgCyx | 
starting with some index n, less than any preassigned given area E. 
Indeed, the strip A'A"B"A' may be пау narrow that its area is 


less than E. Then the area of A'A"C"C' is definitely less than E an 
the quantity (4) is still less. 


Example 1. The series . 
1--2x -3x2- E... xt 714... 6) 


in the interval (0, g), where q is a proper fraction, converge 
uniformly (by the test of Sec. 388) because its terms do no 


(4) 
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exceed the corresponding terms of the convergent (Sec. 374) 
positive-term. series 

14-29 4-33? 4- ... 4-9" 71 4... (6) 
Here ») 


S (o) — 128... p nid sm qa n 


According to the theorem of this section, the series 


Lm Facio mae (8) 
0 0 0 


converges uniformly in the interval (0, 9) and its sum is 


x x 
|за) ait (exeo 09 


This is readily verifiable because the series (8) is a progres- 


sion: 
setet.. 


Note. If the series (1) converges nonuniformly, then term- 
by-term integration in certain cases is permissible but not in 
others (see Examples 2 and 3). 


Example 2. The series 
(х-х*)+[(х#-х®-(х—-х®)]+1(х*®-х®-(х®-х®1+...=0 (10) 


nonuniformly convergent in the interval (0, 1) (see Sec. 389, Example 3) 
may be integrated term-by-term between the limits 0 and 1: 
1 


І 1 } 
[e-na f (02-х) -(х- х3) dx +... =f o-ax=0 а) 
0 0 0 


Indeed, the partial sum 55 of the series (11) is 
1 
^ \ (х®—х?%) dx S M Ed 
$57 (л+1)(2л +1) 
0 
It tends to zero as л Ф. 


(12) 


1) Formula (7) may be obtained by termwise multiplication of 


the series P (о<х< +) by itself (cf. Sec 381, 
Example 2). 
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Geometrically, the area bounded by the graph sn (x) (Fig. 405) and 

the interval (0, 1) tends to zero despite the presence of a hump. (The 

Бир tapers indefinitely as л increases, but its altitude remains 
a 


constant.) 
Example 3. The series 
(х х2) + [2 (x1 xt) - (x= x2)] +[3 (x? 7x?) - 2 (х®—х&)]+... (13) 
with general term 
Up (x)e n (x - x*h) - (n— 1) (3h 71 - 28-2) (14) 


converges in the interval (0, 1) and has a continuous sum S (х)=0 
Ithis is proved in the same way as for the series (10)]. Hence 


1 
fs (0 dx 0 (15) 
0 


Yet termwise integration from 0 to 1 yields |- . not zero. Indeed, we 
get the series ^ 


1 1 1 
fe ах+ [ [ (x*-x*) dx- f (х= х?) «| +... 
0 0 0 


1 1 
+ nf ө^-х"уах-(л-1) f (х"—1-х-)а4х| +... (16) 
0 0 
with partial sum 
1 


$n \ (x*-x?^) dx= 
0 


Crm ICE 0575 (17) 
(n1) (2п+1) 


Consequently, the sum S’ is 


s= im =y (18) 
n= Фф 


The discrepancy between (15) 
and (18) is due to nonuniform 
convergence of the series (13) 
(nonuniformity is proved as in 
Example 3, Sec. 389). h of 

Geometrically, the grap fe 
sn (Fig. 407) tends to coinc 
dence with the axis of absels. 
sas over апу section of t 
interval (0, 1) which does по, 

Eley 407 contain the point х=1. But nea! 
this point a hump is sormen 
It approaches the extremity x=1 without bound, becoming narr 


wer horizontally but continuing to grow upwards. 1) Because of 


E The graphs in Fig. 407 are obtained from the similar graphs 
of Fig. 405 by stretching along the vertical in the ratio z:l- 
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compensation, the area between s, and the interval! (0, 1) tends to 


3 and not to zero. 


Note. If the series (13) is modified by taking a series with gene- 
ral term 


иһ (x)= n* (x - x10) (n= 1)? (ah 1 — n7 2) (14а) 

we will still have i 
J S од ах=0 (16a) 

0 


but after termwise integration we get a series with the partial sum 


^ ni 
5n7 (n1) antl) (182) 


lim sio (the hump will grow upwards 
noo 
faster than it will taper horizontally). 


It will be divergent since 


391. Differentiation of Series 


Even in the case of uniform convergence of a series, it is 
not always permissible to differentiate it termwise. The fol- 
lowing theorem offers a criterion for ensuring the possibility 
of term-by-term differentiation. 

Theorem. If a functional series 


uy (х)--и, (X) +--+ Fun (X)+--- (1) 


converges in the interval (a, b) and the derivatives of its 
terms are continuous in this interval, then the series (1) may 
be differentiated term-by-term provided that the resulting 
series 


Га (x) us (00) +... а, (0) (2) 


converges uniformly in the given interval. The sum of series 
(2) will be the derivative of the sum of series (1). 


The proof is based on the reciprocal nature о! differentiation and 
integration and rests on the theorem of Sec. 390 


Example. The series 


x4-xi-p.. xe (3) 
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converges in the interval (0, д). where g is a proper fraction, 
Here 
x 


exit... xr... (0 6х0) (4) 


1-х 


The derivatives of the terms аге continuous in the interval 
(0, g), and the series 


Aras. -nxn-71-4-... 6) 


made up of them converges uniformly in that interval (Sec. 
390, Example 1). Hence the sum oí the series (5) is a deri- 


vative of the sum ;3— of series (3): 


LEA. Rae. —( )-—q1 9 


Note 1. The theorem does not actually require that the series (1) 
converge uniformly. Under the hypotheses of the theorem this requi- 
rement is fulfilled of itself (by virtue of the theorem of Sec. 390). 

Note 2. Even in the case of uniform convergence ої (1) and con- 
tinuity of the derivatives of и, (х) the series (2) may prove to 
nonuniformly convergent and then its sum is sometimes equal and 
sometimes not equal to the derivative of the sum of the series (1). 
What is more, series (2) may prove to be divergent. Thus, the series 


sin 24x sin л*х 
i en, 0 


converges uniformly on the entire real line (cf. Example іп Sec. 388), 
whereas the series of derivatives 


COS X--2? соз 24x+...+n? cos л*х+... (8) 
diverges for x=0 (and also for an infinity of values of x). 


sin x+ 


392. Power Serles 


In practical applications the most important of the ШЕ 
tional series are power series (see Sec. 270 for a discussion 0 
their origin). A power series is a series of the form 


Ag+ ax -- ax? +... ах... 0 
and also a series of the more general form 
ауа (хх) +a (хх)... Fas (х) O 
where x, is a constant. Of the series (1) we say that it is @ 
ae in powers of x, about (2), that it is a series in power: 
of х—х. ; 
The constants Gg Un vasa: are called. thie coejfici- 
ents of the power series. 
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If we denote x —x, by z, then (2) is a series in powers 
of z, which is the same as (1). Therefore, from now on a 
power series will be understood to be a series of type (1), 
unless otherwise stated, А power series always converges for 
х:=0. As to its convergence at other points, three cases are 
possible; they are considered in Sec. 393. 


393. The Interval and Radius of Convergence 
of a Power Serles 


1. It may happen that a power series diverges at all 
points except pb Such, for example, is the series 
I!x 4 22x? 4- 3333 4... пах" 4... 

where the general term n"x"—(nx)" increases in absolute 
value without bound beyond the point where nx becomes 
greater than unity. Such power series are of no practical 
· significance. 

2. A power series can converge at all points. Such, for 
instance, is the series 

gn-i 


petty teat 


the sum of which for all values of x is ех (Sec. 272, Example 1). 
3. Typically, a power series converges at some points and 
diverges at others. Г 
Example 1. The geometric progression 
1-Ex 4x14. fxr... (1) 
converges for |х| < 1 and diverges for |x|=1. Here the 
domain of convergence (Sec. 384) is the interval (— 1, +1), 
both end-points of which, х= -- 1 and х==— 1, are excluded. 
The sum of the series (1) (in the domain of convergence) is 
1 
Tox 
Example 2. The power series 
Liti t ette (2) 
gos for |х |< 1 and diverges for |x| > 1 (cf. Sec. 374, 
Example 2). The domain of convergence is the interval 
(— 1, 4-1) with both extremities, x—-- 1 and x—— 1, in- 
cluded. The sum of the series (2) is not expressible in terms 
of elementary functions. f 
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Example 3. The power series 
eA E(t, @) 


converges for |x| < 1 and diverges for |x| > 1. For х=—1 
it also diverges (Sec. 369, Example 3), for x—1 it conver 

(Sec. 369, Example 4). The domain of convergence is the 
interval (—1, +1), including the point x—1; the point 
x=— | is excluded. М 

The sum of the series (3) (in the domain of convergence) is 
In(14-z) (Sec. 272, Example 2). The series (3) is obtained 
by termwise integration of the series 


1I—x-FEx1—x8--...— J 


МЕЕ 
Theorem. The domain of convergence of the power series 
as Fakta? t... ах"... (4) 


is some interval (— R, R), symmetric about the point x=0. ' 
Sometimes both extremities, х= & and х==— R, have to be 
included, sometimes only one, and at yet other times both 
extremities have to be excluded. 

The interval (— R, R) is called the interval of conver: 
gence, and the positive number R is called the radius of 
convergence of the power series. If a power series converges 
ч at the point x—0, then R=O. In Examples | to 3 the 
radius of convergence is unity. If the series converges at all 
points, jien we say that the radius of convergence is infinite 

= 00). 


(394. Finding the Radius of Convergence 
Theorem. The radius R of convergence of the power series 


ађ4-аух ау? 4- ... Бах"... (1) 


is equal to the limit of the ratio | a, |:|@,+1| provided that 
this limit (finite or infinite) exists: 


R= lim |а„:аһ+у| @ 
п + с 
Example 1. Find the radius and domain of convergence of 
the series 


0.lx 0.01.x , 0.001 x* [6.23 ha R0) 
(йй а dra Ch 
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Solution. Here a, (so, We have 


T LU ОМТ» 1 
[а, lilan Im =: 1095, 
Re lim |42,:a541|— 10 (4) 


noo 


The radius of convergence is 10, the interval of convergence 
is (—10, 10). The series (3) converges inside the interval 
an diverges outside it. For x=10, the series (3) takes the 
orm 


Ap debi (-1» 
ае (5) 
This series converges (Sec. 369, Example 4). For х= — 10 we 


get a divergent series (Sec. 369, Example 3): 


Hence the domain of convergence is the interval (— 10, + 10) 
with the extremity x—-- 10 included; the other extremity is 
excluded. 

Explanation. We will regard x as a given number and will apply 
to (3) the d'Alembert test (Sec. 378). We have 

(20.1)? 
T 


n 
lim |а fug |= lim [x 50.1 zeli 
pingi. nd i*Un Ж» Щщ n+l 


By d'Alembert's test, (3) converges when |x]-0.1<1, ie. when 
| Х| € 10, and diverges when | х |:0.1 ; that is, when |х|> 10. 

iride this reasoning literally with regard to (1), we get for- 
mula (2). 


Note 1. The sum of the series (3) (in the domain of con- 
vergence) is equal to In (14-0.1х) (cf. Sec. 393, Example 3). 
Example 2. Find the radius of convergence of the series 


Xr xt x Lud 
1-4 a tet |} етк i (б) 
Solution. Here an=, By formula (2) we get 
IT ЙЕ, 1 zi -— 1 
Re lial [aro spl Me cem o 


The series (6) converges at all points. Its sum ie ning 
(сї. Sec. 272, Example 1). 
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Note 2. lf series (1) contains an infinity of coefficients 
equal to zero, then the ratio |а„|:|а„+у| has no limit and 
formula (2) cannot be employed even if we discard the zero 
coefficients and renumber the remaining ones in a sequence. 

Example 3. Find the radius of convergence of the series 


0.1z* | 0.01z* | 0.0012* 
ТЫШЫНА u$ ooa D ® 
obtained from (3) by the substitution x—2z?. 

Solution. Since the series (3) converges for |x| < 10 and 
diverges for |x| 10, it follows that series (8) converges 
for |z| < V 10 and diverges for |z| > Y 10. Hence, the ra- 
dius of convergence of (8) is V 10. Formula (2) is inappli- 
cable: if we taker into account the zero coefficients of odd 
powers of z, then the ratio |а„|:|а„+у|_ is meaningless for 
even n; but if we discard the zero coefficients and number 
the remaining ones in a sequence, then the limit of the 
ratio |a, [:[a541| will be 10 and will not yield a radius 
of convergence. 

The sum of the. series (8) (in the domain of convergence) 
is In (1 4- 2?). 


895. The Domain of Convergence of a Serles 
Arranged In Powers of x— x, 


The domain of convergenoe of the power series 
а-а, (*— ху) + ag (X —39)?4- . + as («— X9)" +- y 
is some interval (x,— R, хо-- А) symmetric about the poin 
Xo. Sometimes, both extremities T2. be included, sometimes 
only one, and sometimes both extremities must be excluded, 
he interval (хо— А, x +R) is called the interval o] 
convergence, the positive number R is the radius of conver: 
е of the series (1). If the series converges at all points, 
hen the radius of convergence is infinite (&— 0). , | 
If the ratio |a, |;[а, 22| has a limit (finite or infini WE 
then the radius of convergence is found from the formula 
R=lim |a5:0541] @ 
no 
Example. Find the radius and domain of convergence of 
the series 


n 
2:09 тои , с 278. 6 (8) 
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Неге x= —0.2, an= . By formula (2) we have 


R=lim |! : 1 ]= 
He т nti |=: 

The domain of convergence is the interval (—1.2, 0.8), 
one extremity of which, x—0.8, is excluded. The sum of 
the series (3) (їп the domain of convergence) is 


—ln[1—(c4:0.2)] — In gg 


396. Abel’s Theorem 1) 


Theorem. If a power series 
aot ax d- agx? H- . .. Бан... (1) 
canverges (absolutely or conditionally) at some point xo, 
then it converges absolutely and uniformly in an closed in- 
terval (a, 6) interior to the interval (—|%o|, +1|*o|)- 

Note J. The word “interior to” is to be understood in the 
narrow meaning of the word, that is by the hypothesis of 
the theorem neither of the end-points of the in erval (a, b) 
coincides with the point |x,| or the point —|*, |. 

Example. The series 


eque (2) 


converges (conditionally) at the point x=—l, turning into 
the series (Sec. 369, Example 4) 


1 1 1 1 
Trait Көтү anot att 


By Abel's theorem, series 2) converges absolutely and 
uniformly in any closed interva interior to (—1, 1), say in 
the closed interval (—0.99, 0.99). 

If for the left extremity of the interval (a, b) we take 
the point хо==—1, then the absolute convergence is upset 
(at the point —1 itself). If for the right extremity of (a, 6) 
we take the point хо==1, then series (2) becomes divergent. 


1) Niels Abel (1802-1829), Norweglan mathematician, He lived 
only 27 years but produce works of fundamental importance. The 
assertion of uniform convergence of series (1) is a later contribution 
(the distinction. between uniform and nonuniform convergence was 
made by Weierstrass late in the 1840's). 
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Note 2. И for one of the extremities of the closed interval (a, b) 
we take ху, then the convergence in such an interval'remains uni- 
WIE The same goes for the point —2x, if series (1) converges at that 
point. ' 


397. Operations on Power Serles 


Suppose we have two power series: 


ag -- 44X-+- agX* + ...+4,x"+ S) (x), (1) 
bo + byx + box? +... Бх"... = Sz (0) 2) 

Let A be the radius of convergence of series (1) and B the 
radius of convergence of series (2). Denote by г the smaller 
one tit they are sinl, then r is common to both). 

If we add, subtract or multiply termwise (by the scheme 
of multiplying a polynomial by a polynomial, cf. Sec. 381) 
the series (1) and (2), we get new power ѕег: :ѕ, whose radii 
of convergence are at worst equal to г, bit may ех 
г. Their sums are, respectively, equal to Sj(x)--S1(9) 
S, (x) — 85 (x), Sı (x) Se (х) (cf. Secs. 371, 381, 396). 
. Termwise division of series (1) by series (2) may be car- 
ried out by the scheme given in Sec. 382, provided that 
by #0. И r#0, then the radius of convergence г of the 
derived series differs from zero but does not exceed A; it 
may even happen that r, is less than either of the radii 4, 
B [see Example 4 and the note on formula (4), Sec. 401]. 
The sum of the new series (in the interval of its conver- 
gence) is equal to $, (x):S, (x). 3 

lf b,20, then i a0 (because 
the quotient of S. RS i аот а нүү dei and it cannot 
be represented by a series in powers is x). But if bo=0 and iy 
then termwise division is impossible when the lowest power 0 the 
dividend is less than the lowest power of the divisor (for the same 
reason), otherwise division is possible, and the new series has the 
sum S,(x):S,(x)*) in the interval (г, 71)- 


Example 1. In the interval (—1, +1) we have 


i рала... т, 9 
—ÁMA = " 

Adding term by term, we get 
2-E2x2-E2x*-2-... та А 


1) For x=0 this sum (that is, the absolute term of the new series) 
is the limit of the quotient 5, (x):S,(x) as x+0. 
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Subtracting (4) from (3) term by term, we get 
9x 1-238 E935. = 2 (6) 


1—x? 


Multiplying term by term (cf. Sec. 381, Example 1), we get 
Lp: px uso I (7) 


Dividing the series (3) by the series (4) termwise (cf. 
Sec. 382, Example), we find 


рах 2:8 H. 105 (8) 


By the theorem of Sec. 394, the series (5) to e have 
radius of convergence R=1, like (3) and (4). Formulas (5)- 
(8) are readily verifiable: their left sides are geometric prog- 
ressions [in (8) from the second term onwards]. 
Example 2. In the interval (—c, +0) we have (Sec. 
272, Example 1) 
+e + +++ = @) 
Replacing x by —x, we get 
x ык м х" E. 
1—1 + —31 К HD at... met (10) 
Since eX-e-* —1, it follows that for termwise multipli- 
cation, all the terms, except the absolute term, must cancel 
out, which is what actually happens. 
Example 3. Termwise division of (9) by (10) yields the 
series 


lpp pP RSS. (10) 


The law of formation of coefficients is not immediately per- 
ceivable, but, knowing that (11) converges in some interval 
and has the sum e*:e-*—e* there, it is possible to vi- 


Ц! 
sualize the series (11) in the form 
LI n 
penses ophet. ete 0% 


Like (9) and (10), the series (12) has (by the theorem of 
Sec. 394) an infinite radius of convergence. — 

Example 4. We will consider the binomials 1-+-х and 
| —x as power series, the coefficients of all terms of which, 
except the first two, are equal to zero. The radii of conver- 
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gence А and B of these series are infinite. Termwise divi- 
sion of 14-х by 1—x yields the power series 

1 4-2x 4- 2x? -- 2x3 -- 2x1 - ... (13) 


Its terms, starting with the second, form a geometric pro- 
gression with common ratio x. The sum of the series (13) in 
the interval of its convergence is (1--х):(1— х), but the ra- 
dius of convergence 7, is not infinite; it is equal to unity. 


398. Differentiation and integration 
of a Power Serles 


Theorem 1. If a power series has radius of convergence 
R and sum S (x), 
а -- a3X -- agx* +... 3 - aux" +... = S (х) (1) 


then the series derived by termwise differentiation has the 
same radius of convergence R and its sum is the derivative 
function of S (x): 
44 4-2asx --3agx -- ...--na,x^-14-...— S (x) @ 
Hence, the sum of a power series is a differentiable function, and 
it has derivatives of ай orders [because we сап again apply Theo- 
rem 1 to series (2), etc.]. 
Note |. If series (1) diverges at any end-point of the im 
terval (—R, R), then the series (2) also diverges at that 
end-point, The convergence of (1) at the end-point of the 
interval (—R, R) may be preserved in (2) or may not. 
Nole 2. The convergence of (2) is somewhat worse than 
that of (1) (because na, is greater in absolute value than а). 
Example 1. Differentiating successively the series 


Debet. т... =тгт(—1<5<-+1) 0 
in which R=1, we get series with the same radius of con- 
vergence. Their sums are the successive derivatives of 1—7: 

128 З 42... Ьл... mque 0 

2-F6x--1933-... +n (п— 1) x?724-...— 6) 
6-Е2х-....-Еп(п—1)(л—2)х”-3%-Е...=={гшуу e 
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The series (3) diverges at both end-points of the interval 
of convergence; the series (4) to (6) do likewise. 

Example 2. The series (3) is obtained by differentiating 
the series 


х? хаж! 
хр 1901—А) (7) 
Series (7) diverges for х= 1 and converges for x=—1, but 
after differentiation the convergence at the end-point x— —1 


breaks down. 
Theorem 2. The series derived by termwise integration 
of series (1) from zero to x has the same radius of conver- 
Ed 
gence and its sum is { 50) ах: 
0 


х 
ay PEt et а ah. pumps =f swa © 
0 
Note 3. If series (1) converges at one of the end-points 
of the interval (—R, R), then (8) converges there too, and 
formula (8) holds true. However, divergence of (1) at an end- 
point of (—R, R) may or may not be preserved in (8). 
The convergence of series (8) is somewhat better than that 
of (1). 
Example 3. The radius of convergence of the geometric 
progression 
1 


1 —33-p xt à 4 uuu (ltt +. Sie (9) 
is unity. Integrating term by term we get (for |x| € 1) 


H4 eI + = 
х 


dx 
= \ ina arctan x A (10) 


The radius of convergence of series (10) is also unity. At the 
end-point х=1, series (9) diverges and series (10) converges 
(by the Leibniz test), and we have» 


ILL (ithe + arctan 1 T. 


1) This result was obtained by Leibniz. 
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At the end-point x=—1, the series (10), like (9), diverges 


(by the integral test). 
Example 4. Integrating termwise the series 


xP т... sine (11) 
(Sec. 272, Example 2), for which R= о, we get 


x 
EA nn "i + 


ЕГАР +. „= | sin x dx=1—cos x 
0 


where x is any number. Whence we find the expansion of the 
function cos x: 


GENE ә 
созх =1—57 47—671: (12) 
Here too, А = х. 


399. Taylor's Serles 1) 


"Definition. The Taylor series (in powers of x—) of the 
function f(x) is the power series 


f Gg) 4- LE (x — x) + 


P» est 


Su our ue En БЕА Залы раг ае (1) 


For E. the Taylor series ad. a of x) is of the form 
HOS EO ep HO wy LE Oy. 0 
Example 1. Form the Taylor series for the function 
Г) = 1 z in powers of x—2. 
Solution. Compute the values of the function f (x) and its 
successive Es for e This yields 
iQ 4 regm | 


(5- y х=2 3!" 
"o= Layi hop pg @) 


(M з к 
эйи = 
ee з 


1) It is highly advisable to read Sec. 270. 
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The required series is 
1 1 1 1 
еи (x—2) Tg (8224-5: 1 т ee (4) 
Example 2. Construct the Taylor series of the same func- 
tion in powers of x. 
Solution. As in Example 1, we find 


гө =. rod. MOAB os 0) gee: 
(5) 
The required series is of the form 
ап el ен хр... (6) 


Example 3. The function 5 does not have a Taylor se- 


ries in powers of x—5 because the function is not defined 
at the point x=5 (it becomes infinite). 

Example 4. The function f (x)= vt has no Taylor series 
in powers of x because the derivative /^(0) is infinite. 
But it has a Taylor series in powers of x—1, which. is of 
the form 


LL ei) d de nhe o Е 
$4288 (0—10: 


400. Expansion of a Function in a Power Serles 


To expand a function f (x), in a series in powers of x—%o 
means to construct a series of the form 


y+ ay (X—%o) +44 (x— Xo)? +. tan (х= Xo)" +++ (1) 


with nonzero radius of convergence and with sum identically 
equal to the given function everywhere within the interval 
of convergence. } Й 

Theorem. If a function f(x) is expanded in the power 
series (1), the expansion is unique and the series (1) coinci- 
des with the Taylor series in powers of X— Xo: 

Explanation. By hypothesis, we have identically, in the interval 
of convergence. 

f (x) =а,+а; (x— хо) +a (х= хо)? +. tan (хха)... (2) 
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Hence (Sec. 398, Theorem 1), the function f (x) has derivatives of 
all orders, and at all points of the interval of convergence we have | 


Р (x) Sa, *2a, (X-X) + Заз (x - Xp)? + 4а, (x — хо) t.e 
f" (x)= 2a, 42-3a, (x—xo)+ 3-4a, (x — х,)%+... , > (3) 
Р” (xz 2-3as +2.3-4а, (x- Xo) te». 


and so on. For x—x,, formulas (2) and (3) yield 


af (хе) Z LE" (хо) @ 


аџ=| (х0). а,=Р(х), а, 2r ^ amt gu es 


That is, the expansion (2) is unique and coincides with Taylor's series 
for the function f (x). 


Example 1. Find the value of the fifth derivative of the 


function / (2) == for x—0. 


Direct computation is tiresome. But the function f(x) can 
easily be expanded in a series of powers of x by performing 
the division x:(1— x?) (Sec. 397). We get the expansion 


Settee +... (5) 


in the interval (—1, +1), But (5) is Taylor's series of the 
function f(x) in powers of x. Hence, the coefficient а= 


gives the value Am ‚ or (0) = 51—120. Similarly, we find 
font» (0) — (2n 4- pn fem (0)—0 (6) 


Definition. A function f(x) that can be expanded in a po: 
wer series in x— x, is called analytic at the point хо. 


Example 2. The function 3/x is not analytic at the point 


х=0 (Sec. 399, Example 4); the same function is analytic al 
the point x—1 (and at any point x, Æ 0). 


Note. The function f (x) defined at the point х=хо may be non 
analytic at that'point for one of three КҮ der: 

(1) For x=x, it may not have a finite derivative of any order, 
thus, the function $/x is not analytic at x=0 because the first deri: 
vative here is infinite. 

(2) The Taylor series of the function f(x) may have a nonzero 
radius of convergence and a sum not equal to f (x). tion 

he radius of convergence of the Taylor series of the func! 

Ро) may be CH to zero. le 3 

Only the first type is of practical importance. In Example 
we considered a function of the second type. 


The presently known examples of бийл оп oí the third type are 
too involved. 
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Example 3. T us define the function q (x) (Fig. 408) by the for- 


2 
mula o (х) =е * (for x 52 0). For x=0, we put 9 (0)=0. All the de- 
rivatives of this function are zero at the point x=0. *) Hence, for the 


function f (x)=e%+@ (x) all the derivatives / (0), /7(0),..., Г) (0)... 


Fig, 408 


will have the same values as the corresponding derivatives of e*; that 
is, the Taylor series of the function FH (x) will be 


i el 1 
leap t ++ +... 


This series has a nonzero radius of convergence (Rz), but its sum 
(it is e?) is not equal to f (x). 


401. Power-Serles Expansions of Elementary Functions 
Preliminary remarks. In order to expand a function f (х) 


in a series of powers of х— Хо we can seek the successive 
derivatives [^ (хо), P (хо), «++ PP Co) +++ + If they exist 


1) Рог x 0 we have i 
2 41x 
Pwsi. 
For x=0 this expression is not suitable; here 
1 


| 9 0-90) D 0 
9' (e im T ke УН 


(by l'Hospital's rule). Further, 


” g (m-o(Q0. y 2., P 2 and so on. 
91 10m un T ICE р үр 
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and are finite, we get a Taylor series: 
Гоо) +E (ахо) + (x— to)? ees 
DEP ob c eye. 


пі 

Because of what was said іп Sec. 400, we also have to 
prove that this series has a nonzero radius of convergence and 
He the precise sum of f(x), and not some other function. 
{ is sometimes possible to estimate the "remainder term 
R,—f (x) —s, (x) and to prove that lim R„=0. For this pur- 


п -+ 

pose, №, is given in the Lagrange form (Sec. 272, Examples 
1 and 2) or in other forms. С К 

In most cases this is difficult to do (or practically impos- 
sible). Then we can obtain the expansion in other ways, by- 

ssing the computation of the derivatives of f (xo), f" (Xo); «+ 
Rhe derivatives are obtained automatically from the expan- 
sion, as in Example | of Sec. 400). F 

Below we give the power-series expansions of the simplest 
functions in x. The general term, when its form is easily 16 
cognizable, is omitted. 


Exponential functions. 


еа т tH Raed 9 


etela (Во) an 


Both expansions may be obtained by estimating the i 
mainder term (Sec. 272, Example 1). Formula (1а) is obtain 
irom (1) by replacing x by — x. 

Trigonometric functions. 

EAE SERRE ae [aet 222 2) 
зїп х= ттт (К= ә), ( 
xt 


2 в бз Б) 
csx-l—z-i—gte (R=) (3) 


Both expansions may be obtained by estimating the s 
mainder term (Sec. 272, Example 2). One of them may bes 
obtained from the other by termwise differentiation (or inte- 
gration). 


Dividing (2) by (3) term by term, we get 


a 
tan x—x-E- at о кез; xt E (8-3) a) 
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The law of the formation of coeíficients cannot be expressed 
by an elementary formula and for this reason it is difficult 
to seek the radius of convergence via the theorem of Sec, 394. 


But it is clear that R does not exceed ^ the series (4) already 
diverges when x= + t since tan (+ т)= = 


Note. The radius of convergence of series (4) proves less than each 
of the radii of convergence of the series (2), (3), which produce (4) by 
termwise division. Cf. Sec. 397, Example 4. 

The function cotx, cannot be expanded in powers of x 
(because cot 0— oo). 

Hyperbolic functions. 1) 


geo x 


з b т 
тУт (90) @а) 
(hyperbolic sine; symbol: sinh x), 


ce EEG (R=e) Ga) 
(hyperbolic cosine; symbol: cosh x), 
Ld 1 2 17 62 A 
satiety Leggi ta (Ra) (4a) 
(hyperbolic tangent; symbol: tanh x). j 
The expansions (2a) and (3a) are obtained by subtracting 
and adding (1) and (la); the expansion (4a) is obtained by 
termwise division of (2a) by (3a). Cf. note on formula (4). 
The expansions of the hyperbolic functions. differ from 
the expansions of the similar trigonometric functions in signs 
alone. 
Logarithmic functions. 
3 3 x* 
In-9—r— 545-7 (R=}), (5) 
a 
laü—92-—1—5-5-5— (R=1) © 
Firmulas (5) and (6) are obtained by termise integration 
of the expansions =1Fx p PFO. Via term- 


1х 
wise subtractlon we get 


inde [++ ++] R=) @ 


Temes 


1) Hyperbolic functions are discussed in Sec. 403. 
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Series (7) is convenient for computing the logarithms of 
whole numbers. For example, when х=. we get a rapidly 
convergent series for In 2. 

Binomial series. 


(1--x)*—1 4- mx 4- 01-1) D ye mon Dm Dus, (R=!) 
(8) 


For positive integral m, the series terminates with a term 
of degree m (the subsequent coefficients are zeros). The result- 
ing formula is called ihe binomial expansion. © The expan- 
sion (8) holds for any real m. 

For ——- < x < 1 we can use the Lagrange remainder term 
in the proof. idit 

Using other devices ? it is possible to prove the validity 
of formula (8) for the entire interval (— 1; 1). ; 

The following expansions are particular cases of (8): 


(а) = —1—a фар... 9 
tea 1 2e зиев... (0 
lta tener tte 59... (1) 

(14-35) 1i — 1p at EE —..., (12) 
П) и th 3 

1.3.5 13) 
Tree tes га ( 
Ses Se im I уаш 
(0 4-x) =т=! Hadas wy te 


8) 

1) The name is m tl lied to the general formula ( 

(cf. Sec. 270, Item 1). RA PD if (x)= 
OE шере ee xg, age eae A 

=(1+x)F (x). Direct verificat rmwise differen 

Meet shows cese TUR ation [mS (x)=(1 +x) S' (x)] holds for 

he sum S(x) of series (8). Hence 


S(x) _ F(x) /-[In S w] 
Sep. that is Па 70) = In S 99] 


d 
Since the functions In S (x) and 1 have the same derivatives al 
the same values for X20. Mey DM Consequently, S (х) =/ (Ж), 8 
ме had to prove. 
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—saa 9 вв (14) 
(aa e rng ea Ai 
1:3:5 1:3:5.7 
+ ПЕ hamana” 55 (15) 


Inverse trigonometric functions. 


arcsin xx pL E LES 4 PAGE +... (R1), (06) 


arctan хех р. (= 1) (17) 


Expansions (16) and (17) are obtained, respectively, from (15) 
and (12) by termwise integration from zero to x. 
The expansions 


arccos x= = —aresin x and arccotx => —arctanx are 


obtained from (16) and (17). 
Inverse hyperbolic functions. ? 


In (c-- VXEI)9x— By ES ра... (R=) 


3-4 
(16a) 
(inverse hyperbolic sine; notation: sinh! x, or arcsinh x). 
1 1+х ЕС И с, 
т\п брин ШП (R=1) (17a) 
(inverse hyperbolic tangent; notation: tanh-! x, or arctanh x). 
The functions 
In (x+ V x3 — 1) —arccosh x 
(inverse hyperbolic cosine) and 


I XT 

7 Іа 7 —arccoth х 

(inverse hyperbolic cotangent) cannot be expanded іп a series 

of powers of x [they are not defined at any point of the 

interval (—1, 1), in particular at the point x0]. : 
The expansions (16a) and (17a) differ from the expansions 

(16) and (17) in signs alone. 


1) Inverse hyperbolic functions are discussed in Sec. 404. 
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402. The Use of Series in Computing Integrals 1) 


There are many integrals that cannot be expressed in 
terms of elementary functions in closed form and are repre- 
sented by rapidly convergent infinite series. There is also 
sense in expanding in series such integrals as may be repre- 
sented by nite expressions (if these expressions are compli- 
cated). The point is that errors arise also when using “exact” 
expressions because the values of these expressions are, as 
a rule, found with the aid of tables. 

x 


Example 1. The integral De cannot be expressed 


ò 
in closed form in terms of elementary functions. Let us take 
advantage of the series 


еа т. E (1) 


convergent in the interval (— оо, --оо). It :ields 


Verfus goo Co rer ud 
0 


The interval of convergence is also (—o, +00) (Sec. 398) 
1 


Example 2. Evaluate f e-=? dx to an accuracy of 0.5- 1074. 


0 
Solution. Substituting into (2) the value x=1, we get 
1 
1 1 1 


б aceti гей йй), 
Ve-stasi— d - 5A tats — 1704-9860 78680 t 
0 
@) 
The term = ss and subsequent terms are rejected 


since the error committed is much less than 0.5-107* [er 
ge is an alternating series with decreasing terms, Sec. 316]. 
lculating to five or six decimal places, we get 


1 
f e==*dx—0.7468 
0 


1) Infinite series appeared historically in connection with the pro 
blem of integration ni Sec. 270). 
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sinx 


Ht 

2 
Example 3. Evaluate the integral Ea to an accu- 
0 


racy of 0.5 1078. 
Solution. The indefinite integral {чт is not expres- 


sible in closed form. Expanding sinx in а series and divi- 
ding termwise by x, we get the series 


sinx at xS et 

teem (4) 
which is convergent for any value of x (by the theorem of 
Sec. 394). Integrating, we obtain 


x 

sinx х? air. 27) uet 
(m бхЕ ТЇ” 
0 


л 
Lg 
i 1 /л\% 1 л \5 1 лу? 
(2) twr) -am (т) +: 
0 
j (5) 
The first rejected term vu (2) is (by rough computation) 


much less than 0.5-10-?. We find 


А жы рй 4, 1 (&) =0.2153 
* 
d (R)-oo5 sms (=) 20.0007 


. $00 V2) аб 
1.5867 0.2160 


Мал dy — 1,5867 — 0.2160 ~ 1.371 


Soe NA 


408. Hyperbolic Functions 
The power series 


х НТ (R = €), (1) 
аг" (R=) (2) 
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similar to the expansions of sin x, cosx, have sums that are 
uae aiii -3 

respectively equal to : z , CX. These functions are 

called, respectively, the hyperbolic sine (sinh) and the hyper- 

bolic cosine (cosh): 


e?e? 


sinh x—7—7—, 3) 


cosh x — ече" (4) 


The hyperbolic tangent (tanh) and the hyperbolic cotangent 
(coth) are the functions 


__sinhx еї-е-® G 

tanh x — cosi y — ее, " 
-T 

coth x — 051 ete (6) 


sinhx ^ e*-e-* 


The functions sinhx, coshx, tanhx, cothx are called 
hyperbolic Junctions.!? The graphs are given in Figs. 409 to 412. 


У 


2 


1 
СЕТО Кра Х 
Fig. 409. y=sinhx Fig. 410. y=coshx 


The hyperbolic functions have definite values for all va- 
lues of x (except coth x for x=0, where this function beco- 
mes infinite), 

The function sinhx takes on all possible values, cosh x 
takes on those not less than unity (coshO=1), the values 
of the function tanhx lie between —1 and +1, the values 


————— 
Ч The connection with the hyperbola is disoussed in Sec. 405. 
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of coth x exceed 1 for x » 0 and are less than —1 for x <0. 
The straight lines y=+1 and y—-— serve as asymptotes 
for both lines y=tanh x, y=coth x, 
The hyperbolic functions are connected by the relations 
cosh? x— sinh? x— 1, (7) 
tanhx-cothx=1, (8) 


sinhx 


tanh x — сере, coth x= 
cosh x 
^ sinhx (9) 


Fig. 412. y=coth x 


Fig. 411. у= (ап х 


and others, similar to trigonometric functions. Thus, 


sinh (x+ y) —sinh x cosh y + cosh x sinh y, (10) 
cosh (x -+ y) = cosh x cosh y -- sinh x sinh y, (11) 
tanhx+tanhy (12) 


tanh œ +4) = T+tanhxtanhy 


They all follow from the formulas (3) to (6). 
Generally, every trigonometric formula that does not con- 
tain constant quantities under the signs of the trigonometric 
functions!) is associated with an analogous relation between 
the hyperbolic functions. The latter relation is obtained if 
we replace cosa everywhere by cosh o. and sina by i sinha 
(i is the imaginary unit); the imaginaries cancel out by 
themselves. 
Example 1. From the trigonometric formula 


| sin (x 4- y) sin x cos y cos x sin y 


——— 


л 
1) This proviso is essential. Thus, formula sin (4-2) sn 
cannot be transformed by the rule given here. 


598 HIGHER MATHEMATICS 
we get, with the aid of the indicated substitution, 

i sinh (x+y) — i sinh x cosh y+ cosh x i sinh y 
Dividing both sides of the equation by i, we get (10). 
Example 2. From the formula 

cos? х- sin? х= 1 
we obtain 
cosh? x + i? sinh? x—1 
Setting i? ——1, we obtain (7). 
Formulas for Differentiation and Integration 


d sinh x — cosh x dx, f coshxdx=sinhx+C, (18) 


d cosh x=sinh x dx, f sinh x dx — cosh x+ C, (14) 


dx dx 

айап х= uu. Voz = tanh С, (15) 
dx dx 

d coth x= — amps Vani — о $C (16) 


These formulas are obtained from the corresponding trigonometric 
formulas if we make the above-indicated substitution and, besides, 


write {dx in place of dx. 


404. Inverse Hyperbolic Functions 


The hyperbolic functions sinhx, coshx, tanhx, cothx 
have the following inverse functions: 


aresinh x dete hyperbolic sine, Fig. 413), 
arccosh x (inverse hyperbolic cosine, Ei 1 
arctanh x (inverse hyperbolic tangent, Fi ‚ 415), 
arccoth x (inverse hyperbolic cotangent, Fig 


S the graphs of the hyperbolic functions in Figs. 409 


The function sinh-!, or arcsinhx, is uniquelly defined 
over the whole real line. The function cosh-!, or arc cosh x, 
is defined only on the interval (1, o») and is here double- 
valued (its values are M in absolute value and differ in 
sign). Ordinarily, only the positive values are considered; 
the corresponding branch of the graph (principal branch) is 


| 
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depicted in Fig. 414 by a heavy line. With this proviso, the 
function arccosh x becomes single-valued. 

The functions tanh -!, or arctanh x, and coth™?, or arccoth x, 
are single-valued, the first is defined only in the (open) 


* 

№ 

L^ 
Ns 


"e 
t 


Fig. 413. y=arcsinh x Fig. 414, yz arccosh x 


interval (—1, 1), the second only exterior to. the interval 
(—1, 1). The straight lines x= +1 serve as asymptotes for 
both lines y—arc tanh x, y—arc coth x. 


Fig. 410. у= arccoth x 


Fig. 415 ysarctanh x 


The inverse hyperbolic functions are ex ressed in terms 
of the basic агу functions іл the following manner: 


arcsinh x=In (++ ХЕ), (1) 
arctosh xz In (x + Y 1) = &ln (Gc V 8—1) (90 0) 
the upper signs in formula (2) correspond to the principal 
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value of arc cosh x; 
px 
1-х 


(l¥] <1), (3) 


arctanh xc In 


arcoth x= In 2+1 (|х| > 1) (4) 
Formulas for Differentiation and Integration 


dx 


d arcsinh x— " (5) 
xt1 
d arccosh x= —% (xz 1), (6) 
Vx:-1 
d arctanh х= (1х1< 1), (7) 
d агссоћ х= (|х| > 1), (8) 
4х —arcsinh 2 4) 
VET arcsinh z +C, (5 
f = arecosh SRE (x=a), (6a) 
rernm а 
IE arctanh TEC (|x| <a), (7a) 
IEEE агссоћ 2-С (|x| >a) (8а) 


405. On the Origin of the Names of the Hyperbolic 
Functions 


Consider the equilateral hyperbola (Fig. 417) 
xy? =a? (1) 
Denote by 3 the area of the hyperbolic sector AOM and prefix to the 


uantity s (1,е, to the area of the double sector MON) that sign which 
the angle of rotation has from OX to OM. Then the ratios of the di- 
rected line-segments PM, OP, AK (constructed for the point M of the 
hyperbola in similar fashion to the lines of the sine, cosine, and tan- 


gent; cf. Fig. 418) to the semiaxis a are expressed in terms of s aS 
tollows: 2) 


PM _ oe ORS s AK _ s (2) 
an ap. teeth cp. manh c 
db 


1) агссозһ x stands for the Positive value of the function. 
9) We have (Sec. 333, Example 4) * 


$=2 area ДОМ =а? In 2+0 (cont'd on p. 601) 
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Now in place of the hyperbola (1) let us take a circle (Fig. 418): 
xt» y! —a* 

Retaining the original notations, we see that the quantity + taken 


with the proper sign (s is the area of the circular sector MON A) will 


Fig. 417 $ Fig. 418 


vield the angle «=£ AOM so that in place of (2) we will have to 
write 


PM 5 ОР 5 АК 5 
—ssin Po 808708 тыг (2а) 


A comparison of the formulas (2) and (2a) explains the names hyper- 
bolic sine, hyperbolic cosine, and hyperbolic tangent. 
406. Complex Numbers 


The complex numbers !) became full-fled, ed members of the *mathe- 
matical society” when it was establishe that the finding of many 


Solving Eq. 1 and this equation simultaneously, we find 


1) Operations on complex numbers and the geometrical interpre- 
tation of such operations may be found in handbooks of elementary 
mathematics. 
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relationships between real quantities ls greatly facilltated with 
their aid. 


Example 1. Multiplyin successively the complex number 
cos pi sin q by itself, we get de Moivre's theorem (formula) 
(cos +i sin @)"=(cos no +i sin пф) (1) 


for positive integral n. Ð) Let us apply to the left member the binomial 
formula and equate the corresponding coordinates of both sides (two 
equal complex numbers have the same abscissas and the same ordi- 
nates). We obtain ринен of сов пф and sin пр in terms of the 
powers of cos @ and зіп Ф. For example, for n=4, we have 


cos 4@=cos* q — 6 cos? ф sin? ф + sin* Q, (2) 
зіп 4ф=4 cos? ọ sin p—4 cos q sin? фр (3) 
Only real quantities are involved here. 
Example 2. Using the formula for the sum of a geometric progres: 
sion, we fmd 
14 (cos q i sin Q)--(cos qi sin q)* .. . +(cos p i sin ф)®= 
_1-(cos ф+ i sin ф)%®+! 
= (соз ф+1 sin p) 


Applying formula (1) to both sides of (4) and performing a divisien 
in the right member, we get two formulas: 
Ф 


(2п+1) Ф Ф. 
sin mx d 2 


cos ф+соз 29 +cos 30+. . . +cos 192 ——————— — —— , (5) 


Ф 
2 sin > 


(2n+ DQ 
2 


(4) 


cos D. — cos 

sino +sin 29-- sin 39+... +sin ag=——_ (6) 
Ф 
2 sin > 


Introducing complex variables and defining for them the concepts 
of function, limit, derivative, etc., we find many new relationships 
between real variables. 


Sections 407 to 410 represent a departure from the general plan 
of this book: we consider the complex functions of a real argument 
(we do not discuss the functions of a complex argument at all). 


407. A Complex Function of a Real Argument 
The complex quantity 
=x+iy (1) 


e y are real numbers) is called a function of the real argument t if 
o each of the values of ¢ (in the domain under consideration) there 


1) A negative power of a complex number may be defined in the 
same way as for real numbers; then formula (1) can be extended to 
negative exponents as well. Formula (1) may be taken as a definition 
for fractional and irrational exponents. The result is then multiple- 
valued (because the angie Фф is multiple-valued: ф=ф,+2Ёл, where k 


is any integer). The rules for operations on powers are the same as 
for a real base. 
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corresponds a definite value of 2 (i.e. a definite value of x and a de- 
finite value of y). 
Here, each of the coordinates x, y is a (real) function of the 


argument /. 


Notation: 
а=} (t) iq (0) (2) 
Is equivalent to the following two equations: 
xef(), yc (0 (3) 


li the complex number xu is denoted by a point (x, y) in the 
xy-plane, then the function 2 will be depicted as a set of points either 


isolated or filling the line [this line is parametrically represented by 
the equations (3)]. 


Fig. 420 


The concepts of limit and infinitesimal quantity for complex fun- 
ctions are defined in the same way as for real functions (the absolute 
value of the complex number x+iy is its modulus | x+iy | V xt y?). 
Points depicting the values of the junction approach without bound 
the point depicting the limit when the argument { tends to the given 
value (or to infinity). To. find the limit c oí a complex function 2, it 
is aulneiea tee find the limits a and b of its coordinates x and y- 
en с=а+ bi. 


Example 1. The sequence 


1*1 1 Eu 5t 
yal, Any i, ze ОША a dcus ДЖУ 

is depicted (Fig. 419) as а set of isolated points (xn, Yn): 

1 n-1 я 
n= n= (5) 
They lie on the straight line x+y=1. We have 
lim xp=0, lim yn=1, (6) 
nc п» % 

lim 2,= lim (xy eiue 0 1i (7) 


I 
noc noc 


604 HIGHER MATHEMATICS 


The relation (7) means that the modulus |z,-/| of the difference 

z,—i decreases without bound as n -+ v. 

Сеосе алу the points 2, approach without bound the point 
) 


Example 2. The complex function 


—o1-t 
г=е (cos /++{ sin f) (8) 
of the argument / is shown in Fig. 420 by the line 
~ot -0:.и 
хае cos t, y=e sin t (9) 
(logarithmic spiral). We have 
lim x=0, lim y=0; 
teo te o 
lim z= lim (x+iy)=0 
t- о (o 


As t= œ, a variable Foun in the complex plane moving along the 
spiral in the direction of the arrow approaches unboundedly the point 
O which depicts the limit of the function. 


408. The Derivative of a Complex Function 


Definition. The derivative F’ (t) of a complex function 
F ()=f (t) +19 (t) a 
AF (t) 
of a real argument / is the limit of the ratio Ar 38 Ab 0. 


The coordinates of the derivative are the derivatives of the coor- 
dinates / (2), Ф (2) of the given function: 


F' (=F ір (0) (2) 

The vector SAIS F’ (t) is the vector of the tangent at the 
corresponding point of the graph 

xef(0. y-9 (0) (3) 


1f £ is the time, then the modulus of the derivative is equal to 
the absolute value of the velocity of the point along the graph (3). 

The differential of a complex function is defined in the same way 
as that for a real function and has the same properties. 

Ifa complex function F (f) is represented by a polynomial 


F () =а,+аг+ауг?+... каг" (4) 
where z is a complex function of a real argument ¢, then 
F' (1) 2 (a4 -2agz...- nagz^ — 1) z' (t) (5) 


The formulas for the derivative of a product and of a quotient are 
the same as for real functions. 


Example 1. The derivative of the function 


F(t)-a (== ont 


2 6) 
T Pisa аар) ( 
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is equal to 


2na t t 
v —-— - — — 
F'q)- 27 ( sin 25 7- i cos 2t r) (7) 


The function (6) is depicted by the set of points of a circle (Fig. 421) 
of radius a: 


{ t 
х=а cos 2n T! у=а sin 2m т (8) 
The derivative (7) is portrayed as the ve- 
ctor of the tangent MK with coordinates 
‚ _ _2ла t , 21a RU 
=== sin 2л T' у= cos 23t T 


(9) 


The modulus of the derivative (which 
expresses velocity if f is time) is 
sar 2 


|Р" (IE Vx ty = (10) 


Thus, the velocity of motion of a point 
along the circumference is constant so 
that |F” (Ту | is the arc traversed in unit time. Hence T is the period 
of one complete revolution about the circle. 

From (6) and (7) it follows that 


rera D (11) 


Fig. 421 


Geometrically, the vector MK is obtained from the vector OM by 


stretching (compressing) by a factor of 27 and by rotation through 


90° (multiplication by £ is equivalent to a rotation through 90?). 
Example 2. The derivative of the function 


F(t)& (x iy* (12) 
where x and y are functions of f, is 
F’ (£82 (x-biy) (х7 +107) 2 (x - yy!) +21 (y * ux?) (13) 
We get the same result if we first represent (12) in the form 
F (t)e qt - y!) + 2xyi (14) 


409. Ralsing a Positive Number to a Complex Power 


For all real values of и, the series 


uut ue и" (1) 
Кыт ой ert 


converges everywhere and has the sum eu, 

The series (1) also converges for any complex value of u, ie. its 
parte sums s, (which are now complex numbers) tend to a finite 
imit (also a complex numbgr). 
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This is the basis for the following definition of a new operation: 
the raising of a positive number to a complex power. 1!) 

Definifion. To raise the number e (the base of natural logarithms) 
to a complex power u=x+iy means taking the sum of {һе series (1). 
For the complex power u of any other positive number a we take the 
quantity “па (for real values of u it is identical with a"). 


Note. All rules involving operations with powers may be extended 
to complex powers of positive numbers. But they have to be pro 
ved separately. 


Example 1. Raise e to the power лі. 
Solution. By definition 
лі лі mur su nut лгі 
[акт toy tart ai, ert 
mi m omü nt ahi om omi 
11-917 ar АР 81 6i 71777 
The abscissa of the sum is equal to 
л? x Eu = 
l-t ate eta! 
(cf. Sec. 272). The ordinate of the sum is 


з дь л? 
Тат л=0 


Непсе 


D. a 


In this case we obtained a real number. 


Example 2. Compute 10/. 
Solution. By definition 


1 i 
10-е; їп 10_„м 
where ap^ 2.3026 (see Sec. 242). 


1 1 1 1 1 1 
10 XXE E LI lp iL 
=1+тти 3p 7 3185 tare STIS | 81ATS 


NEGAT d JEN. dcl 
nit (1-ти) + 

1 my 1 1 1 ee 
"(a "signa nans: E NEM 


= cos 2.3026 +i sin 2.3026 = cos 131°56’+i sin 131°56^= 
=-0.6680+1-0.7440 


1) See footnote оп р; 602 for the raising of a complex number 
to a real power. It is also possible to define the raising of a complex 
number to a complex power, but that is more complica ed. 
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Example 3. Compute 102+*, 
Solution. We have (cf. Example 2) 


102-12 102.1012: 66.80+74.40 i 


410. Euler's Formula 


The relation 
іф 
е =cospti sin фр (1) 
is called Euler's formula. ]t is a consequence of the definition of 
Sec. 409 (and is derived as in Example 1 of Sec. 409). 

_If one defines cos Ф, sin q for complex ф by means of the same 
series whose sums, by what has been roved, yield cos Ф, sin q for 
real р, then formula (1) will hold true for any complex 0. 

From formula (1) we get 


2 I9 2cos o-i sin Q (2) 
and їгот (1) and (2) we find 
ig ,,-i9 iq. ,-i9 
D -e 
cosQ-7—— ' sin p= — y (3) 


These formulas are very much like the expressions of the hyperbolic 


functions 
ТҮ 


Ф 0059 A. 
cosh oe . sinh oS 
From (1) there also follows the formula 
ett ive (cos y+i sin y) (4) 


(cf. Sec. 409, Note). 

If x and y in formula (4), are functions of the argument £, then 

(4) may be differentiated in the same way as ifi were a real constant: 
ett V (x! Ly!) = x^ e? (cos y+i sin y) y'e? (7 sin gi соз y) (5) 


Verification of the validity of formula (5) is straightforward. 
Example. Find the derivative of the function 


F(ty=e0"t# (cos 2t +i sin 20) 


Solution. Represent F(/) in the form 
(0:14 206 
Е()=ё 
We then get 
Е) = (0.1420) ete +200 (0. 1424) eo (cos 261 sin 20)= 
=! [(0.1 cos 24-2 sin 21) ((0.1 sin 21+2 cos 21)] 
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411. Trigonometric Serles 
A trigonometric series is a series of the form 
pay cos x +b; sin x-+-a, cos 2x -+b sin 2x J- ... -]- a, cos nr 
-Fb,sin пх... (1) 


where ds, Gi, ds, ..., by, ba, ... are constants called the 
coe[ficients of the series. 


Note 1. The consiant term (which may be written as A. cos ox) 


is denoted by z (and not by ao) so that the formulas for the coefficients 
(cf. Sec. 414) are uniform. 


Note 2. All the terms of (1) are periodic functions with 
period 2л. This means that when the argument x increases 
by a multiple of 2л, all the terms retain their values. 

Note 3. The term trigonometric series is also applied to 
the more general expression 


Sta, cos +b, sin 4-a, cos 2 7* + bp sin 275 4- ... 
++ ta, соз л З 4-Б, sinn = + ... (2) 


where / is a positive constant called the Aalf-period [all terms 
of (2) are periodic functions with period 2/; cf. Note 2]. Se- 
ries (1) is a particular case of series (2) when the half-period 
peg 


412. Trigonometric Series (Historical Background) 


Trigonometric series were introduced by D. Bernoulli? in 
1753 in connection with studies of the vibrations oí a string. 
The problem which arose of the possibility of expanding the 
given function in a trigonometric series gave rise to hot 
debates among the outstanding mathematicians of the day 
(Euler, d'Alembert, Lagrange). The diflerences were due to 
the fact that the concept of a function had not yet been 
clearly established. These debates contributed much to а 
clarification of the concept of a function. 


————— 
© Daniel Bernoulli (1700-1782), noted Swiss mathematician and 
mechanician, one of the founders of hydrodynamics. 
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Formulas expressing the coefficients of series (1) in terms 
of a given function (Sec. 414) were given by Clairaut? in 
1757, but did not attract any attention. Euler obtained these 
formulas again in 1777 (in a paper published posthumously 
in 1793). Their rigorous derivation was outlined by Fourier 
in 1823. Developing the ideas of Fourier, Dirichlet ? esta- 
blished (in 1829) and rigorously proved a sufficient criterion 
for expansibility of a function in a trigonometric series 
(Sec. 418). 

Other sifficient conditions were subsequently established, 
and functions not satisfying these conditions were investi- 
gated. The following Russian and Soviet mathematicians have 
made significant contributions to the theory of trigonometric 
functions and their practical applications: N. Lobachevsky, 
A. Krylov (1863-1945), S. ernstein (1880- ), N. Luzin 
(1883-1950), D. Menshov (1892- ), N. Bari (1901-1961), 
A. Kolmogorov (1903- ) and others. 


413. The Orthogonality of the System of Functions cos x, sin пх 


Definition 1. Two functions Ф (x), їр (х) are called orthogo- 
nal in an interval (a, b) if the integral of the product ф(х) Ф (x) 
taken between the limits а апі b is zero. 

Example 1. The functions 


q (x) —sin 5x 
and 
tp (х) = cos 2x 
are orthogonal in the interval (— 7%, д) because 
л л 
\ sin 5x cos 9хах==-ү { (sin 7x4-sin 3x) d= 
-n -л 
= = cos 7—4 cos | "i =0 
Example 2. The functions 
€ (x) =sin 4x 
and 
ap (x) —sin 2x 


1) Alexis Claude Clairaut (1713-1765), outstanding French ma- 
thematician, astronomer and geophysicist. Elected member of the 


Paris Academy of Sciences at the age of 16. М 
з) Ре{ег Gustav Bee DICHA, (1805-1859), celebrated Ger- 


man mathematician. 
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are orthogonal in the interval (— л, л) because 


л л 
{ sin 4x sin 2x dx — + f (cos 2x— cos бх) dx =0 
-7 -7 


Theorem. Any two distinct functions taken from the system 
of functions 


1, cos x, cos 2x, cos 3x, ... , sin x, sin 2x, sin 3x, ... (1) 


are orthogonal in the interval (— 7, л), that is, 


л л 
{ 1. cos mx йх=0 (m 0), f 1-sin mxdx=0, @ 
-л 


E 
a 
f cos mx cos nx dx=0, f sin mx sinnxdx=0 (3) 
-7 -л 
(for m Æ n), 

a 

f sin mx cos nx dx—0 @ 

-n 


(m and n any natural numbers). 

Proof: follow the pattern of Examples 1 and 2. 

Note 1. If in place of two distinct functions of system (1) 
we take two identical functions, then the integral between 


— л and л is equal to л for all functions (1), except the first, 
for which it is double: 


l-ldx=2n, 6) 


f cos? nx ах=л, 
-n 


sin? nx 4х=л (n—1, 2, 3, ...) (6) 


5 
з 


Formulas (6) are obtained with the aid of the transformations 
cos? n= (1 +cos2 пх), sin? nx. (1— соз 2nx) 
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Note 2. Formulas (2) to (6) remain valid for any inter- 
val of length 2x. For example, 


3 
Ys Qn 
f sin 4x sin 2x dx= f sin 4x sin 2x dx =0, 
л 0 
74 
2D 
7 1 


| 


cos? 3x dx= f cos? 3x dx =n 
п ks 
2 


Definition 2. If in some system of functions every two fun- 
ctions are orthogonal, then the system itself is termed ortho- 
gonal. By virtue of the theorem of this section, the system (1) 
is orthogonal in the interval (—z, л) (and also in апу inter- 
val of length 2л). 


414, Euler-Fourler Formulas 
Theorem. Let the trigonometric series 
59. + a; cos x - b, sin x- a, cos 2x-|-by sin 2x ..- 
... -Fap cos nx +b, sin nx + 5 UR (1) 
converge for all values of x to some function Ш (this fun- 


ction is periodic with period Әл). If for this function 
(which may also be discontinuous) there exists a (proper or 
л 


improper) integral f If (x)| dx, then for the coefficients of 


the series (1) the following Euler-Fourier formulas hold true 
(see Sec. 411): 


л 


-л 
л 
{ гов ха ho { гед sin x dx, 
-n 
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л n 
a=} \ Í (x) cos 2x dx, by = + ( F (x) sin 2x dx, 
л 


л 
on = 
л л 
=. f } (x) cos Зх dx, by Í (x) sin Зх dx, 
-n -л 
and, generally, 
л л 
a, f Í (x) cos nx dx, b, f Í (x) sin пх ах (2) 

-л -л 


Note. The expression for а, is obtained from the general formula 
for a, if we put л = 0 in the latter. This uniformity is upset if by a, 
we denote the constant term of series (1) and not its «bled magni- 
tude. Cf. Sec. 411, Note |. 

Explanation. We have 


Г) = 2 + a, cos x + Бү зїп x +. .+ аңсозпх +b, sin nx... (3) 


Integrating this equation from -n to x and assuming that the given 
series admits termwise integration,!) we get 


л л л л 
f f (x) dx = | fara 0 хах + b, È sinxdx +... (4) 
Ta SF -n -л 


All integrals on the right, t first, 1 to zero by (2), 
Sue: ie and we atte except the first, are equa 


л л 
V reo а = ла, Le am | Гю 
Zn v 


We obtained the first of formulas (2) for the case n — 0, the 
remaining formulas are obtained by the same method if we first mul- 
tiply (3) by cos пх or sin nx. 


— SEU 
к ' 
9 If the integral f IF GO dx is convergent, the trigonometric 
-n 


series (1), whi -by-term 
А A ch converges to the function f (x), admits term-by 
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Thus, multiplying (3) by cos 2x and integrating term by term, we 


get 
л л л 


\ f (x) cos 2x dx 70 cos 2x dx + а, f cos X COS 2x dx + 


-л -л -xn 
л л 
+ by f sin x cos 2x dx + d; f cos? 2x dx + 
-n -n 


л 
+b, f sin 2x cos 2x dx + (5) 


-1 
On the right, all the integrals are equal to zero except {һе fourth, 
by virtue of (2), (3), and (4), Sec. 413. The fourth one is equal to л 


by (6), Sec. 413. Hence 
л 


а, -l f F (x) cos 2x dx 
-л 
Trigonometric series with arbitrary period. Let the trigono- 
metric series, with period 2l, 


nx 
A + ay cose + by sine + a, соз 2 + by sin 27e 


... + ap cos n EE + ba sin п +. (6) 


converge for all values of x to some function f (x) (this fun- 
ction also has the period 2/). If there exists a (proper or 
1 


improper) integral \ | (œ) | dx. then for the coeíficients of the 


zl 
series (6) the following Euler-Fourier formulas hold: 
1 


d T f (x) cos n =~ dx (n=0, 1, 2, 3,...), 
wi @) 
b ol f(x) sin nË dx (n —1, 2, 8...) 
-1 
Formulas (2) are obtained from (7) for (=a. 


415, Fourler Serles 


In Sec. 414 we considered the sum Ре) of a given con- 
vergent trigonometric series Of practical importance is the 
following converse problem: given a function f (x) with period 
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2»;? required to find the trigonometric series, convergent 
everywhere, 


2 +a cos х0, sin x+... Ба, cos nx+6, sinnx-+... (I) 


having the sum / (x). 

If this problem has a solution, then it is unique, and the 
coefficients of the required series (1) are found from the Euler- 
Fourier formulas (Sec. 414): 


л л 
a, => f Í (x) cos nx dx, b 1. { Ро) ѕіп пх ах (2) 
-n -7 


The series obtained is called the Fourier series of the 
function f (x). 

It may happen that the problem posed here does nof have 
a solution: the Fourier series [even if the function f (х) is 
continuous] may prove to be divergent at an infinity of 
ru on the interval (—л, л). Therefore, the relationship 
awenn the function f(x) and its Fourier series is denoted 
as follows: 


F(x) ~ 5+ a cos x-4-b, sin x+as cos 2x-+basin 2х-Ь... (3) 


avoiding the equals sign. 

However, for all continuous functions of practical impor- 
tance the problem has a solution, that is, the Fourier series 
of a continuous periodic function F(x) actually turns out to 
be everywhere convergent and its sum is equal to the given 
function and not to any other one. This is evident from Sec. 
416, where a sufficient condition is given for the expansibi- 
lity of a continuous function in a Fourier series. 

What is more, discontinuous periodic functions which are 
of practical importance can also be expanded in a Fourier 
series, but with one proviso: at the points of discontinuity 
of the function f(x), its Fourier series can have a sum diffe- 
rent Ka the corresponding value of the function itself (see 


‘) It is assumed that for this function there exists а (proper ог 
л 


improper) integral f (F(x) | dx. 
-л 
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Note. Nonperiodic functions defined in the interval 
(—л, a can also be expanded in a Fourier series, but with 
the following proviso: exterior to the interval (—m, m) and 
at its end-points the Fourier series of the function FQ) 
will have a sum that, as a rule, will differ from the corres- 

onding value of the function itself [this is natural, since 
he sum of a trigonometric series is a parodie function (see 
Sec. 417, Example 2)]. This is inessential, however, since we 
are interested in the values of the function only interior to 
the interval (—, л). 


416. The Fourler Serles of a Continuous Function 


Theorem. Let a function f(x) be continuous in a closed 
interval (—л, л) and either have no extrema there or have 
a finite number of them.» Then the Fourier series of this 
function is everywhere convergent. Its sum is equal to f (x) 
for any value of x interior to the interval (—л, л). At both 
extremities the sum is equal to 


3 C9 GI 


i. e. the arithmetic mean between f(—n) and Fin). 

Example. Let us consider. the function f(x) x; it is con- 
tinuous in the closed interval (—л, л) and does not have 
any extrema. The coefficients ау, 41, 22, --- of its Fourier 
series are zeros. Indeed, 


л 0 
=> f xcos пхйх==-— pus 
Za y 
: 1 
+ f хов nx dx (1) 
[] 


After the substitution x=—x’ the first term becomes 
0 


x’ cos nx' dx’ and, combined with the second, yields zero: 


л 


oM 
л 


a,=0, (n=0, 1, 2, Б, 2910 (2) 
1) An instance of а continuous function having an infinite number 
of maxima and minima on a finite interval is / (х) 7x sin -y conside- 


red in any interval about the point x=0 (at this point the function 
is assigned the value 0; cf. Sec. 231). 
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The coefficients b, are found by integration by parts: 


л л 
b — f xsin nxdx=— дух соз па |" ea f cos nx dx= 
=й -n 
= 2a Cosma — Ne 
Simme и С ӘЛ! 8 


The Fourier series of the function x is of the form 
2 [+ sin x—+sin 2x sin3x— + sin 4x4-...4- 
(Dti s 
TT sinns+... | (4) 


By the theorem, the series (4) converges everywhere; for 
— <x <7 its sum is 


їп in 2x , sin 3 i 
аран е a, a 
(—л<х<л) (5 
For х= +л the sum is Ы 
-Г1—л-Ел]=0 (6) 


This is obvious because all the terms of the series vanish. 
For х= formula (5) yields the Leibniz series (Sec. 398) 


1 1 
Toate pt ae 9 


Fig. 422, which depicts the graph of the 5th partial sum 

of the Fourier series of the function F(xyexx 
sinx — sin 2x | sin 3x — sin 4x , sin 5x 

зотан) 7.0 
gives some idea of how close the partial sum Sn Of the se- 
ries (4) inside the interval (—a, 2) is to the function i) 
itself. The graph of y—s,(x) oscillates about the straigh 
line PE lor some values oí x we get values that are too 
small, for others, values that are too large. 

The curve у (х) passes through the points (—n, 0), 
(л, 0) and therefore departs sharply from the straight line 
y= near these points, 

The pattern is the same for subsequent partial sums $, 
as well. But the size of the interval of s arp departure 
decreases unboundedly with increasing n. At the end-points 
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of the interval (—л, x) all partial sums are equal to zero 
and, hence, do not approach the values of the function 
f(x)=x at the points х= +n. However, in any interior 
interval whose end-points do mot coincide with the points 


Fig. 422 


х= +n, the series (4) converges (and converges uniformly) 
to the function [(x)—x. But the convergence is bad; thus, 


taking the value eau ‚ we get the series (7), which (by the 
Leibniz test, Sec. 376) converges very slowly. 


Fig. 423 
Nole 1. The function f (x)=x is defined outside the inter- 


1 (—л, л) as well, but since it is not periodic, then for 
Mes Ry s x« —n the sum of the series (4) is not equal 
to x (cf. Sec. 415, Note). The gra h of the sum of (4) КЫП 
sists (Fig. 423) of many segments obtained by horizonta 
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орнот of the segment AB by the amount +2kn (k=0, 
oR ay ЖУ, the segments A_,B_,, AB, A,B, ... ае 
devoid ої end-points, which are replaced by the points C_ 7 
Ci Coe ... which bisect the segments B_,A, BA, B,A, and 
so forth. 


Note 2. 

Consider the periodic function f; (x)—2 arctan ( tan i) ў 
it has a period of 2л. Inside the interval (—л, л) it coin 
cides with the function f (х) =х (Fig. 423). The function 
is not defined at the points +2 and has a discontinuity. Th 
Fourier series of f, (x) coincides with the Fourier series of f (x), 
and now the sum of the Fourier series is equal to f, (x) not 
only inside the interval (—, л) but everywhere as well, 
except of course at the points of discontinuity x=+ 1 
x= 3л, etc. at which it is zero. 


417. The Fourler Serles of Even and Odd Functlons 


Definition. Let the function [(x) be defined in the intere 
val (—a, a). It is called even if the value of the function 
does not change upon a reversal of the sign of the argument 


f(—*)=F @) ü 


РС) ——f (x) 
An instance is the odd power x?"-1, such also are the func- 
tions sin nx, xcos nx, tan x and others. 


The graph of an even function is symmetric about the 


y-axis, the graph of an odd function is symmetric about the. 
origin О. 


0 | 
Note 1. For an even function, the integrals Si (x) dx | 
м —a е 
а 


and Jen are equal, for an odd function, they differ in. 
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sign. Therefore, for an even function we have 
a а 
f F) dx—2 { родах @) 
-a 0 


and for an odd function 
a 


MIL e 
-a 
Note 2. The Fourier series of an even function does not 
contain sines; the Fourier coefficients are 
л 
а= f РО) соз пейх, by =0 (5) 
0 
(cf. Note 1). The Fourier series of an odd function does not 
contain cosines and a constant term; the Fourier coeffi- 
cients are 


л 
ы=0, б=т f f (x) sinnxdx (6) 
0 


Example 1. The function f(x)-x considered іп the 
example of Sec. 416 is odd. Its Fourier series does not con- 
tain cosines and any constant term. The coefficients 6, are 

л 
= f x sin nx dx—2 (C) 
0 

Example 2. The function = is even; that means 
that its Fourier series does not contain sines. The coeffi- 
cient ay is equal to 


i @) 
0 


For n #0 we get 
л 


2 2 зїалх|Л__2 = 
а= f xcos nx dx т x sions nas | sin nx dx= 


cos пх—1 
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that is, 


4 
dyg—0, азк-ү= 


— aya ®=Ь2 9...) 0) 


Hence, the Fourier series of the function /(х)=|х| will be 
4 fcosx , cos Зх cos (2n- 1) x 


Poe (art КОТ eb gan +) (0 
The function f(x)—|x| satisfies the hypothesis of the 
theorem of Sec. 416. Hence, the series (10) is everywhere 
convergent. Its sum is equal to |x| for any value of x in- 
side the interval (—л, л). What is more, since the function 
Рх) —|x| is even, the sum of its Fourier series is 10 at 
the extremities of the interval (—л, л) as well. Indeed, for 
an even function we have f (—л) = / (л) so that the arithme- 
tic mean between the values f (—) and / (л) coincides with 
each one of these values. Thus, we have 
i= (ЕЕ...) Cae vay (100) 
In particular, substituting into (10a) one ci the values 
х= +n or x—0, we find that 


чє Ез ТР үү. = qn) 
The series (11) [and, generally, the series qoa) converges 


rly, though better than (4), Sec. 416 (cf. the graphs in 
Figs. 422 and 424). Ө ( x 


0 
Fig. 424 


Fig. 424 shows th 1 
зегїез (10), 5 the graph of the partial sum s, of the 


— 2 4 fcosx | cos 3x , cos 5x 
$4—5 л p Ко EUR) 
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in the interval (—7, л). The broken line about which the 
curve y— s, (x) oscillates is the graph of the sum f(x) of 
the series (10). Fig. 495 depicts the graph of the sum f, (x) 
in the interval (— Зл, Зл). Also shown (as two rays emanat- 
ing from the point О) is the graph of the function / (х) —]x |. 


Fig. 425 


The functions f (x) and f, (x) coincide in the closed interval 
—л, n). 
Note 3. The function f, (х) may be represented by the 
formula 
Һ (х) = arecos (cos x) 


Example 3. Expand the function f (x) x? in a Fourier 


-series (Fig. 426). 
Y 


0 x 2m Зп m 57 


—5т —4 -In n —% 
Fig. 426 


Solution. The function is even, and so we have 
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To compute ap for n #0 we integrate by parts twice: 


л л 


л 
sin л. 4 f 
жс “| —— f x sin nx dx= 


2 2 
а= f x* cos nx йх==-с == 


л 
= f cos пхах==(—1)"- (12) 


nin 


0 


In the interval (— x, л), including the end-points (cf. Ex- 
ample 2), we have 


sema [meme mee] (13) 


n 3: 
For x—z and x=0, we get, respectively, 
IU 1 З 
dette tat ae: (14) 
LR d -1)°-—+ р 
dod ad deret ете cm 


Adding (14) and (15) term by term, we again get (11). 


418. The Fourler Serles of a Discontinuous 
Function 


The theorem of Sec. 416 admits the following generaliza- 


on. 

Dirichlet's theorem. Let a function f(x) be continuous at 
all points of the interval (— x, л) except at Xy, Xo» Xs +, 
-+ +1 Xp, (a finite number) where it has jumps (Sec. 2198). lí 
in the interval (— л, л) there are then only a finite number 
of extrema (or none), then the Fourier series of the function 
f(x) is everywhere convergent. Then» 1 

(1) at both end-points, — л, л, the sum of the series 15 


ipf C GI (0) 


(2) at every point of discontinuity х= х; ће sum of the 
series is 


IU G;—90)4-f +0) e 
where the symbol [(x;—0) denotes the limit to which Ре) 


1) What follows may be stated more succinctly (see Note 2) 
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tends when x approaches x; from the left and f (x; +0) denotes 
the limit of / (х) as Х > Xi from the right; 
(3) at the remaining points of the interval (— m, л) the 
sum of the series is equal to f (x). 
Note l. The integrals 
л 
f f (x) cos пх dx, 
-л 
л 
{ f (x) їп nx dx 
-x 
which enter into the Fourier coefficients are improper in the 


case at hand (Sec. 398). 
Example. Consider the function f (х) defined in the interval 


(— л, л) as follows: 
fi)=—+ 10 —7л<% <0, 
i @) 
PfoeT 1 б=х<л 


This function is discontinuous at х=0, where it has a jump. 


Indeed, we have [see Fig. 427, which shows the function Fo) 
periodically continued beyond the limits of the interva 
(— л, л)]: 


jcCo--A4. reo = (4) 


We find the Fourier coefficients [the function f (x) is odd]: 


G,=0, 


л 
5) 
NERT T Ит! S 


0 
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Fig. 428 


Hence 


а-ар. | (k—1, 2, 3, ...) © 
bor =0 


At all interior points of the interval (— л, л), except at the 
discontinuity х==0, the sum of the Fourier series is equal {0 
f(x); that is, lor — n < x < 0 we have 


sin xr inr epu Dx кс) ž}...=—5 0) 
and for 0 < x < л ме have 


snam Her, шшр oa (8) 
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At the discontinuity x=0, the sum of the Fourier series is 
1 л л 
(еки? 


(all terms of the series are zeros). At the end-points of the 
interval (— n, л) the sum is also 


т (т) 0 


Fig. 428 shows how the partial sums s; (х), ss (x), 5з (х), 
Sq (х) gradually approach f (x). The top band shows the graph 
of sy (rh the next trom the top depicts the graph of s, (x) as 
a solid line: 


$ (х) =, (x) + 3925 
sin 3x 


Here also (dashed line) is the graph of Burg and likewise 


(dotted line) the graph of s, (x). This is followed (below) by 
the graph of s(x), the dotted and dashed lines depicting 


5з (х) and mM. The bottom graph is similarly constructed. 


Note 2. Items 1 and 3 of the Dirichlet theorem are actually par- 
ticular cases of Item 2. Indeed, if f (л) f(x), then the end-points 
of the interval are points of discontinuity of the periodically continued 
function f(x). But ii x is an interior point of continuity, then both 
limits, left f(x- 0) and right f(x+0), are equal to f(x), so that 


070-0) atow e 


We can thus formulate the Dirichlet theorem more рү: 

Let a periodic function f(x) be continuous at all points of the 
interval (—7, л) except a finite number of points Х;, Хз, Хз, ++ +» Хк, 
where it has jumps. If in the interval YR , л) there are then only а 
finite number of extrema (or none at all), then the Fourier series of 
the junction f(x) is everywhere convergent and its sum is everywhere 
equal to 


gp U G0) oce 0 


DIFFERENTIATION AND INTEGRATION 
OF FUNCTIONS 
OF SEVERAL VARIABLES 


419. A Functlon of Two Arguments 


Definition. A quantity 2 is called a function of two variable 
quantities x and y if every pair of numbers that may (by the 
conditions of the problem) be the values of the variables x 
and y is associated with one or several definite values of 2. 
The variables x and y are called arguments (cf. Sec. 196, 
Definition 1). NM 

Single-valued and multiple-valued functions are distingui- 
shed as in Definition 2, Sec. 196. 

Example 1. The height A (above sea-level) of a point on 
the earth's surface is а function of the geographic coordinates 
of latitude @ and longitude *. The latitude can vary between 
— 90° and .-90?, the longitude, between — 180° and +180. 

Example 2. The product oí two factors x and y is a func- 
tion of the two arguments x and y. The values of the arguments 
x and y may be arbitrary. 

Number plane. For pictorialness, the pair of values x, y 
can be depicted geometrically by a point M (x, y) referred to 
a rectangular coordinate system XOY. The plane embodying 
this system is called the number plane. 

The expression "point M (x, y)" is equivalent to the ex- 
pression “the pair of values of the arguments x and y". For 
example, the expression “the point M (1, —3)" is the same 
as “the pai of values x=1, y=— 3”. Accordingly, a func- 
tion of two variables is called a point function (see Sec. 457). 
It often happens that the value of a function is physically 
determined by the choice of a point in a plane or on a curved 
surface (сї. xample 1). 

Domain of definition of a function. All pairs of those 
numbers which (by the conditions of the problem} can be values 
of the arguments x, y of the function f(x, y) constitute the 
domain of definition of the function. 7 

Geometrically, the domain of definition is depicted as 
some collection of points in the xy-plane. 

п Example 1, the domain of definition of the function Ё 
of the arguments @ and ар is the set of points of the number 
Plane lying within and on the boundary of some rectangle 
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which has 360 scale units in length and 180 in width, whose 
sides are parallel to the coordinate axes and whose centre 
coincides with the origin. In Example 2, the domain of defini- 
tion of the function is the entire number plane. 

Notations. The notation 

z=} (x, y) 
(read: "z equals f of x, у”) means that 2 is a function of the 
two variables x and y. The notation | (3, 5) means that we 
consider the value of the function f (x, y) at the point М (3, 5); 
it is that value of the function which corresponds to the 
values of the arguments x=3, y==5 (see Sec. 202), Other 
letters may be used in place of f. 

Sometimes the same letter is used for the function symbol 
as is used 1o denote the function itself, that is, we write 
z=z (x, y), w=w(u, v), and so on. 

Note. It may happen that the value of the function FG, 9) 
varies with x but remains the same when the argument y 
varies. Then the function of the two arguments may be regarded 
as a function of one argument (x). If the value of f (x, y) 
remains the same for any values of the two arguments, then 
the function of the two arguments is a constant quantity 

Example 3. The daily amount of precipitation (В milli- 
metres) within Moscow Region is a function of the latitude Ф 
and the longitude :p of the point of observation. However it 
may happen that the daily amount of precipitation remains 
constant from south to north and only varies from east to 
west. Then A may be regarded as а function of the one ar- 
gument p. s 

If there has been no precipitation throughout the region 
during one 24-hour period, then A is а constant (equal to 
zero). 


420. A Function of Three and More Arguments 


The concepts of a function of three, four, etc., arguments 
and the domain of its definition are introduced in the same 
way as for the case of two arguments (Sec. 419). 

The domain of definition of a function of three arguments 
may be depicted as a certain set of points in space. Accor- 
dingly, a function of three variables (and, by analogy, of 
a greater number of variables) is called a point function. 

Notaton: 

=f (x, ya 
signifies that u is a function of three arguments: x, y, 2 
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Note. It may happen that the value of the function 
Fe. A ? varies with x and y but remains the same when z 
varies. Then the function of three variables f(x, y, z) is, 
at the same time, a function of two variables: x, y. А func- 
lion f(x, y, z) can also be a function of a single variable; 
it can even be a constant (cf. Sec. 419, Note). 

Generally, a function of m variables may prove to be 
a function of a smaller number of variables. 


421. Modes of Representing Functions of Several Arguments 


1. A function of two or more arguments may be specified 
by a formula (or several formulas). A function given by 
a formula may be explicit or implicit (cf. Sec. 197, Item c). 

Example 1. The formula 


pu— А (273.2 -- 1) (1) 


where A = 0.02927, his spre a relationship between the volume 
v of one kilogram of air (in cubic metres), its pressure р 


in unm) and its temperature ¢ (in degrees Ce sius). Each 


of the variables p, v, £ is an implicit function of the other two. 
The formula 
4073.21) (2) 
р 


Ке v as an explicit function of the two arguments p and t. 
he domain of definition of this function is the collection 
of physically possible values of the pressure and temperature 
(t can take on only those values which exceed — 273°, p, only 
positive values). 

Note. A function of several arguments is frequently rep- 
resented by a formula without any indication of the physical 
meaning of the quantities involved. If there are no indica- 
tions about the domain of definition of the function, then 
it is assumed that the domain embraces all those points for 
which the formula is meaningful. 

Example 2. Let a function of the two arguments x, y be 
given by the formula 


z=V R3:— (x? F y) (3) 


without any indication of the domain of the function. For- 
mula (3) is meaningful only when x?-- y? < R?. Hence, the 
domain is the collection of all points lying inside and on 


v 
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the boundary of a circle of radius R with centre at the 
coordinate origin. 

Example 3. The formula u= Y a? — (x? - y? 4-22) specifies 
a function of three variables. The formula is meaningful pro- 
vided that x?-+-y?-+-2? <a?; the domain of definition is the 
collection of points lying inside and on the surface of 
a sphere of radius a with centre at the origin. 

9. A function of two or more arguments may be repre- 
sented by a fable. In the case of two arguments, the table 
is conveniently arranged in the form of a rectangle. The 
values of one of the arguments are specified in the top row, 
the values of the other in the left column. The value of the 
function is read at the intersection of the appropriate row 
and column (table of double entry). 

Example 4. The following table gives the volume of | kg 
of air as a function of pressure and temperature (see Example 1): 


3. A function of two arguments may be represented by 
a spatial model (bar diagram), A spatial model of a function 


F(x, y) is some surface S referred to a rectangular coordi- 
nate system OXYZ; the projection of a point M of the sur- 
face $ on the xy-plane serves to represent pairs of values 
of the arguments x, y, the z-coordinate of depicts the 
corresponding value of the function f (х, у). 

This method is not applicable to a function of three and 
more arguments. 

Example 5. A function specified by the formula 


zayn Ay 
is represented by a hemisphere (Fig. 429; cf. Example 2). 
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4. A function of two variables may be represented in the plene 
by means of level curves (level-curve re resentation). A pair of values 
of x and y is depicted by a point M (x, y) and the value of z by 
a numerical label, (This method is employed in cartography to indi- 
cate altitude.) Points of the same value of z are connec ed by a line 
(a level curve —contour line — with the elevation indicated). When 
a point (x, y) lies on one ‘of the level curves, the value of the func- 
tion is read off in straightforward fashion; if it does not lie on one, 
we take the two closest level curves between which the point (x, 9) 
lies and interpolate by eye. 


Tig. 429 


Example 6. Fig. 430 gives the level curves. of the function 
2=Va?=x*—y* which correspond to function increases of 0.24 (OB=a). 
The value of z at the point M (0, —0.8a) is read from the label 0.64. 
To find the value of z at the point N (< а, та ‚ take the labels 
0.6a and 0.8a for the nearest level curves. Since N is roughly mid- 
way between the curves, 2 = 0.7a. 

Note. If we cut the surface z=f (х, V) with a plane 2=Ё and pro- 
ject the section on the xy-plane, we get a level curve with the label К. 
Thus, if we cut a hemisphere 2= VY a?—-x*— j^ with a gx 220.82, 
Ve et a section A" B'C' (Fig. 429). Its projection A"B'C^ (Figs. 4? 
an tam on the xy-plane is a level curve with label 0.8a. 

Similarly, a function of three variables uzf (x. и, z) may be гер; 


т 
resented by the level-curve method in space. The role of level curves 
is played Mere by level surfaces. P 


422. The Limit of a Function of Several Arguments 


The concept of a limit of a function of several arguments 
is established in the same way as for a function of one argu 
ment, For definiteness, consider the case of a function of two 
` arguments. 
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The number’! is called the limit of the function z=f (x, y) 
at the point Mo (a, b) if z approaches / without bound every 
time that the point M (x, 9) approaches Мо without bound 
(сї. Sec. 204). 


Notation: 
lim Го, y=! 
M + Mo 
or 


lim f (x, ==! 
xa 
ГЕД) 

Note 1. It is assumed that the function f (x, y) is defined 
at all points not coincident with Mo inside a circular neigh- 
bourhood of M; at the point Mo itself the function f (х, y 
is either defined or is not defined (сї. Sec. 204, Note 1) 

Note 2. The mathematical meanin of the expression “ар- 
proaches without bound” becomes clear from the following 
exact definition. 

Definition. A number 1 is called the limit of a function 
f(x, y) ata point Мо (9, b) if the absolute value of the 
diflerence f (x, y)—! remains less than any preassigned posi- 
tive number e whenever the distance MoM =V (х—а)#--(у—Ё)* 
from point Мо (4, b) to point M (x, y) (distinct from My 
is less than some positive number 6 (dependent on 8). 

Geometrical meaning. The z-coordinate of a surface 2 — 
= f (x, y) differs from [ by less than ё whenever the projec: 
tion of a point lying on the surface falls within a circle of 
radius 6 with centre at the point M, (a, b). 

Note 3. For the case 01 a function of three arguments, 
Рб, у, 2), the distance MoM is represent by the expression 
Y ix—ap 4-(y—by 0—9". For the case of four arguments, 
Ve a geometrical interpretation of the e 

х —а)? 6) + z— 0 + (ud) becomes impossible, 
it К ai dea (b alot) the distance between the points 
а, b, с, 4)- 

The concept of A infinitely small and infinitely large 
quantity is established in the same way as for а function 0 
one argument (Secs. 07, 208). The order of smallness is 

с, 423, The concept of а limit is extended às 
in Sec. 211. 
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423. On the Order of Smallness of a Function of Several Arguments 


а and В of a single argument, we distinguished the following 
cases: 


(1) the ratio has a nonzero finite limit; then the infi- 
nitesimals œ and В are of the same order; 


P 
In Sec. 217, when comparing two infinitesimal functions | 
(2) lim $=; then a is of higher order than f; | 


(3) lim 3*5 then « is of lower order than f; 


(4) the ratio m has no limit; then о; and В cannot be 


compared, | 

se 4 is an exceptional case in the study of elementary 
functions of a single argument. For functions of two and 
more arguments, Case / is exceptional. Cases 2, 3, and 4 
are of practical significance, 

Thus, the ratio of two infinitesimal functions of several 
arguments (урісаПу has по limit (see Example 1). In other + 
cases, one of the two infinitesimals (say a) is of higher order 
than the other (see Examples 2 and 3). Then the second is 
of lower order than the first. 


Fig. 431 Fig. 432 


Example 1. The quantities 2х? --у# and x*-+-y? are infini- 
tesimal as x — 0, y — 0, but their ratio has no limit. | 
Indeed, the point М (х, y) can tend to Л, (0, 0) along 


a line tangent, at the point Mo, to the straight line y—-7* 


(the line BM, in Fig. 431), or to the straight line y=3x, 
or to the straight line yx, etc. In the first case, the ratio 


X tends to, in the second, to 3, in the third, tol. | 
Hence, the ratio 


Cate ot+vy—[2+(£)*]:[1+(4)*] 
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tends to 2 in the first case, to u in the second, to 2 in 
the third, etc. 

Note. The infinitesimal x?--y? is the square of the dis- 
tance MyM between the point M, and the point M which 
is approaching Mg (0, 0). Generally, the case when one of 
the infinitesimals being compared is some power of the di- 
stance between M and its limit Мо is particularly important 
(сї. Secs. 430, 444). 

Example 2. The function 2x*—y* is of higher order than 
the distance 


) MM, =V xtd: 
as М — M,(0, 0). Indeed, the ratio (2x? — y?) : VEFA is 
transformed as follows: 


20-7 _ К НЕШ senis Б 1 
Vaan yes Кий 0 


Neither of the quantites e ——/— exceeds (in ab- 
ЕТИ Vx! y? 

solute value) unity (see Fig. 432), but еас of the quanti- 
ties 2x, y tends to zero. Consequently, both terms on the 
right of (1) tend to zero. Hence, (282—2): Vy? tends 
to zero as well. 

Example 3. The function f(x, y)=(x— xo)? (y— y0)? is ol 
higher order than the square 4 the distance MMo, that is, 
than (tx—Xp)*-+-(y—yo)?. Indeed, 


Fee go. x-Xo Y-Y. 
мм? өтүгү V(x-x)** Y— Yo)? V (хо) (y= Yo)? 


The first factor tends to zero and neither one or the other 
of the two exceeds unity (сі. Example 2). 


424, Continuity of a Function of Several Arguments 


Definition 1. A function f(x, 0) is called continuous at 
a point Mo (Xp, yo) if the following two conditions are ful- 
filled: 
(1) the function has a ape р, di 
2) the function has a limit, also equa А ЖЕЙ 
RAH one of these conditions is violated, the function 


is called discontinuous at the point М. 


um SEEN 
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The same holds for the case of three and more arguments. 
Definition 2. A function f(x, y) is called continuous in 
some region if it is continuous at every point of the region. 
Example 1. A function f (x, y) specified by the formulas 


НО, 0)=0, 
He, P= FEE (tty 40) 


is continuous at the point M,(0, 0). Indeed, at Mọ it has 
the value zero; besides, it has a limit here, which is also 
equal to zero (сї. Example 2, Sec. 423). At all the remaining 
oints of the number plane the function f(x, y) is also con- 
inuous. It is therefore continuous in any region. 
Example 2. A function p(x, y) given by the formulas 


Ф (0, 0) —0, 

фо Y= (tty? 0) 
is discontinuous at the point M, (0, 0). The first condition of 
Definition 1 is fulfilled. But the second one is not: the func- 
m 1 f^ y) has no limit as M —» М, (see Example |, 
ес. $ 


425. Partial Derivatives 


Definition. A partial derivative of a function u—f (x, 9 2) 
with respect to the argument x is the limit of the ratio 


[(х+Ах, y, 2) -F (x, y, 2) 
А 
Notations: * 
i д 5 
us, fe уг), 4 Secun . (1) 


For the meanings of the symbols du, Ox see Sec, 429. 

Note 1. In ihe process of finding the limit, the arguments 
X, y, z are held constant; the resulting partial derivative is а 
function of x, y, z (cf. Sec. 224). 

The partial derivatives with respect to the arguments y 
and z are defined and denoted similarly, for example, 


f(x, yt Ay, z)- T (x, 0, 2) (2) 
Ay 


as Ах — 0 


, ди " 5 
uy gli Us.) im 


Note 2. To find the partial derivative ux, it is sufficient 
to find the ordinary derivative of the variable и, considering 
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u as a function of the argument x alone. If it is necessary to 
find all three partial derivatives, it is more practical to use 
the method given in Sec. 438. 

Example. Find the values of the partial derivatives of the 
function 
u=f wu 2) — 2x y2— 92h — Bry — 2x2 (3) 
at the point Mo (0, 0, Th 

Solution. Considering 4 as à function of the argument x 


alone, we find that its derivative 5 is equal to 4x— 3y — 22. 
At the point (0, 0, 1) the value of this derivative is —2. 
Notation: 


F, (0, 9, 1)=4х—3у—2 |x=0, y=0, 22122 
Р, (0, 0, 1) = 20—35 |x=0, у=0, MIL 
f; (0. 0, 1) —6 


426. А Geometrical Interpretation of Partial Derivatives for the 
Case of Two Arguments 


Let point Mo (Хо, yo (Fig. 433) be associated with point 
Ng of the surface z=} (x, y) (Sec. 421). Draw through No а 
plane NoMoU parallel to the S4 
xz-plane. At the intersection, 
we get the line L,N, along 
which y remains constant 
(y=Yo). The z-coordinate of 
the line № is а function 
oi the argument x alone. The 
partial derivative fe (Хо, Yo) 
is numerically equal to the 
slope of the tangent line 
UN,, that is, to the tangent 
of the angle МОМ formed 
by the tangent line US with 
the coordinate xy-plane ХОҮ. 

Drawing the р апе МоМо 
parallel Чо yoz, we get 
the section LaNo. The partial 
derivative fy (хо, Yo is equal 
to the MeL of the angle 0 
MV No formed by the tangent 
line VT and the xy-plane. Fig. 433 
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421. Total and Partial Increments 


Let us take some values xo, yo, 29 of the arguments x, y, 
2 and increment them arbitrarily: Ax, Ay, Az. The function 
u=f (x, y, z) will then receive the total increment 
Au=Af (x, y, 2)=f (xo Ах, yo+Ay, 204 Az) — | (xo, Yo, 20) 

It may happen that the increments Ag, Az are equal to 
zero, that is, y and 2 remain unchanged; then the function 
f(x, y, 2) receives a partial increment 

Axu — А} (x, y, 2)=F (xo + Ax, Yor 29) — f (х0, Yo» 20) 

Similarly we obtain the partial increments 


Ayu=A,f (к, y, z)— f (Xo, Yo Ay, гу)—} (хо. Ио, 20), 

Au A; (x, y, 2) =} (ху, Yo, Zot Az) — f (Xo, уу, Zo) 

Nofe. For the case of two arguments, the total increment 
of a function is geometrically portrayed as the increment of 
the z-coordinate MyNo (Fig. 433) for an arbitrary displace- 
ment of a point №, along the surface z=f (x, y). "ire partial 
increment A,f (x, y) is obtained in a displacement ví Ng along 
the section LiNo, the partial increment Ayf (x, y), in а dis- 
placement along LN». 

Example. The total increment of the function 


u=2x?—y?—z 
Au, =A (2x? — y?—z)= 


72 (x+ Ax? — (y + Ay — (2 + Az) — 2x? 4- y? + 2= 
=4х Ax—2y Ay— Az --2Ах%— Ay? 


The partial increments are 
Axu=4x Ах-1-2Ах%, Ayu= —2y Ay—Ay?, Аш=—Аг 


is 


428. Partial Differential 


Definition. If a partial increment Аш (Sec. 427) of a 
function u—f (x, y, z) may be partitioned into a sum of two 
terms: 

A,u=A Axta (1) 
where А is independent of Ax, and a is of higher order than 


Ax, then the first term А Ax is called the partial differential 
of the function f (x, y, z) with respect to the argument x and 


MMC e 
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is denoted dyf (x, y, 2) or du: 

dyu —d,f (x, y, 2) —AAx (2) 
In other words, a partial differential is the differential (Sec. 
228) of a function f(x, y, 2) taken on the assumption that 
the quantities y and z do not vary (Ay=Az=0). On this 
assumption, x is the sole argument, and for this reason in 
place of Ax we can write dx (cf. Sec. 234) so that 


dyu—d,j (х, y, 2)=Adx 


The partial differentials dyf (x, y, 2), def (x, y, 2) with 
respect to the arguments y and z are defined similarly. 

The coefficient A is equal to the partial derivative ux, i.e. 
the partial differential of a function is equal to the product 
of the corresponding pastal derivative by the increment of 
the argument (Sec. 228, Theorem 1) 


dyu — uxdx (3) 
Similarly, 
dyu — ujdy, (4) 
d,u —uzdz (5) 
Example. Find the partial differentials of the function 
u=xty+ yx 


Solution. Holding first y and then x constant, we find 
ахи = (2xy + y*) dx, 
dyu— (x? --2xy) dy 


429. Expressing a Partial Derivative 
in Terms of a Differential 


The partial derivative uy of the function u=f (x, y, 2) is 
equal to the ratio of the partial differential dyu to the diffe- 
rential dx: 3 

E (1) 


bep 
ИЕ тає 


This follows from Sec. 428 (сі. Sec. 235). 
In the notation E , it is not advisable to regard the sym- 
bol du in the sense of the partial differential dyu with respect 


to the argument x because in the notation E the same sym- 
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bol ди would have to be understood as the partial differential 


dyu, and in the notation zt, as йш. 


For this reason, the expression ди. Should be regarded as . 


inseparable symbol of a partial derivative (and not as a ratio 
of differentials). 


Example. Let u=xy; then х= 7 and у==-=. We have 


ди | Qui b шщ oy 1 
АГ a 
Whence we find 
u, дх ду _ EN ou 
дх dy Xa d] Gigi UE "im 


И we regarded the symbols ди, Ox, ду as independent quan- 
tithes we would have the erroneous result --1 in place of 


430. Total Differential 


Definition. Suppose the total increment : F(x, y, 2) 
(Sec. 497) of the function f (X, y, z) can be partitioned into а 
sum of two terms: 


AF (v, у, 2) (ААВ Ay-I-C Az)-+e (1) 


where none of the coefficients A, B, C is dependent either on 
Ax, or Ay, or Az, and the quantity e (regarded as a function 
of Ax, Ay, Az) is of higher order (Sec. 423) than the distance 


о= Улала. 
Then the first term 


A Ax4- B Ay--C Az (2) 
s called fhe, otal differential of the function f(x, y, z) (or 
Secr б, и гений and is denoted by df(x, у, г) (cf. 
Example 1. Let us take the function 
1 F(x, y, 2) 2x1 —y13—2 (3) 
We have (Sec. 497, Example) 
Af (x, y, z)— (4x Ax—2y Ay — Nz)-- (2Ax?— Ay?) 


The coefficients A=4x, B= —2y, C— —1 are not dependent 
either on Ax, ог Ay, or Az, the quantity &—2Ax3— Лу? is of 
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higher order than V Ax? F Ag? F Az? (cf. Sec. 423, Example 2). 
Hence, the expression 4x Ax—2y Ay — Az is the total differen- 
tial of the function 2x?— y?—z: 


а (2x1? — y? —2) = 4x Ax —2y Ay—Az (4) 


Theorem. The coefficients A, B, C are equal, respectively, 
to the partial derivatives of the function f(x, y, 2): 


A=f(x, p 2, В=[у(х 0, 2. Celi 6 


In other words, £he total differential is equal to the sum of 
the partial differentials (Sec. 428): 


df (x, y, z) df (x, y, z)-Fdyf б, y, z) а e y, 2) (6) 
or 
dj (x, y, z) — [x (x, у, 2) Axt [y Gs y 2) Ayt f Gs y, 2) Аг (7) 
Example 2. In formula (4) the coefficients А =4х, 
B=—2y, С= —1 аге рн derivatives of the function 
2x?—y?—z with respect to the arguments x, y, 2 
ane (2x1 — y? — 2), 
—2y = e — i2) © 
—1=2-002—0—9 
Note 1. By virtue of formula (7), the total differentials 


dx, dy, dz of the arguments х, у, 2 are, respectively, equal 
to Ax, Ay, Az. We therefore have 


dj (x, у, 2) — fe (x, y, 2) аху Y, 2) dy +f (® y, 2) dz (9) 


For instance (cf. Example 1), 
d (2x — y4— z) —4x dx —2y dy —dz (10) 


Formula (9) is invariant (see Sec. 432) and therefore is to 


be preferred to (7). 
Note 2. It e a function of one argument, the total 


differential turns into an ordinary differential and the sole 
partial derivative into an ordinary derivative. 
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431. Geómetrical Interpretation of the Total 
Differential (for the Case of Two Arguments) 


Let a plane P be tangent (Sec. 435) at a point М y 2) 
of a surface S depicting the function z—/(x, y) (Item 3, 
Sec. ie; Displace the projection M, (x, y, 0) of point M to 
the position M; (х-- Ах, у-Е Лу, 0). Then the z-coordinate of 


the tangent plane will receive an increment equal to the total 
differential: 


dz —[, (x, y) Ax-+ [y (v, y) Ay (0 
The corresponding increment іп the z-coordinate of the 
Pais S is equal to the total increment Az of the function 
z=f (x, y). 
Hence (Sec. 430, Definition), the distance between the 
surface $ and the tangent plane Р (reckoned in the direction 
of the z-coordinate) is of higher order than the distance 


p— MM, = V Ax? F Ap? 
(cf. Sec. 230). Er T 


432. Invariance of the Expression 
F,4x+f, dy+f, dz of the Total Differential 


The expression fyAx+ fyAy+fzAz (Sec. 430) is the total 
differential of the Function Matt ^ z) if x, y, z are re 
garded as arguments.! But if the variables x, у, 2 are them- 
selves functions of one, two, or more arguments, then this 
expression is not, as a rule, a differential. On the contrary, 
the expression 

fe dx + fy dy +f dz 
is always? the total differential of the function f(x, y, 2) 
(cf. Sec, 234). 


Example 1. Let us consider the function u=xy of the 
arguments x, y, We have 


du= ux dx J-uy dy=y dx 4- x dy (1) 


This formula also holds true when x, y are functions of the 
arguments f£, s given by the formulas 
х=Ё-+18%, у=%— (2) 


a 


ШЕП is assumed that the total differential exists. See Sec. 434 оп 
functions having partial derivatives but with no total differential. 
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Indeed, in this case we have se 
u=t'—s4, (3) 


duu} dt 4- us ds—4t3 dt —4s? ds (4) 


We obtain the same result using formula. (1) if in lace of 
x, y we substitute the expressions (2) and in place of dx, dy, 
the expressions 

d&—2tdi--2sds, dy=2t di —2s ds (5) 


which are found with the aid of formulas (2). But if in place 
of (1) we take the formula 


uy Ax--x Ay (6) 
it will be incorrect for the arguments 7, s. 
Example 2. Formula (1) also holds when x and y are 
functions of one argument. 
Example 3. The formula d arctan х5 holds true if we 
put x=rst: 


dirst) 
darctan rst = гуз; 


433. The Technique of Differentlatlon 


In most cases, when seeking partial derivatives, it is 
convenient first to find the total differential, which is com- 
puted by the same rules as the differential of a function of 
one argument (cf. Sec. 432 and Sec. 430, Note ). 3 

Example 1. Find the partial derivatives of the function 


u=arctan = 


Solution. We compute the total differential by the rules 
of Secs. 247 and 240. This yields 


ae | кау-04х 
x | xdy-U 
dim m ES 20 


Ў ди д 
The coefficients of dx, dy аге the partial derivatives 57, » 


Therefore 
ди y ди ы (2) 


ery’ ay xy) 


m 


642 HIGHER MATHEMATICS 


—pirect computation of the derivatives would have required 
- a great deal of work and attention. 
Example 2. Find the partial derivatives of the function 


а= ү. 


Solution. ; 
din y X ÉL din (dry RU, (3) 
Qu x ди и (4) 


эх екуі" бу XHY 


When differentiating а function of one argument, it is 
sometimes convenient to take advantage of the total differen- 
tial of a function of two, three, etc. arguments. 

Example 3. Find the differential of the function u=x*. 

Solution. We seek dy? (y and 2 are independent variables); 
to do this we first find the partial derivatives and then set 


y=x, 2=%, 
д à 
dy! = dy 5502—20 — 1 dy ty" In y de, © 
ахх —xx* -1 dx 4- x* In x dx —x* (1+ ln x) dx (6) 


With a little skill, the writing is confined to formula (6), 
the rest being done mentally. 


434. Differentiable Functions 


A function ш= [(x, y, 2) with a total differential at the point М, 
is called a differentiable function at that point. 
A differentiable function always possesses finite partial derivatives 


2. A E and partial differentials 


Ox д2 


the sum of which yields the total differential (Sec. 430). 
But the existence of partial differentials (or fimile partial deriva- 
tives) does not ensure the existence of a total differential. 
Example. Consider the function f(x. y) deüned at the point 
М, (0. 0) by the formula 
FO, 0)=4 () 


and at the other points by the formula 


д 
dou e SE Ax. dy Ay, ue Az 


xy 2) 
Hi, й=4+?х+/+ eros ( 
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This function is continuous at the point М, (0, 0) and has partial 
derivatives here: 


7 f (^x,0)—4 2Ax 
Fo (0,;ду= im aa lim ———=2, 
* ) Ax+0 Ах Taxe Ах 
' ро Ay—4 
0, 0)= lim 1 
ly! ) Ay+0 Ay 


But the expression fy (0, 0) Ax+fy (0. 0) Ау=2Ах + Ау is not a 
total differential. Indeed, the total increment is of the form 


4 AxtAy * 
AF (0, 0) 8f (Ах, Ay)—42 Ax AJ) * yr AU 


The first term is not a total differential since the second term 


= Ахлу 
Ce Apt is not of higher order than 


pzV Axt Ay? 


That is, the ratio e:p does not tend to zero as M (Ax, Ay) + 0. Thus, 
if М tends to М, along the ray y=3t, x=4t, then exp maintains the 


value 125` 
Another example of а 


Sec. 442 (Example 2 
Note ү If al Баг{1а1 derivatives are cont inuous at the point under 


consideration, then the function is differentiable at that point. In 
the preceding example, both partial 
derivatives were discontinuous at 
M, (0, 0). 


nondifferentiable function is considered in 


Note 2. As a rule, the elemen- 
{агу functions are differentiable, 
Differentiability is violated only at 
саап points or along separate 

les. 


435. The Tangent Plane and the 
Normal to a Surface 


Definition 1. Through point Fig. 434 
M ої the surface S (Fig. 434 
draw (on the suríace) lines AA , BB', CC, was which at M 


have tangents TT’, QQ SS’, ... . The plane P in which 


all possible tangent lines lie is called the tangent plane 10 
the surface S al the point М (point of tangency). 
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Example 1. Let the straight line MT be tangent to some 
spherical curve. Then MT is perpendicular to the radius, 
i.e. it lies in the P plane passing through point M perpen- 
dicular to the radius. Hence, P is the tangent plane to the 
sphere. 

Example 2. А conical surface does not have a tangent 
plane at the vertex K. Indeed, if we draw all possible lines 
through K, their tangents at the point K will not lie in one 
plane. 

Note. The surface z=f (x, y) does not have a tangent plane at the 
oint M if and only if the function f(x, y) is nol differentiable at 
hat point. Physically realizable surfaces can lose the tangent plane 
only at separate pens (conical points) or along certain lines (edges) 
(сї. Sec. 434, Note 2). 

xty 


Example 3. The function f (х, J) 75: y 


the condition f (0, 0)—4. is not differentiable at the point х=0, у=0 
(Sec. 434, Example). Accordingly, the surface 
uci. +?х+у+4 (1) 
x+y? 4 


stoxtyt4, redefined by 


has no tangent plane at the point A (0, 0, 4). 1) 
Definition 2. The normal to surface S at the point M is 
the normal to the tangent plane drawn through M. 
Example 4. The normal to a spherical surface at every 
point passes through the centre of the sphere. 
p 


436. The Equation of the Tangent Plane 


1. The tangent plane to a surface z=f (х, y) is given by 
{һе equation 
2—г=р(Х—х)+4(У —¥) (0 


where X, Y, Z are the current coordinates, and х, у, 2 аге 
the coordinates of the point ої tangency; Р, @ are the cor- 
responding values of the partial derivatives LT z, 


1) This surface is a cone (not circular) with vertex A. Indeed, 
any straight line 


z fase. (2) 
y=ax, 2= (fate?) x+4 


i X f which 
(а is a constant) passes through A and lies on surface (1) o$ faight 


we convince ourselves by substituting (2) into (1). The set of 
lines (2) forms a conical surface. 
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i Explanation. The plane (1) passes through the straight 
ine 
Z—z=p(X—x), Y—y=0 (A) 


which is evident from substitution into Eq. (1). The straight 
line (A) is a tangent to the section drawn through the point 
(x, y, 2) parallel to the xz-plane (Sec. 426). In the same way 
we see that the plane (1) passes through the tangent line to 
the section parallel to the zy-plane. Hence (Sec. 435), plane 
(1) coincides with the tangent plane (if the latter exists; 
сї. Sec. 435, Note). . 

Example 1. Find the equation of the tangent plane to 


the hyperbolic paraboloid 1—20 at the point (2a, а, та) Я 


2 


дг Ж dos ДЕН ЫЫ, 
Solution. We have raro ATT 1. The 


equation of the desired tangent plane is 
Z—3-a—2 (X—22)— (Y —9) 


or Z=2X —Y — а. 

9. If a surface is given by an equation of the form 
F (x, y, z2)—0, then the tangent plane will be represented 
by the equation 


FL —2)-- Fy 0+ (0—20 @) 


Eq. (1) is a special form of Eq. (2). 
Example 2. Find the equation of the tangent plane to the 
ellipsoid 


ZH peo l=0 (3) 

at the point M (x, y, 2)- Я eir 

Solution. We have F=- > у=, Fame: The 
required equation is 

24 (Хд (1—0) (0—2)=0 (4) 


or, cancelling 2 and taking into account the equation of the 
ellipsoid, 
2 
аа 
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Note. The equation of the tangent plane is most simply 
obtained from the equation of the given suríace as follows: 
diflerentiate the given equation and in place of dx, dy, dz 
write X—x, Y—y, 2—2. Thus, differentiating Eq. (3), we get 

2xdx , 2ydy | 22 dë 

Sige т 0 
Replacing the differentials dx, dy, dz by the differences 
X—x, Y—y, Z—2, we get Eq. (4). 


437, The Equation of the Normal 


The normal to the surface F (x, y, z)=0 at the point 
M (x, у, 2) is given by the equations 
cies ER AG Н toa 1 
Ee Fy F} 0) 
(cf. Secs. 436 and 156). In particular, if the surface is given 
by the equation z= f(x; » then the equations of the nor- 
mal, in the notations of Sec. 436, are of the form 


Nox Yow 2-2 @ 


p q =i 
‚ Example. The equations of the normal to the ellipsoid 
Xx 


TT ZO (cf. Sec. 436, Example 2) are 


af(X-x) bi(y-yp, c(Z-2 
rai P RR] 


438. Differentiation of a Composite Function 


A quantity w is a composite function if it is regarded as 
a function of (auxiliary) variables x, y, ..., Which in turn 
depend on one or several arguments 4, 9, ... (cf. Sec. 236). 

Finding the total differential of a composite function does 
not require 5 ecial rules (due to the invariance of the exp: 
ression of a differential; Sec. 432). After the total differential 
has been found, the expressions for the partial derivatives 
are obtained automatically (Sec. 433). The general form of 
these expressions is given in Sec. 440. i 

Example. Find the total diferential and the partial deri- 
vatives of the function 


19 — e" sin (u +0) @) 
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If we represent ш in the form ех sin y, where x=uv and 
у=и4-0, then w will be a composite function of the argu- 
ments u, v. The total differential is found in the same way, 
as if x and y were independent variables: 


du) —e* sin y dx +e* cos y dy—e* (sin y dx +cos y dy) 
Substituting x=uv, y-—u-r", we get 
dij — e"? [sin (u-+v) (0 du -- и do) -- cos (и +v) (du 4-dv)] (2) 


This is the total differential of the given function; its partial 
derivatives are the coefficients of du, dv. Namely, 


Sen [о sin (и 4-0) 4- cos (и 4-v)], (3) 
29 emu sin (и 4- v) + cos (и4-%)] (4) 


Note. In practical cases, no special designations are intro- 
duced for auxiliary variables. In Example 1, it is usual to 
do as follows: 
dw=d |e”? sin (и -- 9] —sin (u+0) dea? + e? d sin (u - 9) — 

=sin (u +v) e"? d (uv) +e? cos (u-+v) d (u +0) 
Expanding expressions d (uv), d(u+v), we get (2). 


439. Changing from Rectangular to Polar 
Coordinates 

Let z=/ (x, y) be a function of the rectangular coordi- 
nates x, y and suppose we know the values of the partial 
derivatives fe fy at the point М. Then the partial deriva- 


tives =, = in polar coordinates are found from the for- 
mulas А 


а [соз ф-Е/у sin p, Ar (fy cos фізіо Ф (D 


Explanation. Since x—r cos Ф, y=rsin ф (Sec. 73), then 
2 is P REREKAI, function of r, ф. Ву the method of Sec. 438, 
{Же find. ` ; 
dz = fx dx -+ fydy= fxd (r соз Ф) + fyd (sin Ф) = 
=f (cos q dr—r sin Ф dẹ) + jọ (sin ф dr +7 cos Ф dq) 


2t. gre the coefficients o dr, dq. 


t ‚ д2 
The derivatives 77; Эф 


eee: || 
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Example. From the given values 
Ke A=, 106, 9—? 


find the values of 2, A at the point (3, 4). 
Solution. At the given point we have: r=V 333-40 —5, | 
cos =, sinp=— ‚ From formulas (1) we obtain | 


д2 3 Ce f xs таа. ds m 
=p tg iS A-5(2 5—7 p) 22 


440. Formulas for Derivatives of a Composite 
Function 


Let w be a composite function of any number of argu- 
ments ш, 9, ..., £ (Sec. 438) which is specified in terms of 
the auxiliary variables x, у, ..., 2 (any number whatsoever). 


Then 
Me) аш 0x90 Ou ду дш d: 
и Т Ce 
ди _ ди оха бу Ow. Ge 
w e www kA TN 


дш дш дх дш д дш д 
L3 35 p LIE ar 


ot дх Ot ду Ot 


That is, the partial derivative with respect to some argument 
is equal {о the sum of the products of the partial derivatives 
with respect to all auxiliary variables by the derivatives of 
these variables with respect to the corresponding argument. 
. Explanation. Formulas 0) are obtained from the expres 
sion for the total differential: 


дш дш dw 
dy =P art dy+... ta 0 2) 
if we substitute 
9. д. д. 
ах=® du 2 dot... А-г dt (3) 


and similar expressions for dy, ..., dz (cf. Sec. 438). 
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441. Total Derivative 
Let w be regarded as a function of the variables x, у,...,® 
zx ovg] (1) 


where x is the argument and the other variables depend on 
x.) The derivative of ш, with respect to the argument x, 
taken with allowance made for this relationship, is called 
the total derivative and is denoted by E in contrast to the 
partial derivative = (Sec. 425). The total derivative is 


expressed by the formula 


dw Om , дш ay IUE 
dz ug dct dx Q) 


It is obtained from the expression of the total differential dw 
(by dividing by dx). à 
Example 1. Find the total derivative oi the function 
ш==\ЗеЎ* where y is some function of x 
Solution. 


dw —e* d (x?) pado! o el^ dx +3807" y= 
— 3e! xtdx + 2x26 ydy, 
dw 2 dy 
ФЕ oc Sea + oye E S 
Example 2. Find the total derivative of the function 


U-—xy. Н 
Solution. The role of the variable y 1% played here by 
the derivative y=% By formula (2) we find 

do, джу дю Шр. 08 

TE ду” dx =y ig 


We get the same expression by dividing the equation 
dw=y' dx+x dy'—y' dx - xy dx 
term by term, by dx. 


_—— 
1) This is a special form of а composite function (Sec. 438 f 


o! 
one argument и (the variables y, «++» 2 are dependent on 4 in arbit- 
rary fashion, “4 the variable Wis connected with и by the equality 


xzu). 
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| 
442. Differentiation of an Implicit Function 
of Several Variables 

Rule 1. The equation 

F (x, y, z)=0 (1) | 

gives the variable 2 as an implicit function of the arguments 
x, y for certain conditions. 9 In order to find the total diffe- 
rential of this function it is necessary to differentiate Eq. (1), 
that is, to equate to zero the total differential of the left-hand 
side. The equation obtained has to be solved for dz; then we | 
find the total differential of the function 2. The coefficients 
oi dx, dy yield corresponding partial derivatives. | 

We proceed in exactly the same fashion for any number 
of arguments. 

Example 1. Find the total differential and the partial 


derivatives of the implicit function z (of the arguments х, Jj 
given by the equation 


xt yt +z = (2) 
at the point x=1, y=— 2, z=— 2. 
Solution. Differentiating, we find 


2x dx --2y dy-+2z dz =0 


Solving this equation for dz, we obtain the total diferential 
of the function z (at an arbitrary point): 


ТЕЕ: ГА * | 
dz —— = dx—— dy 9. 
At the given point (1, —2, — 2) we have 

d= dx—dy (4) 


The coefficients of dx, dy yield the values of the partial 
derivatives at the given point: 


Eas NL a cn ү (6) 


Check. Solving Eq. (2) for z, we get 
z=— y 9—x:i—y* (6) 


(we take the minus sign before the radical because for x=1, 


1) See Note 1 below. 
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у==— 2 we have to have 2 — 2). From (6) we find 


PESE слу 
óx Vg- уі’ Oy — Y9-xi-y^ 


Substituting here the values x—1, y —— 2, we again find (5). 


Note 1. 14 is assumed in Rule 1 that the function F (x, y, 2) 15 
differentiable at some point Mo (Хо, Yor Zo), which satisfies Eq. (1). 
and in a suffictently small neighbour wod of it (that is, at all points 
of some sphere cen red at Мо), Besides, it is assumed that the equa- 
tion obtained by differentiation ts uniquely solvable for dz Wik that 
the coefficient of dz ts different from zero). Under these conditions it 
may be asserted that: 

(1) Eq. (1) does indeed specify z as an implicit function of the 
arguments x, y; it is defined in some circle centred at (хо, Yo) and 
takes the value z, for х= Хо; Y= Yy 

(2) the function z is differentiable in the indicated circle and, in 
particular, at the point (Xo. Yo): 

The foregoing conditions are fulfilled in Example 1. їп the next 
example we consigat one of the great diversity of cases in which they 
are violated. 


Example 2. The equation 
х%+8у%-2%=0 (7) 


represents z as an implicit function of {һе arguments х, Y. Its expli- 
cit expression is 
— 
z= ATE (8) 


In an attempt to appl Rule | to finding the total differential of the 
function 2 5 the EAEN x=0, y=0, 2=0, we would get, from (7), the 
equation 

3x? dx -- 24y* dy- 32° dz=0 (9) 


At the point x=0, y=0. 2=0 this equation does not admit a unique 
solution for dz because it becomes ап identity, 0=0. Thus Rule 1 
does not make it possible for us to find either the total differential 
or the partial dertvatives of the function 2 at the point under consi- 
deration. А supplementary investigation shows that the function z is 
not differentiable at this point (Sec. 434) but has partial derivatives 


дг д: 1 
——= ч =? 
ant 0) 
a 
n = 23 Ит х so that Lr zh 
Indeed, putting y=0, we get z= ox )x=0 H 


д2 
putting х=0, we et 229 8y!-2y so that Єл х=0=? But the 
BS ди /у=0 


2Ay is not the total differential because the difference 
hz- (Ax 25y)7£ 


expression Ax+ 


Eier 
i hi Ух Ди". Thus, if the point (х, y) 
uus T Adige orcs, ИУ along the’ bisector of the first advent, 
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Rule 2. The system of two equations 
Fy (x, y, 2,u, 0) 0, Р(х, y, 2, u, 0) —0 (10) 


represents, under certain conditions, the two variables ш, 
v as implicit functions of the arguments x, y, z. In order 
to find the total differentials of these functions we have to 
differentiate Eqs. (10). The system of equations has to be 
solved for du, dv, and we then find the total differentials of 
the functions а, v. The coefficients of dx, dy, dz will yield 
the appropriate partial derivatives. 

e- proceed in the same fashion when the number of 
equations in the system is greater than two (for any number 
of arguments). 

Example 3. Find the total differentials and partial deri- 
vatives of the implicit functions и, v given by *he system 
of equations 


xtytuto=a, %--у%--ш%-0%=%° (11) 
Solution. Differentiating, we get 
dx-|- dy 4- du 4- dv —0, 
x dx--y dy +u du4-v do —0 (12) 


Solving the system (12) for du, de, we get the total differen- 
tials of the functions и, v: 


_ (o- x) dx (p- y) dy (их) dx (u— 9) dy 
du= PEENE, уст (13) 


The coefficients of dx, dy give the partial derivatives 
Qu  v—x Qu. v-y до и-х ov __u-y (14) 
^ v-u 


üx u-v’ By u-v’ Ox .v-u' ду 

Note 2. it is assumed in Rule 2 that the functions 
F4 (x, y, 2, u, 0) =0, РЁ„(х, y, 2, и, i are differentiable at some poin 
Мо (х0, Yo, Zo» Ho» Vo), and in a sufficiently close neighbourhood of 
Also, it ‘is assumed, that the system of equations obtained by diffe- 
rentiation is uniquely solvable for du, dv (that is, that a determinant 
made up of the coefficients of du, dv is different from zero). Under 
these conditions, we can assert that: 


then the ratio T has the value 


3 3 
3 И Ах +8 Лу -(Ах+2 Ay) _ 


p Ухх Ayi 


Le. it does not tend to zero. 
1) See Note 2 below. 


g 
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(1) system (10) does indeed specify и, о as implicit functions of 
the arguments х, И, 2; these functions are defined in some sphere 
centred at (хо, Yos Zo) and take on values Uo, to lor X=Xp. Y= Yo, 2720 

(2) the functions u, U are differentiable in the indicated sphere 
and, in particular, at the point (хо, Yor 20)- 


443, Higher-Order Partial Derivatives 
Definition 1. The partial derivatives of the functions 
, д; , 
ph gae () 


are called partial derivatives of the second order (or second 
partial derivatives) of the function z= (X, 4). 
The total number of second partial derivatives is four. 


The partial derivative of z with respect to the argument x 
is denoted by 2. or sen, ог fex (x, y). The others are 
denoted in similar fashion, so we have 


2 = ==” = xx (% Ws (2) 
2 =н Lo Pes fy e 0). 3 
2 22) pe fw (x, 9)» (4) 


The second derivatives (2) and (5) are called pure, the second 
derivatives (3) and (4) are called mixed. 

Theorem 1. Mixed derivatives of the second order (they 
differ as to the order of differentiation) are equal, provi 
they are continuous at the point under consideration. 

Example 1. Find the second partial derivatives of the 


function 2==®у*--2х%у—6. We have 
д 

923124240, S ary + Ox, 

дї, oi 

Sa = on + 4p, у= 60045, 

ð? ouo 
aca n n qi 

P 
The mixed derivatives 555 апі Loy are equal. 
Note 1, By virtue of Theorem ], the four partial Чү, 

tives of the second order reduce to three: gyi’ хоу. "OV 
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Deflnition 2. Partial derivatives of partial derivatives ol 
the second order are called partial derivatives of the third 
order (or third partial *derivatives) and аге denoted by 

^ x. [ушу (pure derivatives), Van feux» Teyp etc. (mixed 
[чу by (p эш де ), fxxy dx jc ( 
erivatives) or 55 » op i ду? 3 dy s ' id 

Theorem 2. Mixed derivatives of the third order which 
differ only in the order of differentiation are equal (provided 
that they are continuous at the point under consideration) 

2 v 

For example, 5:757 ETITI 

Example 2. The partial third-order derivati es of the 
function 2—3y? --2x?y—6 (сї. Example 1) are 

guo v. "тҮ. дэг д (Oz P 
ot ~ Ox Ja =o, ди 25 A 3i 


Qm | O0 (2) 29(07). 
aetna (би) — д xar) = 20 
oz 0 (Ote 0 (27) ву 
9х дуї ду (527 = ox ap) = 6 


Note 2. By virtue oi Theorem 2, eight partial derivati- 
ves of the third order are reduced to four: 
Qu gaz 0*2 д'2 
ou? 99195) Oxoyt’ Ov 
Note 3. We similarly define and denote the partial deri- 
vatives of the fourth and higher orders of a function f (х, Y) 
and also of functions of three and more arguments. In all 
cases, theorems similar to | and 2 hold true. 


444. Total Differentials of Higher Orders 


Let us form the total increment (Sec. 427) Az of the fun- 
ction 2= (х, у); then, folding the same values Ax, Ay, let 
us form the total increment A (Az) of the quantity Az (re 
garding it as a function of x, y). We get the second diffe- 
rence A®z of the function 2. 

Suppose Az decomposes into а sum of two terms: 


A32 = (7 Ах? + 2s Ax Ay +t Ay?) +a (1) 
where r, s, £ do not depend either on Ax or Ay, and а is 
of higher order than p?= Ax? -+ Ay?. Then the first term 15 


called the second (total) differential of the function 2 and is 
denoted 422. 
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Example 1. Consider the function 230°. We find 
Az==(x-+ Ax) (y+ Ay)? =y, 
Atz = (x--2Ax (y 42A) 2 TE Ax)? (y+ Ay)’ + 
+ х%у®== (6xy? Ах? + 12х20 Ах Ay -- 2x8 Ду?) +a (2) 
where œ is of higher order than р?. Now the first term of 
the sum (2) is of the form rAx?-|-2s Ax Ay-+t Ay? and the 
quantities r= бху?, s—6x2y, (2x9 do not depend either on 
Ax or on Ay. Hence, the first term is the second differential 
of the function z—x3y*: 
d?2—6xy® Ах? --12х%у Ах Ay-++ 2x8 Ay? (3) 
Theorem 1. The quantities 7, S. ¢ in formula (1) are 
equal to the corresponding second partial derivatives of the 
function 2: 
E PAO 
r= pa Tawo’ m 
Example 2. In the preceding example we had 
Oz д*2 уан 
r—6xy* =F,» 5==6х20 =x ду' [— 213—535 
Expression for the second differential. By Theorem | we 
have 
д'2 д?2 д 
de=% Axt +2 0255 MM ай Ap 0 


Note. Since 
Ax-dx, Ay =dy 
(Sec. 430, Note 1), then in place of (4) we can write 
з, t 
ar Ede +2 Jes, dx dy gp d 6) 


In contrast to the corresponding CE abe for the first differen- 
tial (cf. Sec. 432), formula (5) does no as a rule hold trüe if x an 
y are not arguments (cf. footnote, Sec. 258). 


Theorem 2. If we consider the differentials dx, dy as not 
depending either on х or y, then the second differential 022 
is equal to the differential of the first differential dz (cf. 
Sec. 258, Theorem 2): 


d (df (x, 014100 (6) 
Example 3. Let 2==х%у%. We have 
dz —3xày? dx + 2x*y dy . 
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Differentiate once again, holding dx, dy fixed. We obtain 
d (dz) — d (3x*y*) dx + d (2x*y) dy —6xy? dx?+- 
4-19? dx dy + 2x? dy* 
This is the second total differential of the function xy? (see 
Example 1). 
Total differentials of the third, fourth, etc. orders (d3z, 


d*z, etc.) are defined similarly and are expressed by the 
following | formulas: 


д д а, 
di; —2* dg 3-72, х dy +3 2224540 аһ O 
д2 0% 3 
ga 3; б dy +8 garage d d 
2% 
Hade dy од d^ (8) 


oz 
The numerical factors are equal to the corresponding bino- 
mial coefficients. 


Formulas (7), (8), еіс. do not as a rule hold if x and y are not 
arguments. 


The foregoing can be extended completely to functions 
of three and more variables. 


445. The Technique of Repeated Differentiation 


To find partial derivatives of higher order it is conveni- 
a first to find the total differential of the corresponding 
order. 


Example. Find the partial derivatives oi the function 
oam up to third order inclusive. 
Solution. First find the first differential dz: 
dz —3x3y? dx 4- 2x3y dy (1) 
then the second; to do this, differentiate (1) holding dx, dy 
constant: 
diz = 6xy? dx? + 19xy dx dy 4- 2:3 dy? Q) 
(cf. Sec. 444, Example 3). Differentiating (2), we again hold 
dx, dy constant and obtain 
4%: = (6y* dx? -+ 12xy dx? dy) 4- (24xy dx? dy + 12x? dx dy’) + 
+ 6x? dx dy? 
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or 
авг — 6y? dx? --3-12ху dx? dy -- 3: 6x2 dx dy? (3) 


From the coefficients of the expressions (1), p and (3), and 
taking into account formulas (5) and (7), Sec. 444, we get 


0: 0: 
a ME ol 


д?2 02 022 

=_= = 2 Bs и. Ae De ee VS. 

a OXY", дуду =68y, 7 = 2" 

az oa! (E S MILAN tees 
às 60 ue 3,712» PED dd 2—0 


446. Symbollsm of Differentlals 
As the order increases, the expressions for differentials 


become more complicated. To simplify matters, we introduce 
the following conventional symbolism for а kth order diffe- 


rential of a function z=f (x, 0): 
k 
ач = (5+ 49) 2 @) 
This is to be understood as: first raise the binomial 


' ddr 9. dy to the kth power as if the symbols 0х, ду, д de- 


noted independent algebraic uantities. Then remove the 
brackets and аїйх to each sym ol д“ the factor z. Only then 


invest all the symbols with their true meaning. А 
Example. The notation es deg dt) z is deciph- 


ered as follows: raising to the third power, we get 


д» ӧз д L4 
CIE 50540 03 aap IP dp) 2 


Removing brackets, we find 


дз; 
аз — 22 434-3 „у d ау 35555 dx dy? 5 d 


ci. (7), Sec. 444]. 


Note. For three, four and so forth arguments, the conven- 
tional symbols are the same: for example the notation 


д д д з 
йш= (5; dx dy + dz) u 
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signifies that 
ш 


ази =% dx? + dy? 955 424-2 aa dx dy-- 


оха 


+2 Aras dy dz 4-2 2% dz dx 


441. Taylor's Formula for a Function 
of Several Arguments 


For a function of one argument, Taylor's iormula (Sec. 271) 
may be written in the form 


fet A) — EG) 0) Ax dg I 0) A e 


+a pm (x) A+ ot prd (xPOAx Ace (Ш 


where @ is some positive number less than unity: ? 
0<0<1 Q) 


Here the expressions f’ (x) Ax, J^ (x) Ax*, ... are differentials 
of order one, two, etc. 

Taylor's formula for a function о! several variables? is 
similarly constructed, only the differentials taken are total. 
Thus for two arguments for n—2 we have 


For Ax, 040) =. 
=f ++ Ue, Art fy (к ИЛИ 


Agr @ 9) An xy (к, v) Ax OY fou б y) МАТЕ 
+5 [[ xx (x-- 8Ax, y4-Ody) Ах? + 


m 


-FSfxxy (x-- ӨАх, y+ ӨМ) Ax? Ay + 
+ 3fkyy (+ ӨАх, y+ Ody) Ax Ay? + 
"fom (e+ oar yt Ody) Ли] (9) 
where @ satisfies inequality (2). 


1) The number § in (1), Sec. 271, lies between x and х+АХ; the- 
refore the difference &—х has the same sign as Ax, but is less in abso- 
lute value than Ax. Hence, the quotient (х): Ax is some positive 
Hed less than unity. From the equation (§-*): Ах=Ө we fin 

3) The condition under which the formula holds is given in the 
note below. 


ca Ó— — D СС 


| 
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The expressions in square brackets are (Sec. 444) total 
differentials. In the last term, the partial derivatives are 
taken for intermediate values of the arguments. 0 

Taylor's formula for any number of terms is surveyable 
even for two arguments only if we use the conventional 


ex rt) 


Го ect 


(алъ) n 


1 ð ð n+l 
PATTA (2а) 


ог 
NP TP LES 


f(x+@Ax, yr 89) (4) 


у)... ta dl 0s YE 


акл, y-+@dy) (5) 


(п+1)! 


and similarly for a greater number of arguments. 


Note. Taylor's formula holds 
[ (x, y) possesses a total differenti 


true provided the function 


all points of a segment connecting points M (x, 0) and 


M, (x +x, y+ AU). 


Example. Let us verify formula (3) using the function 
[Gs ух 
for x=y=1, Ах=0.1, Ay=0.2. We get 


(х-- dx) (y+ Ay)? xt 


[y? Ax 2х0 MV 


+s (y+ Өл) Ax Ay +2 (8 Ax) М?) 


Substituting the given values) 


we obtain the equation 


0.004==0.012Ө, whence Ө==-у; thus, Ө indeed lies between 


zero and unity. 


—— 


1) The point M (x+OAx, y+@Ay) 
points M (х, y) and M, (x Ax, у+ M. 


lies on a Sel ment. connecting 
de number S yields the ratio 


MM:MM, 


660 HIGHER MATHEMATICS 


448. The Extremum (Maximum or Minimum) 
of a Function of Several Arguments 


Definition. A function iG, y) has a maximum (minimum) 
at a point Py (a, b) if at all points sufficiently close to Po 
the value o! (i y) is less than (more than) the value 
f (a, b) (сї. Sec. 275). 

Geometrically, above the po- 


^b : 
S. int Py (Fig. 435) the surface 
S z= (x, y) has a point Mo 
which lies above (below) all 
] b. 


і neighbouring points. 
1р, 2 А necessary condition for ап 
IncMel.2-g extremum. If the function f (x, 9) 
has an extremum at a роп 
Fig. 435 P, (a, b), then the total differen- 
( tial at this point is either 
identically zero ог does not exist. 
Note I. The condition df(x, y) —0 is equivalent to the 
system of two equations: 


Кк y) [ук y)=0 


The equation i (x, y)=0 taken separately is a necessary condi- 
tion for an extremum when y is fixed (Sec. 276). Geometrically it 
means that the section of a surface pa- 
rallel to the xz-plane has at the point Mo 
a tangent line parallel to the x-axis (сї, 
Sec, 426). The equation Ey Qs y)=0 has а 
similar meaning. 


Geometrically, at the point Mo 
lying above (below) all neighbouring 
ones, the surface z=/(x, y) either 
has a horizontal tangent plane (as in 
Fig. 485), or does not have any 
tangent plane at all (as in Fig. 436). 

Note 2, The definition of an extre- 
mum and the necessary condition remain 
the same for any number of arguments. Fig. 436 


` 


m Ee 


oY 


449. Rule for Finding an Extremum 


Let the function f(x, y) be differentiable in some region 
of its domain. In order to find all its extrema in that region, 
we have to 
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(1) Solve the system of equations 


о. 0=0  fy& 0 —0 (1) 
The solution will yield crilical points. 

(2) Investigate, for every critical point Po (a, b) whether 

the sign of the difference 

f(x, y) —h (a. b) (2) 
remains unchanged or not for all points (x, y) sufficiently 
close to Py. If the difference (2) preserves the positive sign, 
then at the point Ро we have а minimum, if the negative 
sign, then a maximum. If the difference (2) does not preser- 
ve sign, then there is no extremum at the ph Po. 

In similar fashion we find the extrema oi a function of a 
larger number of arguments. 

Nole. For two arguments, the investigation is sometimes 
simplified by the use of the sufficient vondition of Sec. 450. 
For a larger number of arguments, this condition becomes 
complicated. Therefore, in practical арш, one attempts 
io employ the special properties of the given function. 
Example. Find the extrema of the function 


foe, 0220—3001 
Solution. (1) Equating to zero the partial derivatives 
j,—3x2—83y, fy 9yt— 3% we get the system of equations 


x?—y=0, yi—x—0 (3) 
It has two solutions: 
9-0 х0! : (4) 


_ Let us investigate the sign of the difference (2) for each 
of the two critical points P4 (0, 0), Р, (1, 1). 
(2а) For the point P, (0, 0) we have 
f(x, 0—10, o=e+ye—Sxy (5) 
The difference (5) does not preserve sign, i.e. in any close 
neighbourhood of P; there are points of two types: for some 
the difference (5) is positive, for others it is negative. Thus, 
if the point P (x, y) is taken on the straight line y=x, then 


(B) is equal to 95 — 3x2 =x? (2x — 9). Near P,lfor x «x 


this difference is negative. But if point P (5, y) is taken on 
the straight line y=—*, then the difference (5) is equal to 8x3, 
and this quantity is always positive. 
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Since the difference (5) does not preserve sign, there is no 
extremum at the point P; (0, 0). The surface 


eat yong + | 


at the point (0, 0, 1) is saddle-shaped (like a hyperbolic pa- 


raboloid). 
(2b) For the point Р, (1, 1) we have 
Ро, 0—10, 1) 238 + y — 30+ 1 (6) 
We shall prove that this diference preserves the plus sign 
in a sufficiently close neighbourhood oi the point (1, 1). Put 
x=l4+a, y=1+6 (G) 
The difference (6) is transformed to 
3 (o? — ap + 6°) + (e? 4- 6) (8) 
The first term for all nonzero values of о, В is positive 
and more than!) > (a? 4- В). The second term may also be 
negative, but if |a| and | | are sufficiently small, then it is 
less than 02 -- f? in absolute value. ? Hence, the difference (8) 


is positive. 
Thus, the given function has a minimum at the point (1, 1). 


450. Sufficlent Conditions for an Extremum 
(for the Case of Two Arguments) 


Theorem 1. Let 
A dx? --2B dx dy +C dy? (1) 
be the second differential of the function f (x, y) at its critical 
i 


point (Sec. 449) P, (a, b) (so that the numbers А, B, C give 
the values of the second derivatives хх, я о [gy at the point Ро). 
Then, if the inequality e aem 

AC—B* > 0 0) 
holds, the function f (х, y) has ап extremum at Ро: à maximum 


when A (ог C) is negative, a minimum when A (or C) is 
positive. 


1) We have the identity 3 (at 0848) (02+ pna 2—0". 


The quantity (0:8)? is positive or zero. 
з) For |«| <1, |B| « 1 we have |o? |«a*, |B*| <В 
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Note 1. The numbers A and C always have the same signs, 
provided (2) holds. 

Theorem 1 gives a su} ficient condition for the existence of 
an extremum. 

Example 1. The function [ii y) P325 +1 (cf. 
Example, Sec. 449) has an extremum at the point (1, 1) be- 
cause the first derivatives are zero at this point and the second 
derivatives 2 = 6x, x L =—3, ory have the values 
A=6, B=—3, C=6 50 that the inequality (2) is satisfied. 
The extremum is a minimum because A and C are positive. 

Theorem 2. If at the critical point Ро (a, b) the inequality 
(in the notation of Theorem 1) 


AC—B* < 0 (3) 


Puy then the function f(x, 4) does not have an extremum 
at Po. 
Theorem 2 yields a sufficient condition [or the absence of 
an extremum. 

Example 2. The function f% у= +y —3xy + | 
(сї. Example, Sec. 449) does not have an extremum at the 
point (0, 0): although the first derivatives vanish, we now have 


A20, В=— 3, G0 
so that 
AC—B?=—9 «0 
Note 2. M the equation 
AC—B* —0 (4) 
holds at a critical point, then the function can have an extre- 


mum (maximum or minimum) there, but it may not have. 
This case requires more investigation. 


451. Double Integral ? 


Let a function f (x, Y) be continuous inside some domain 
D (Fig. 437) and on its boundary. We partition the domain 
D into n subdomains Dy, Di; төрү Dove Ме denote their areas 


1) The concept of à double integral is an extension of the concept 
of a definite integral to the case of two arguments. It is therefore 
advisable to reread Sec. 314. 
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S,, that is, the integral | | f (x, y) do yields the exact value 
D 


of the volume V. 


453. Properties of a Double Integral 


Property 1. If a domain D is partitioned into two parts 
D, and Dg, then 


[fre do (ү, ао ff Fi u) do 

D D, D; 
(сї. Sec. 315, Item 2). Similarly for a subdivision of D into 
three, four and more parts. 

Property 2. The double integral oí the algebraic sum of 

a fixed number of functions is equal to the algebraic sum of 
the double integrals taken for each term (cí. Sec. 315, Item 3); 
thus, for three terms: 


Vue nee. 0 0. o do= 
D 
ay F(x, 9 do-- VO 9 (x. Чу ф(х. y) do 
D D D 


Property 3. A constant factor may be taken outside the 
integral sign (cf. Sec. 315, Item 4): 


{{ mj (x, y) do =m 8 Í (x, y) do (m a constant). 
D D 


454. Estimating a Double Integral 


Let m be the smallest and M the greatest value of a fun- 
ction f(x, y) in a domain D and let S be the area of D. Then 


mS < MZ y) do; MS 
D 


Geometrically this means that the volume of a cylindrical 
solid is contained between the volumes of two cylinders һа- 
ving the same base; the altitude of the first is the smallest 
z-coordinate, the altitude of the second is the greatest 2-СООГ- 
dinate (cf Sec. 318, Theorem 1). 


FUNCTIONS OF SEVERAL VARIABLES 667 
455. Computing a Double Integral (Simplest Case) 
Let a domain D be given by the inequalities 
a<x<b, cey«d (1) 


It is depicted by the rectangle KLMN (Fig. 441). Then the 
double integral is computed from one of the formulas 


d b 
Са @ 
р с а 

b d 
V Eros паду $ ax Vti 9) dy [7 
D a c 


The expressions in the right-hand members are called 


iterated integrals. n 


Note. In formula (2) the definite integral f f (x, y) dx 


а 
is calculated first. During this integration, y is regarded as 


Fig. 441 Fig. 442 


a constant. But the result of the integration is viewed as a 
function of y, and the second integration (from c to d) is per- 
formed with respect to the argument y. In formula (3) the 
order of operations is reversed. 
Explanation. The double integral N f (x, y) dx dy ex- 
(KLMN) $ 
presses the volume V of the prismatic solid KM’ (Fig. 442) 
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having the base KLMN: 
у= ros o) dx dy (4) 
D 
The same volume is obtained from the variable area F of the 


longitudinal section PQRS (it depends on the ordinate y=Ou) 
by means of the formula (Sec. 336) 


d 
ve Fwd © 
с. 
The area ої PQRS is given by 
b b 
к= | zdx= 1% y) dx 6) 
а а 


Comparing (4), (5) and (б), we get (2). We obtain (3) in si- 
milar fashion. 


Notations. The double integral {3 f (x, y) dx dy taken over 


D я 
а rectangle whose sides аге parallel to the x- and y-axes, 15 
denoted by 


b 
Wits y) dx dy 


^ c2 


bd 
NUS y) dy dx 
ac 


(the outer integral signs correspond to the outer differentials). 
4 


Example 1. Compute the double integral { \ oy 


i3 
Solution. The domain of integration is defined by the 
inequalities 
3<ax<4, 1<у<2 


and is a rectangle with sides parallel to the x- and y-axes. 
4 


First compute the definite integral uir where y is held 
y (x+y)? 
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constant: 


MEETS 
i Gap 0+3 ure 


Then irom formula (2) we obtain 
24 2 
dx dy — 1 1 [M 25 
\ айка { (25-7) dy=1n 25 = 0.0408 
Ехатріе 2. Compute the double integral 
35 
1=\ { Gey) dx dy 
i2 
Solution. From formula (3) we find 
3" b 8 
Т8 S dy { (5ty —29) dx= { (195y— 6/0 dy — 660 
lee i 


Example 3. А rectangular parallelepiped KM, (Fig. 443) 
is cut from above by а paraboloid of revolution with para- 


the upper base, the axis is vertical. 
Determine the volume of the 
resulting solid if the sides of its 
base are 


KL=aA, KN =b 
and altitude 
oc=h 


Solution. Choose а coordinate 
system OXYZ, as indicated in Fig. 
^ The equation of the paraboloid 
will be 


2—h— 8) 


Therequired volume is equal to the 
double integral IN zdxdy over the rectangular area 
(KLMN) 
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KLMN, or 


ui 
v=f { (п) dv dx 9 


In place of this integral we can take а quadrupled integral 
over the region OAMB (due to the symmetry of the solid 
about the xz- and yz-planes), i. e. 


TT 
vasf CAE) 
00 


We successively find | 


$ b 
2 A 
фу х и? 
у=4( [ы 5070—65 | dx— 
0 


а 

T 
zi EU AE aS de ab 2 
т} (3 ) de=abh— 2% (at + 0) 


456. Computing a Double integral (General Case) | 


1. If the contour of the domain D meets, at no more than 
two points (Му, Ma in Fig. 444), every vertical line inter- 
secting it, then D is given by the inequalities 

а<х<Ь, p) EYE p (0) 1) 
[a, b are the extreme abscissas of the domain, q (x) and q (€) 
are functions expressing the ordinates of the lower and upper 


ius ше AM,B,;, АМ,В,]. 
is case the double integral is computed from the 


In. t 
formula 
b Ф, (x) | 
ЕТИ og 
D a Ф, (х) 
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2. If the contour of the domain meets, at no more than 
two points, every horizontal straight line intersecting it, we 
analogously have (in the notation of Fig. 445) 


а VQ) 
Cre. ndo V dy P f s y) dx @) 
D с чи) 


Note. M the contour does not fit either of the foregoing 
cases, then the domain D is partitioned into several parts 


Fig. 444 Fig. 445 Fig, 446 


(D,, Dz, D, in Fig. 446) so that formula (2) or (3) can be 
applied to each part. 
Example 1. Find the integral 1={ f (y+ x) dx dy if the 
D 
domain D is bounded by the parabolas y — x, yt — x (Fig. 447; 
the contour fits both cases 1 and 2). 
First solution. Apply (2; put a=0, 5—1, Фі (х) =х5 
Pa (х) = V х. This yields 
pr Vox 
(ри) dx dy =f dx (y! 4-3) dy 
D 0 x 
Vs 
We compute the integral f (и2-- х) dy treating x as а con 
xà 
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Yx р Ей Bi V 
{ ota [$9 Ls TUN, n 
| те?) 


The resulting expression is then integrated with respect tox; 
this gives 


Fig. 441 


Second solution. We apply formula (3), putting c=0,d=1, 
1: (y=y?, s (y) - Y. y. We successively obtain 


1 УУ 1 "EL. 
I=] ay rene Van Ls = 
0 y 0 


УТЕ 
ds Ty 3 L3 38 
gh ( —— 


Example 2. Find the volume V oí a "cylindrical hoof” 
(the solid ACDB in Fig. 448) cut from a semicylinder by the 
pang ABC drawn through the diameter AC of the base. 

iven: radius of base R—OA and altitude of hoof DB=h. 
‚ Solution. Choose a system of coordinates as indicated imn 
Fig. 448 (then the contour fits both cases, 1 and 2). The 
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equation of the plane ABC will be z=. We have V = 


" h 
= \ f K! dx dy. 
(ADC) 
First method. Put, in (2), Fig. 448, 
a——R, b—R, 1) =0, v) Y 9—0 (-KD 
We obtain 
+R VR“ А 
у= {а | rod 
-R 0 
Performing the integration with respect to y, we have 
VR =x ^ 
{о powe 0 
ò 


This expression gives the area F of the section KLM 
(F=4 KLXLM, where KL= V 8% and LM is found 


from the similarity of the triangles 
KLM, ODB )we finally have 


R 
HN h (pa —x3 de= 2 К 
уш f d (82—08) а= Rh 
-R 
Thus, the cylindrical hoof is equal 
to twice the volume of the pyramid 
BACD.» 
Second method. In formula (3), Fig! 2049 
Fig. 449, put c=0,d=R, i (0= P 


— y RIP (ND, vig) Y рї (=NP). We obtain 
R VRE 
v= f dy f t y dx 
ò -VRF 


——————— 
1) This result was found by Archimedes, 
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The first integration yields 
V R=} 
h L9. Ry 
440-24 y V Ri—yt 
-VR 
This expression is the area S of the section PLMR. We finally 
get 


R 
v=( 2-4 V RIZ ydy= RU 
0 


457. Point Function 


Let there be given a set of points (say the set of points 
of a given segment, of a patch of surface, or of a solid). lf 
each point P of this set is associated with a definite value 
of a quantity z (scalar or vector), then the quantity is called 
the function of the point P. The given point set is termed 
the domain of the function. 

Notation: z=f (P). 

Example 1. The temperature of a gas in a vessel is a point 
function; the domain of the function is the set of points lying 
within the vessel. 

Example 2. The annual amount of precipitation is a point 
function on the earth’s surface. 

If the given point set is referred to some coordinate system, 

then the point function becomes a function of the coordinates. 
The aspect of ihe latter depends on the choice of the coordinate 
system. 
. Example 3. The distance of point P from a fixed point 0 
is a function f (P) of the point P. If we take a rectangular 
system of coordinates with origin at О, then f(P)= 
=V xF y +2. However, if the origin is chosen at some 
other point, then f (P)= Y (x—a)--(y—5)-t (2—0), where 
а, b, c are the coordinates of the point О. И 

Example 4. The integrand / (х, y) ої the double integral 
(Gre. y) do is a function of the point P (x, y), and for this 


С) 


reason the integral e. y)do is written in the form 


"U F (P) do. D 
D 
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458. Expressing a Double Integral 
in Polar Coordinates 


The double integral M f (P) do is expressed in the polar 


D 
coordinates of a point P by the formula 


Ор) ао { Fe, чр) r dr d (1) 
D D 


Here, F(r, q) is that function of the coordinates r, ф 
which represents {һе given fun- L 
ction f (P) of the point P. The 
expression 7 dr dọ is called the 
element of area in polar coor- 
dinates. It is equivalent to the 
area of the quadrangle ABCD 
(Fig. 450, where AD = ОА-Аф= 
=гаф and AB=DC=dr). 

Integral (1) is expressed by 
an iterated integral (Sec. 455) 
as if r and @ were rectangular 
coordinates [for the integrand 0 
F (r, Ф) л]. Я 

If the pole is exterior to 
ihe contour and each polar ray д 2 
intersecting the contour meets it ‘at most twice (Fig. 450), then 


Fig. 450 


фк, or drdy—\ do { FC, Ф) r dr (2) 
D Ф. Le 


Here, q,— Z ХОК, Ф 2 XOL and r, and 7з are functions 
of @ which oreet {һе boundary arcs FGE, FHE. In parti- 
cular, these functions (one or both) can be constant (Fig. 451). 

If the pole is interior to ihe contour (Fig. 452) and each 
polar ray meets the contour once, then in formula (2) we have 
to put 7,—0, ф=0, Pa=2% but if the pole lies on the 
contour, then 71-50, Ффу= ХОА, Q»—Z OB (Fig. 453). 

If every circle with centre at the pole intersects the con- 
tour at most twice (Fig. 450), then 


(Ре, 9) r dr i-re Ф) d (3) 
D Le 9 
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Here r4— 0G, г,==ОН and Фу, ү are functions of r repre- 
senting the boundary arcs GEH, GFH. 


Fig. 451 Fig. 452 
Example 1. Find the double integral 
‘I= f rsin do (4) 
D 


if the domain D is a semicircle of diameter а (depicted in 
Fig. 454 


Fig. 453 Fig. 454 


Solution. For the points. M of the semicircle AKO we have 
(Sec. 71, Example 2): r=a cos Ф. Apply formula (2), setting 


r,70, г,=асозф, pı=0, qa— 5; we get 


us 
2 a cos 

{за со { аф MT 

D ò 0 
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w Ы 
2. a созф 2 

=\si а дг si аз cos? Q .0*. 
уш г? йг р $— = 


0 
Note 1. In order to express integral (4) in rectangular 
coordinates, we have to put 
rsing=y, do=dx dy 
Taking into account that the equation of the semicircle 
AKO is y3ax— x^, We get 


a Мах 
iiu {de f уйу“; 


Note 2. Integral (4) gives the volurte of a cylindrical hoof 
(cf. Sec. 456, Example 2) whose altitude is equal to the ra- 
dius of the base. 

Example 2. Compute the integral 

+a Vai-x* 
[= { \ yg—2—y dx dy 
ак Те 

Solution. Domai 
point (0, 0) (the integral / expresses the volume of a hemis- 
phere of radius a). Computation in rectangular coordinates 


is cumbersome. Let us pass to polar coordinates. For, the pole 
take the centre of the circle, i.e. the coordinate origin. The 


integrand will become Va—P, and we get 


0 у=” = VEZ r dr dg 


D 
Applying (2), we find 
an a on А 
=) ag | Иа rari £ dgaz Л@° 
0° 0 0 


Ехатріе 3. Find the volume V of a solid cut out of a 
hemisphere of radius a (Fig. 455) by а cylindrical surface 
whose diameter is equal to the radius of the sphere, and one 


“Фм 4 
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of the generatrices coincides with the axis of the hemisphere 


olid of Viviani).» 
$ оов, Place the axes as in Fig. 455. The sought-for 


volume is expressed by the in tegral 
1={ f zdo= | y @—x?—y? dx dy 
D р 


Fig. 455 


Computation in rectangular coordinates is involved. p 
us take polar coordinates with pole at the centre O of the 
hemisphere (cf. Examples 1, 2); we get 


Qut. 
a cos Ф 


la f^ f yai—rirdr- 
E 


x 
2 
з (1— зіп? 2 л 2 
=2( gamo gg 2 а(ж—4) 
0 


459. The Area of a Plece of Surface 


Let there be some piece K'L'M' (Fig: 456) of surface 5 
which is projected on the domain D of the xy-plane (KES od 
Fig. 456); only one point № of the piece is projecte 
each point N of domain D. 

1) Vincenzo Viviani (1622-1703), mathematician and architect, 


pupil of Galileo: Viviani used the contour oi the upper base fol 
windows ina spherical dome. 
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Then the area F 
the double integral 


F=f | УТЕ + do 


D 


where р= апі 9 ду. = 
е {һе 


Explanation. Let y 
plane P at the point N’ 
cos v= ‚ A cylindrical 

Vitp?+q? 
base the ele- 
in Fig. 456) 
piece 
which 
үр? Ao. The 
abcd (о! 
projected 


A’B‘C'D' 
Е Аб 
is 


surface S) w 
on the elemen 
ximately equal 
the piece A'B'C'D', 
the sum of the areas of 
pieces A'B'C'D' yields ? 
the limit: 


F —lim (V T4- pi +91 A01 + 


Whence (Sec. 451) formula (1). 
Example. Find the area of 

solid (Sec. 458, Example 3). 
Solution. We have 


the 
F in 


кы ME 
2= Уа 0—0, 


y 


E MM 
4—3,—  Yaf-»-v 


, 


‚е. thea 
with the 
tangency)- 


1) See Note 1 below. 


and the xy-p 


p= 
— a 

2 —— 

Vite +0 vaca 

ace has 


tion, 
ngle be 
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of the piece K'L'M' is expressed ? by 


(1) 


le between t 
ane. Then (Secs. 


he tangent 
127, 436) 


an 


Fig. 490. 


rau. 
КЕТ Aon) (2) 


the upper base of a Viviani 
pi MA 
Сар) Vaizxi- yi 


a tangent plane at every 
also that the tangent lane 
tween the two tangent planes 


distance between ihe points of 
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The required area is 
- "a^ Tu pi Sie ado — 
F Y V Fa p? - d! do y ts 
The domain D is bounded by the circle 
x®-++ y2—ax=0 


Expressing the double integral in terms of polar coordinates 
(Sec. 458), we get 


Performing the integratio1, we find 


ram (3-) 


Note 1, We assumed that the sum of the areas A'B'C'D' 
gives, in the limit, the area F. This property (which is in 
agreement with the graphical conceptions of practical expe 
rience) is frequently taken as a definition, which is stated as 
follows: 

Definition. The piece of surface under consideration is 
Pid into abed; in each part we choose a point N' 

hrough the points N^ draw tangent planes and project abcd 

on the corresponding tangent plane P by straight lines paral- 

lel to OZ. The area of the piece is the limit to which the | 
sum of the areas of the projections tends as the partition 

is refined indefinitely. 


The conditions indicat 9 ure the 
existence of this limit. ete Footnote T ре пог 


Note 2. Given such a definition, it is necessary not only 
to establish the presence of a limit but also to prove its 
inge of the choice of coordinate system. This latter 
problem disappears if we change the definition; namely, il 
we PS abcd on the P plane in a direction perpendicular 
to P. But then the derivation of formula (1) becomes involved. 
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460. Triple Integral 


Definition. © Let the function f (*, 4 2) of the point 
P (x, y, 2) be continuous within a spatia domain D and on 
its boundary. Partition D into л parts; let Avi, Avg, «++» An 
be their volumes. Take a point in each part and form the sum 
S,—f (3, 9i. 20 Ао [Go Ya za) Avat -++ 

tÍ Gn Ym Zn) А9п (1) 

The limit to which Sn tends when the largest oi the dia- 
meters of the subdomains tends to zero, ? is called the triple 


integral of the function Ї (x. Y» z) over the domain D. 
Notations: 


(ross ado. or q G G FCP) ао, or TEL 
D р 


р 


The expression dxdydz in the last notation is called the 
element of volume in rectangular coordinates. 

Physical interpretation. let D be the space occupied by 
a physical solid, and /(Р) the density of the solid at the 
point P (x, Y» z). Then the sum (1) gives an approximate 
value of the mass M of the solid D and the triple integral 


Y f (P) dv yields its exact value. 


D , 
The properties of a triple integral are {һе same as those 
of a double integral (Sec 453). 


461. Computing à Triole Integral (Simplest Case) 


Let a spatial domain D be specified by the inequalities 


ae x «b, cec ye. ee&z«l (1) 
i.e. let it be depicted by à parallelepiped, the edges of which 
hen 


are parallel to the coordinate axes. the triple integral 
is computed from the formula 


b 
We " пама} jeje y 24 @ 


————— 
the double integral. (Sec. 451). 
1) It is similar to the definition of d double Morem of settee 


1) A theorem holds here that is simila 


ШИИТЕР 
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or a similar one (the arguments x, y, 2 can be interchanged) 
(cf. Sec. 455). 

The expression on the right side of (2) is called an itera- 
ted integral. 

A triple integral taken over a parallelepiped whose edges 
are parallel to the coordinate axes is also denoted by | 


f db bd f 
f eue y, z) dx dy dz, { NOS y, 2) dz dy dx 
eve ac 


a e 
and so forth (the outer integral sign corres onds to the outer 


differential, the inner sign to the inner differential). 
Example. Find the integral 


143 
inl f f (+y +2) dx dy dz 
020 


Solution. 
By ШЗ 1 
1={ dz f dy f (x--y 2) dx— 
0 ? ° 


dz | dy [5 +0+ 2: |, = 


4 
dz { (3-977 2) dy 
2 
Further calculations are as in Sec. 455. We obtain / ==30. 


462. Computing a Triple Integral (General Case) 


The given spatial region is partitioned, if necessary, into 
fe (сї. Sec. 456) so that the “horizontal” projection D 
Fig. 457) of each part of D is a plane region of the simplest 
kind (Sec. 456, ltems 1 and 2) and so fhat each “vertical 
straight line meeting the boundary of the domain D has а 
most two common points with it (M, M: in Fig. 457). 
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The triple integral taken over every subdomain of D is 
reduced to a double integral by the formula 
2 (3.0) 
MEI Y, 2) dx dy dz = dx dy f f(x, y, 2) 42 (1) 
D D žy (X, y) 
where the functions Z; (*, y) and 2, (x, y) are the z-coordinates 
QM, and ОМ». The quantities x and y are held constant 
during computation of the integral 
22 
{160 ade 
2. 
The result of the computation is regarded as à function of 
the arguments х, 7. 


Fig. 457 Fig. 458 


After integration with respect to the variable 2 is pet- 
formed, the right side of (1) becomes 2 double integral, which 
is calculated as in Sec. 456. Thus the triple integral is reduced 


to an iterated integral: 
93 уб, y, z) dx dy dz= 
D 
b шю al% y) 
{ќа (а | ren) d @ 


а лю a0 y 
Here the functions y; (9) and yo (х) are the ordinates РМа, P Ns. 


Example. Find the integral /= e «do extended over 
{ b 


a hemisphere oi radius R (Fig 458). 
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The integral / expresses the static moment of the hemisphere 
with respect to the plane of the base (the density u of the hemisphere 
is taken as unity). 


Solution. It is not necessary to partition the domain. The 


domain D is the circle 
xy R? 


w that a=—R, DSR u(9——Y RI—X, и (0) = 
= V R? хї. The z-coordinates of the lower and upper bounda- 
ries ої the hemisphere are 21 (x, y) —0, 22 (x, y)=V 202—0, 
Using formula (2), we find 


R VR ҮКҮ 
ju { ах f dy f zdz= 
0 


R 
= f ax { ROE dj 
-R 


-VR -x° 


The computation is then continued as in the examples of 
Sec. 456. We obtain 


yzVRi-x: 


R 
put M [0—9 КО касе 


АМИ 3 
ei am! a-i. [r0 
ZR 


1 
3 CEA р Rt 
3 рз, ра y 4 nate. 
+g Ах (К — х?) + Е arcsin - {д 1 


Note. kiy řmass of a hemisphere (for p= 1) is numerically equal to 
its volume ^ лг*. The quotient n aR- R is thealtitude of the 


centre of gravity above the plane of the base. Hence, the centre of 
gravity dfvides the altitude of the hemisphere in the ratio 5:3. 
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463. Cylindrizal Coordinates 


The position of a point P (Fig, 459) in space may be deter- 
mined by its z-coordinate 


2=QP 


and by the polar coordinates 
r=0Q, = 2 X0Q 


of its projection Q on the 
xy-plane. The quantities г, Ф, 2 
аге called {һе cylindrical co- 
ordinates of the point P. The 


x-—rcosQ, y=! sin Ф 


(the z-coordinates are ihe same in both syst ms). 


464. Expressing а Triple integral 
in Cylindrical Coordinates 


A triple integral iff f (P) do is expressed in cylindrical 
р 
coordinates of the point P by the formula 
(ores ке ф, 2) r dr dq dz (1) 
D D 


Here, F (r, 9, 2) is the function of cylindrical coordinates 
which represents the function M of point P. The expression 
r dr dq dz is called the element 0 volume in cylindrical coor- 
dinates, M is equivalent to the volume of the solid PS 


(Fig. 459) where PA-dz, PB=dr, PC=rdg. 
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The integral (1) is expressed in terms of an iterated 
integral as if z, p, 2 were rectangular coordinates for the 
integrand Р (7, Ф, 2). 

Example. Using cylindrical coordinates, compute the inte- 
gral found in the example of Sec. 462. We have 


R VR- 2л 


1= Vari dg de= f az { dr V arde @) 
р 0 0 0 


We obtain successively 


Banke А VR 
- 2х "Us = 
abi a ) паа {га 7, 
R « 
ex (1—2) га (9) 
0 


465. Spherlcal Coordinates 


The position of a point P in space (Fig. 460) may be 
defined by the following three quantities: the distance 


x. $i 0220р, 
‘from the point 0, the angle 
4 Ə= / 20Р 


"between the rays OZ and OP, and the 


angle. 
aM p= Z XON 


between the half-planes ZOX and 
ZOP. The quantities p, Ө, ф are cal- 
led the spherical or polar coordinates 
Fig. 460 of the point P. The rectangular and 
spherical coordinates (if Ње basic 
planes of both systems coincide) are 
connected by the relations 


x--psinGcosq, y=psin@sing, 2==р 005 e 
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466, Expressing a Triple Integral 
In Spherical Coordinates 


The triple integral (00А) do is expressed іп spherical 


D 
coordinates of the point P'by the formula 


(proe SS o. Ө, 9) p!dpsine dedo (1) 

D р 
Неге, F(p, Ө, ф) is that function of spherical coordinates 
which is the function f (P) of the point P. The expression 
p? dp sin © dO dọ is called the element of volume in spherica 
coordinates. It is equivalent to the volume of the solid) PS 


Fig. 461, Fig. 462 


(Fig. 461) in which BA=dp, PB=OP dO =p de, PC = 
= EP oo sin Ө dq. The factor p?sin ө dO do (x PC-PB) 
in the expression of the element du is equivalent to the area 
of the spherical figure PCDB. The factor sin Ө dO dq is equi- 
valent to the solid angle at which the rectangle PCDB is 
seen from the centre. ? 


1) This solid is bounded by two spherical surfaces (with 
and r+dr), by two planes passini through the z-axis, and 
conical surfaces whose axes coincide with the z-axis. ) 

2) A solid angle is a portion of space contained inside а cavity of 
some conical surface ‘with closed directrix): For a measure of a solid 
angle we take the ratio of the area cut out by the solid angle in 5 
p ere (with centre at the vertex of the solid angle) to the square o 
the radius of the sphere. 


radii r 
by two 
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Example. Find the integral 14888 г? ао where the fun- 


D 

ction | (P) r* of oint P is the square of its distance from 
the z-axis (KP in Fig. 462), and the domain D is the solid 
bounded from below by a cone (whose altitude OC is equal 
to the radius of the base CA=R) and above by a hemisphere 
of radius R. 

The integral / expresses the moment of inertia of the solid D about 
its z-axis (Sec. 468). 


Solution. Let us introduce the s herical coordinates р==0Р, 
ө / EOP, ф=/ ACN=ZLKP. Since r=KP =p sin Ө, 
the desired integral is of the form 


оо at MN 


First let us integrate with respect to the argument q (the 
limits of integration will be zero and 2m), then with гере 
to the argument p (the limits will be pı=0 and pa =0P= 
= OE-cos Ө) and, finally, with respect to the argument 8 


(the limits will be @,=0 and 6,— L E0A— 4). We obtain 


2R«cos8 
de { pt sin? © dp— 
0 


D 
9 
a 


Sea ela Ser Ha 


32R*cos* Ө 
2л 5 = 


sin? Ө аӨ. 


lu 


ai^ 


cos* Ө (1— cos? Ө) d (— cos 8)=35 aR? 


467. Scheme for Applying Double 
and Triple Integrals 


Multifarious geometrical and physical quantities can be 
expressed by double or triple integrals, depending on W eth- 
er they refer to a surface (plane or curved) or to ê 
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solid.! The scheme is the same às lor quantities expressed by 
means of ordinary (single) integrals, namely (cf. Sec 

(1) The desired quantity U is associated with some domain 
D (of a surface or space) 

2) The domain D is partitioned into subdomains Ao, 
(ог Avg); their number will subsequently tend to infinity and 
their diameters will tend to zero. 

Let the sought-for quantity U be subdivided into parts 
Uy, Up «+ +r Un» the sum of which yields О. 2 

(3) One of the parts Wy, Uo +++ is taken as a appren n ae 
and is expressed by an approximate formula of the type 


ug = [ (Pg) Aon 
for ug = F (Pr) Ave] 
The error must be of higher order than Ao, (or than Лор). 


(4) From the approximate equation we obtain the follow- 
ing exact equation: 4 


Us W (P) do 


[or u- roa 
b 


An example is the computation of the moment of inertia 
(Sec. 468). 


468. Moment of (пега 


The kinetic energy T of a body rotating on an axis AB 
is proportional (ior the given position oi the axis with res- 
pect to the body) to the square of the angular velocity @: 


rat lot ( 


The doubled coefficient of proportionality, that is the quan- 
tity /, is called ihe moment of inertia of the body about 
the axis AB. If the body consists of mass points with 


1) Quantities which refer to a line are expressed by ordinary 


integrals, 
$ Quantities possessing this property аге termed additive 
(see fine print on р. 491). 


—-————" — 
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masses тү, M,..., My distant from the axis ry, та, «s fms 
ihen the moment of inertia is expressed by {һе formula 


I2 тита... mar @ 

The expression of {һе moment of inertia of a solid body 
is uh und from (2) by applying the scheme of Sec. 467, 
namely: ў 

(1) The moment of inertia / is associated with the domain 
D occupied by the body. 

a The domain D is subdivided into parts D;, Ds, ..+» D, 
and Í is decomposed into the parts /;, Jo, .. /л» he sum 
of which yields /. 

(3) Assume that in particle Dg the density шь is everywhere 
euch as in one of its points Py. We obtain the approximate 


equation 

Mp 2 Up Дор (3) 
and the moment of inertia / is expressed by th: approximate 
formula 

Ig f$ Werk Ао (4) 


(4) From the approximate equation (4) we obtain the 


exact equation 
l= pr? du (5) 


See Example in Sec. 466. 
If the axis AB is taken as the z-coordinate, then (б) 
takes the form 


% бе| р(х, y, 2) (x? + y?) dx dy dz (6) 


If the given body is a lamina whose plane is perpendi- 
cular to the axis AB, then in place of the triple integral (6) 
we get the double integral 


l= \ f u(x, y) (x° y?) dx dy (7) 
р 


where p (х, y) is the surface density of the lamina. . 1 

If the given body is a rectilinear rod intersecting the 
axis AB at right angles, then by bringing it to coincidence 
with the x-axis (we will then have y=0), we get, in place 


691 
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of the triple integral (6) the ordinary integral 
b 
1= ах (8) 


a 


where p (x) is the linear density of the rod. 

Note. The moment of inertia of a geometrical body is the 

moment of inertia of a material body occupying the same 

space and having ever where density equal to unity. 
Formulas (6), (7), (8) take the form 


ia f f { (а +y?) dx dy dz, (ба) 
D 
1 f S ete dx dn, (а) 
р 
" gde( e 37 (8a) 
a 


471. Line Integrals 


Let there be given а function P(x, 0) that is continuous 
in some domain of the number plane XOY. Let us take in 
that domain some curve? with initial point at A (Figs. 
463, 464) and terminal point at B (the initial and terminal 
points can coincide). 

Partition AB (Fig. se into n subarcs АА}, АА», icr 
А„-1В and for the sake o! uniformity assign the designations 
Ao, An to the points А and B. Take a point M; (х1, yi) on 
each sübarc A;Ay+1 and form the sum 


S,—P (ху, y) Ax, +P (Xa; Ya) Axa ** EP (кт Yn) Аха (1) 


where Ax; is the increment in the abscissa corresponding to 
the motion of the point А-у to the point A;-” 
The following theorem holds. 


———— 
1) |t. is assumed that the curve AB has а continuously varying 
tangent except for a finite number of separate oints where the tan- 
gent can vary discontinuously, as at S and T in Fig. 464. 

2) This increment may be positive (as on the segment AA,) or 


negative (as on A444) 
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Theorem. If as m increases without bound the largest of 
the quantities | Ax;| tends to zero, then the sum (1) tends 
to a list that is independent both of the mode of formation 
of the segments A;A;41 and of the choice of the intermediate 
points M;. 


Fig. 463 Fig. 464 


Definition. The limit to which the sum 3; tends when 
the largest of the quantities | Ax; tends to zero is called 
the line (curvilinear) integral of the expression P (х, y) 4 
taken along the path АВ. 

Notation. 

f P (x, y) dx Q) 
ÀB 

The line integral of the expression Q (x. y) dy is similarly 
defined: ] 

Zr 6) 
Ав 


and also the line integral of the expression Р (х, y) dz 
-+Q (x, y) dy denoted by 


f P (x, y) dx-- Q (x, 0 dy 0) 
AB 


The integrals (2) and (3) are special cases of the integral 
4) (for Q—0 and for P=0). 
In similar fashion we define the line integral 


Гром даа, и 94+ wad 0 
АВ 


along the space curve АВ. 


— 
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Note 1. lf, while retaining the curve AB, we reverse the 
direction of the path, the line integral maintains its absolute 
value and reverses sign. When the points A and. B аге 
distinct, the direction ‘of the path is indicated by the order 
oi the letters A, В in the notations (2) to (5), and we have 


{Рж+ош=- | Pdx+Qdy, 
BA AB 


{ ра+@шу+Е@=— f p dk Q dy+-R de 
BA AB 


When the points A and B coincide, the direction of the path 
may be indicated by intermediate points in an appropriate 


order. 
Such an indication is not needed when the path is a 
contour K in a plane domain. In that case the notation 


{ р 4х4- Q dy states that the traversal is counterclockwise 


+K 
(for the conventional arrangement of the axes). But if the 
domain is traversed in the opposite direction, the line inte- 


gral is written { P dx+ Q dy. 
-K 
Note 2. The line integral is a generalization of the ordi- 
nary integral © and possesses all the properties of the latter 
(Sec. 315). 


412. Mechanical Meaning of a Line integral 


Let a point M of mass m be in motion along a path AB 
in a field of force. Let X (x, ^ 2), Y (6 Y, 2), Z (x, (ДЫ) 
be the coordinates of the vector 0 potential at the poin 
M (x, Ys 2), that is, the vector of the force F acting at the 
point (x, Y, z) on unit mass. Then the work performed by 


b) of the x-axis, 


——————— 
1) If the path of integration АВ is a segment (a, 
jnto the ordinary 


the line integral f P (x, y) dxe Q (х. 9) dy turns 
AB 
А 
integral J Р(х, 9) dx. 
а 
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that force acting on point M is expressed by the line in 
tegral ‘ 


f m (X dx-i-Y dy+Z dz) (1) 
АВ 


Explanation. Let AjAj+1 be a small segment of the 
path AB. The work performed on that segment is approxima- 
tely expressed © by the scalar product (Sec. 104a) mF;A;Aj+1 
where F; is the vector of potential at the point A;. In coor- 
dinate form (Sec. 107) we obtain m [X;Ax; - Y Ay: +Z;Azi]. 
Summing, we find the approximate value of the work along 
the path AB. The limit of the sum, that is the line integ- 
ral (1), gives the exact value of the work. 


413. Computing a Line Integral 


To compute the line integral 


| Pi, йах++0(, way 0) 

АВ 
we have to represent the curve АВ by parametric equations: 
х=ф(0), y=) 0) 


апі substitule expression (2) into the integrand. The ordinary 
integral 


tB 4 
f Pto 0). pOg 09-0100, VOY (0542 09) 
tA 
is equal to line integral (1). 
Note, One of th t will, 5 
on a оте ots a o sc сынсын derivatives e 


ughout the interval (ta ів) with the exception of points where the 


оеп. Ehnnges by a jump, as at S, T in Fig. 464. If there are 
such points, integral (3) is improper (Sec. 328). 


A line integral taken along a space curve is computed 
in similar fashion. 


1) We replace the curvilinear segment ЯГА; +; by the chord Aj Ai 4i 
ang aene that the keld potential along this chord remains un- 
changed. 
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Example 1. Compute the line integral 
re { —ydx+ x dy (4) 
AB 


along the upper part of the semicircle x? 4 yi =a? (Fig. 465). 
Solution. Represent the are AB by the bn uad 


equations l 
x—a cos l, y=asint (5) 
(here ¢ is the angle BOM so that (475 1g 0). Putting (5) 
g 
B 
a 1 
Fig. 466 


Fig. 465 


into (4), we find 
0 
Ie —a sin £ d (a cos t)--a cos t d (a sin f) 


Ж 0 


=a? { а= — ла? (6) 

л 
For the parameler we can take the abscissa x, i. © 
{ the semicircle in the form 


we can take the equation 0 
y-Ya-—». Then x47 — 0, хв=@ and we get 


a 
l= { — ya dx t xd үа х= 


а 
f dto -—mn 


To take for the parameter the ordinate ^ we first have to 
subdivide the arc AB into parts, otherwise x will not be à 
single-valued function of the ordinate. 
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Example 2. Compute the line integral 


j= | (x — y?) dx + 2xy dy (7) 
OABO 


along the perimeter of the triangle OAB (Fig. 466). 
Solution. We divide the closed path OABO into three 
segments OA, AB, BO. On segment OA we take the abscissa 
for the parameter (then y=0. dy=0), on segment AB, the 
ordinate (then x=1, dx—0), on BO, the abscissa (then 
y=x, dy=dx). We have 
1 
ha f (x— y?) dx + 2xy dy = { хіх= у, 
0А 


la= V (x— y?) dx + 2xy dy — 
AB 


REN (x— y?) dx + 2xy dy = m 
BO 


474. Green's Formula 


Let D be a plane domain bounded by а contour K 
(Fig 467) and let the functions P(x, y), Q(x, y) be every- 
where continuous in this domain together with their partial 


ivatives22 , 22. l 
Y derivatives , 3, - Then the follo- 


wing Green's formula” holds true: 


\ P(x, y) dx-- Q (x, y) dy= 


YA ðQ oP 
meo. ae " 
Fig. 467 D 
') George Green (1793-1841) English mathematician and phy- 
sicist, contributed substantially to the mathematical theory of electri- 
city and magnetism. 
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Example. Compute the line integral /— ame 


+2xy dy along the perimeter of triangle OAB (Fig. 466) 
(сї. Sec. 473, Example 2). 

Salute: By formula (1), putting pox—y Q=2xy, 
we fin 


i= j ES (2xy) -¢ а=] dxdy= \\ 4y dx dy 


Here, domain D is the triangle ОАВ; compuling the double 
integral, we find А 
х 
? 
p= dx fuac 2 ey 
ò 0 0 


415. Condition Under Which Line Integral 18 independent of Path 


Let the functions P (x, y, Ux, y). and also their partial 
derivatives 2, = be continuous in a domain D (Fig. 468) 
bounded by some continuous (nonselfi 
ееп closed curve. In lake 
two fixed points A (хо, ио), В (Xy, V1 
and consider all ро ib 
integration. leading from А to B and (2) 
lying wholly їп D se are the paths 
ALB, ANB in Fig 468). Two cases are 
possible. 

Case 1 (exceptional). In domain D 


the following equation 1s identically 0 x 
satisfied: Fig. 468 
99—970 (0) 
Then the line integral 
1= S Pax Qd) @ 


Ав 
does not depend on the choice of path and, accordingly, is 
denoted by у 


в 
ILLU 
A 
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Case 2 (general. Eq. (1) is not an identity. Then the 
line integral (2) depends on the choice of path. 
Explanation, The difference /,-/, of the line integrals /, = 
= f Р dx+Q dy, I,= Í Pdx+Qdy is equal to the sum /,* 
ALB ANB 


+(—!), that is (Sec, 471, Note 1) to the sum f Pax+Qdy+ 
ALB 

+ f Pdx+Q dy. The latter sum giyes the integral along the 

BNA 


contour ALBNA; И is equal (Sec. 474) to the double integral 
ðQ OP 
h= arri intr the domain ALBN A. 11 Eq. (1) is an 


Identity, then /,= 
AN 


; hence, /,=/„, 1. e. the line integrals along the 
paths ALB and me. io 


B are the same. But if Eg. (1) is not an identity, 
then it Is possible to choose paths ALB and 
ANB so that 7,5 0, and then 7, # ls 


^ Example 1. Consider the integral 


l= f y dx +x dy (3) 
Ав 

* The functions P (x, y)=y, Q (x, y) x, 

` a1, =1 are everywhere contin- 

Fig. 409 uous and Eq. (1) is satisfied какаш 

Hence, for fixed points A, B integral (3) 

is Oona of the path. For example, let us take points 

Aft and B (1, 1) (Fig. 469) and let us compute the integ- 
tal / along the rectilinear path ALB (yx). We get 


В, 
LU 
' 
П 
D 
П 
1 


1 
ГАВ = f xdr+xdx=1 
0 


If for the path we take an arc of the parabola ANB (x=y"), 
1 1 

we again get Гдур= È yd (y*)-y? dy=3 би шу=1. The 
д ò 


same value is obtained by going along the polygonal line 
. Along AC we ive pato, dj -0 50 that lac 


| 
| 
| 
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1 
p along CB we have: rel, 4х=0 so that 


1 
lon = f 1.ду=1. Hence, lacn™ lact (св l. 


BU, D) 
Notation: 1 == { y dx p x dyes 1, 
A (0, 0) 
Example 2. Retaining the points А (0, 0), 8 (I, 1), consi 
der the integral J= i gh dx-p x^ dy. Eq. (1) takes the form 


х—:=0, 1, е. it is not an identity. Tie dah аг поа бе 
з оп the path, Thus, along the path А 


have {аљр along the path ANB the in- 
tegral d a diferent value: 
Ж subi" iibi 
We get the same value т, Ы oft along the are of the parabola 


у=х*, Generally, in Case 2 ^ ways pesto ia to choose two paths 
бом which the integral will have t same values. 


476, An Alternative Form of the Condition 
Given In Seo, 475 


Theorem 1 (criterion * total differential). 11 the equation 
Ln "m 
l domain D, 
irte Re a a 
5 ap 
then mp Past differential of 


any — 
Example 1. For the Arb ydxA-xdy (here Pesy, 
- "i "dentical in any , There- 
an Ea.) a ИКИ, | diff. tla! ol ot "n" function 


F (x, y) |n the given et сап take F(x, у) == ху OF 
xy--9 and generally, xy +C. 
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Example 2. The expression y*dx--x*dy cannot be the 
total differential of any function because Eq (1), which takes 
the form 2x—2y=0, is not an identity. 


Explanation. Suppose that y* dx4x* 271 is the differential ої some 
function F (x, y). Then we would have DE. "aes But this is 
impossible because the mixed derivatives 2 т апд 2 әм 
(they are continuous) must be equal (Sec. 443), i. e. the equation 
az an-z en must be satisfied identically, but this is not the 


case 


By virtue of Theorem 1 the condition of Sec. 475 takes 
the following form. 

Case 1 (exceptional). The expression P dx4- Q dy is (in the 
given domain) the total differential of some function F (x, И 
(it is called an antiderivative). Then the line integral 


f P dx+Q dy is independent of the choice of path (lying 


AB 
in that domain). 

Case 2 (general). The expression P dx+Q dy is not a 10- 
tal differential. Then the line integral depends on the choice 
of path 

In the former case, we can compute the value of the in- 
tegral (if we know an antiderivative) оп the basis of the 
following theorem. 

Theorem 2. If the integrand Р dx--Qdy is the total 
differential of the function F(x, y), then the line integral 


\Ре, y) dx--Q (x, y) dy is equal to the difference between 


A 
the values of the function at the points B and A: 


B (ху, Ys) В Qa. Ys) 
Р dx4-Qdy— \ dF (x, y) 
A (хо, Yo) A (хо, Yo) 
=F (x1, y) —F (Xo, Yo) 0 


Example 3. The integral / = 2xydx--x*dy for fixed 


AB 
points A (1, 3), B(2, 4) is independent of the choice of path 
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T EB дх 
find the value of 7. 
Solution. The expression 2xy dx --x? dy is the total dife- 
rential of the function x?y. By Theorem 2 we have 
B (2, 4) 
1= {4020 =2:4—19:3=18 
Ad, 3) 
Note. In the general case it is just as difficult to find an 


antiderivative as it is to compute the line integral directly. 
However, in тапу cases, finding an antiderivative is 


д ðP д (х? д (2. 1 А 
because D imm o]: It is required to 


f P (x, y) dx, f Q (x, y) dy, holding y constant in the first 


integral, and x in the second. Then we combine the two 
expressions and take only once each of the terms entering 
into both expressions: The arbitrary constants which appear 
in integration may be omitted since it is sufficient to have 
one antiderivative. 

Example 4. Find the line integral 


BQ,D | 
{= f x (1429) dx +39? (0—1) dy 
A (0, 0) 
[Condition (1) is fulfilled]. 
Solution. We find xa r2 dx Ep xy? (y is treated 
as a constant), f 3y? (à —1) йу=х#—!Ў (x is treated as a 


constant). 
Combine these expressions taking {һе term x?y? once. We 


get the antiderivative F (*, y= Pte Formula (2) 
yields 1—F (1, 1)—F (0, 9-4. 
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411. Fundamentals 


A differential equation is an equation containing deriva- 
tives of the unknown function (or of several unknown fun- 
ctions). Differentials may enter in place ої derivatives. 

If the unknown functions depend on one argument, the 
differential equation 1s called ordinary, if they depend on se- 
veral, then the equation is termed a partial differential equa- 
tion. We shall consider only ordinary differential equations. 

The general form of a differential equation in one un- 
known function is 


O (x, y, y', y^, ..., Y™)=0 (1) 


The order of the differential equation is the order of the 
highest derivative in the equation. 

Examples. The equation y =. is a first-order differen- 
tial equation; the differential equation y”+y=0 is of se 
cond order, the equation y’?—x° is of first order. П 

A function у= Ф (x) is called a solution of a differential 
equation if, when substituted into the equation, it reduces 
the equation to an identity. E З 

The basic task ої the theory ої differential equations is 
finding all the solutions of a given differential equation. In 
ihe simplest case, this reduces to evaluating an integral. 
For this reason, the solution of a differential equation 1s 
also called its infegral, and the process of finding all the 
solutions is called integrating the diferential equation. — . 

Generally, the integral of a given differential equation 1s 
any equation, not containing derivatives, from which the 
given differential equation follows as a consequence. 

Example 1. The function y—sin x is a solution (integral) 
of the second-order differential equation 


y’+y=0 н 
because substitution ої y—sin x turns Eq. (2) into 
(sin x)" іп х==0 e 
which is an identity. 
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i {н 
The functions y—-7 Sin x, y=Cos x, у==3 соѕ х are also 


solutions ої Eq. (2), the function y=sing ++ is not a so- 
lution. 

2 Pe 2. Consider the differential equation of the first 
raer 


, ху +y=0 (4) 
The function 
1.5 
л? (5) 


х 
is а solution of (4) because substitution of (5) into (4) redu- 
ces (4) to an identity: 
БИКО 
а Бир а 
At the same time, Eq. (5) is ап integral of the differential 


equation (4) 
The equation 


xy=0.2 (6) 


is also an integral of the differential equation (4). Indeed, 
from (6) it follows that (xy)! —0, whence p we а ру {һе 
iormula of the derivative of a product) follows (4). Solving 
the integral (6) for y, we get 
0.2 
=> (7) 


x 
Function (7) is a solution of the differential equation (4). At 
the same time, Eq. (7) is an integral of equation (4). 

The equations xy— V. 3, xy=—2, xy — п, etc. are integ- 
rals of he diferential equation (4), and the functions 
p. 2-2, y=, etc. are solutions. 

Example 3. Find all the solutions of the following first- 
order differential equation: 

y'—cos x (8) 

Solution. The unknown function y= (х) is an antideri- 

vative of the function cos x. The most general form of such 


a function is the indefinite integral { cos хах. Hence, all so- 
lutions are contained in the formula 
y=sinx+C (9) 
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The function y=sinx-+-C, containing an arbitrary con- 
stant C, is the general solution" of Eq. (8), the function 


y=sinx (a y=sinx-++>, y-sin x— 1, etc. ) is a parti- 
cular solution. i 


478. First-Order Equation 


The general form of a first-order differential equation is 


Ф (x, y, y') -0 (1) 
Solved for y', the equation takes the form 
1 y —[ (x, y) Q) 


It is assumed that the function [(x, y) is uniquely defined 
and is continuous in some domain: integrals are sought 
which lie in that domain. 


419. Geometrical Interpretation 
of a First-Order Equation 


A curve L (Fig. 470) which depicts some integral of the 
differential equation 
r= f(x,y) (1) 


is called an integral curve of that equation. 

The derivative y’ is the slope of the tangent line T'T to 
the integral curve. Before the integral curve passing through 
a given point M(x, y) is found, we 
can find y’ from Eq. (1) and draw the 
straight line T'T through М. ТТ 
will indicate the direction of the 
required integral curve. The collection 
of straight lines T'T which correspond 
io all possible points of the domain 
in question is termed the direction 
field of Eq. (1). А 

Geometrically, the problem of integrating Eq. (D). 8 
formulated as follows: find the curves for which the direction 
ped line coincides everywhere with the direction of 


Fig. 470 


1) The dehbnitions of a general solution and a particular solution 
ol a differential equation are given in Sec. 481 (for first-order equ 
tions) and in Secs. 493, 494 (for higher-order equations). 
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If the direction field is depicted by close-lying dashed 
lines (Figs. 471, 472), then the integral curves may be con- 


structed (approximately) by eye. 
Example 1. In Fig. 471 we have the direction field of 


the equation 
a> @) 


Eq. (2) expresses the fact that the direction of the field at 
point M(x, y) is perpendicular to the straight line OM 


( the slope of the direction of the field is w ‚ while the slo- 


Fig. 411 


pe of the straight line OM is +). [t is easy to see that the 


integral curves are circles centred at б. Hence, the integrals 


of Eq. (2) are of the form 
pee [7 

where a? is a constant which can take on апу positive va- 
lue. The functions 

у=, т С (4) 

i ‚ (2). This can readily be verified. 

Us 9 Sec. 478, the points of the x-axis 
must be excluded from our consideration because the func- 
tion | (x, pe, is not defined at these points. However, 
we depict the direction of the field (by vertical dashes) at 
these Doints as well. We thus expand the meaning of Eq. (2) 
(in accord with its geometrical interpretation). 
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Namely, the notation (2) is to be understood as a combi- 
nation of two equations: 


dy __ х ied А 
oy Mag Ух (2a) 


In the second equation, x is regarded as a function of the 
argument y. Accordingly, we consider as solutions not only 
the integrals (4) but also the integrals 


х= Уау, х=— Уау (4а) 


Eqs. (2a) are equivalent at all points not lying on Ше 
x- and y-axes. The second of the Eqs. (2a) replaces the first 
at all points of the x-axis (except О). Point О remains exclu- 
ded after all. This is natural because no integral curve can 
pass through it (the circle xi-ryi—a? degenerates into a 


point). 

Regarded in this extended sense, Eq. (2) is best written as 
xdx-+-ydy=0 (5) 
This stresses the equivalence of the variables х, у» Eq. (5) 
тау be transformed to 4 (х2--у°) = 0. Hence. х24- 0° is a 

constant, and we again obtain integral (3). 
d Example 2. Fig. 472 shows the direction field of the equa- 

on 

dy 0 (6) 


The integral curves are the straight lines y=Cx. Taking Eq. 
(8) in the extended sense (see note above), we can depict the 
direction field at any point of the y-axis (except 0). We et 
vertical dashes АИ along a vertical straight line. This 
means that the straight line (x— 0) is adjoined to the integ- ' 
ral curves y—Cx. 

At point O the field direction remains indeterminate: there 
is an accumulation of integral curves of all possible direc- 


tions. 
The functions 


y=Cx (Ca constant) (7) 

and also the functions 
х==Сш (Сү a constant) (7a) 
are solutions (integrals) of Eq. (6). The following equations 
уы: 2797 аи y 8 
tac, L—C. =C, in|4 |= (8) 


and others are also integrals. 
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Eq. (6) is written in the form 
xdy—ydx—0 (9) 
Ii we divide (9) by x we get «аср, i.e. 
d(4)=0. Whence we get the integral 2=C. Dividing 
* 1 
(9) by y*, we get rS (nere G=)! 


Example 3. The direction field of an equation of the form 
у= | (x) is considered in Sec, 295 (Examples 1 to 3), The 


integral curves у= {100 dx ате equidistant from each other 
(in the direction of the y-axis). 


480. Isoclines 


The construction of the direction field of the e! uation 
y’=f (x, y) is simplified if we first draw lines of equa incli- 
nation (isoclines); these are curves along which the function 
f (x, y) has a constant value. The direction of {һе field is 
the same at all points of any 
one isocline. 

Example. The isoclines of 
the equation y = 24-0 are 
the circles x?--y*—a? (Fig. 
473). At all points of the 
circle х2 4-02==1 (radius oc 
is taken as the scale unit) 
the slope y’ of the direction 
of the field is equal to um 
at all points of the circle 
x+y =2 (radius 0D—y 2) 
we have y’=2, etc. The 
integral curves are shown 
as heavy lines. 

Note. In practical cases, Fig. 473 
when using isoclines, there is 
no need to give the direction field in the form of dashed lines. 
It is sufficient to affix to each isocline a number stating the 
value of the slope. A drawing with isoclines also includes a 
dense pencil of rays with slope indicated on each ray. A 50- 
lution is obtained by constructing dashes parallel to the cor- 
responding rays. 
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491. Particular and General Solutions 
of а First-Order Equation 


The first-order differential equation 


у= (x, у) (1) 
has an infinity of solutions (see Examples in Sec. 479). Asa 
rule, only one integral curve? passes through a given point 
in the domain under consideration (Sec. 478). The correspon- 
ding. solution of Eq. (1) is called a particular solution; the 
collection of all particular solutions is called the general 
solution. One strives to represent the general solution of the 
differential equation (1) in the form of some function 


y—9 (x, C) (C a constant) (2) 


which would yield any particular solution (for a suitably 
chosen value of C). Such a representation is sometimes not 
even possible theoretically; in practical cases, this is possible 
only P a few (but important) classes of equations (Secs. 

Now it is always possible to find a particular solution 
passing through a given point (xo, yo) at least approximately 
(to any desired degree of accuracy; Secs. 490, 491) if not in 
the form of an exact expression in terms of elementary func- 
tions. The numbers хо, yo are called initial values. 

The integral of the differential equation (1) is called 
general if it is equivalent to the general solution, and parti- 
cular if it is equivalent to one particular solution or to several. 

Example 1. Find the particular solution of the equation 


xdx+ydy=0 (3) 

e 479, Example 1) for the initial values xọ=4, Vo= —9 
he integral curves ої Eq. (3) are circles with centre (0, 0). 

Through the point M, (4, —3) there passes the integral curve 
x*--y3—25. This equation is a particular integral of Eq. (3). 
It is equivalent to two particular solutions: 

y=V 25—х°, 

у= — У 95 — х? 
The latter is the desired solution (the former does not pass 
through M,). 


*) The only possible exception is for points where the partiel 
derivative ty (x, y) is discontinuous or does not exist. 
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Example 2. The particular solution of Eq. (3) passing 
through the point (хо, Yo) is of the form 


y=V at if yo>0, (4) 


y=—V xr» if yo <0 (5) 


For cases when yj=0, that is when the point (Xo, Yo) lies on 
the x-axis, the particular solution (in accord with the note 
pertaining to Example 1, Sec. 479) is of the form 


z-V xi-y if xo > 0, (6) 
х= ES xe—y? х «0 (7) 


At the point xo—0, yo=0 (origin) there is no particular 
solution. 

The collection of particular solutions (4), (5), (6), (7) forms 
the general solution of the differential equation (3). 

If we denote the constant quantity xè +yo by С°, then the 
general solution may be written as 
y= VORB © 

“+ь=© 9) 

which is equivalent to the general solution (8), is the general 
integral of Eq. (3). 


The equation 


482. Equations with Variables Separated 


If a differential equation is of the form 
P (x) dx +Q (y) dy —0 (1) 


(the coefficient P depends only on x, the coefficient Q. only 
on y), then we say that the variables are separated. 

The general integral of an equation with separated vari- 
ables is represented by the equation 2) 


f P(x)de-+§ Q(y)dy=C (С а constant) (2) 
1) Here and henceforward the symbol f denotes some one antide- 


rivative; that is, the arbitrary constant term is disregarded. Inciden- 
tally, there will be no error if we include in the integral f P (x) dx 


the constant term C, and in the integral f Q (y) dy the term Cz. But 
the solution will needlessly be in а more 'involved form. 
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in order to find the particular integral for the initial 
values xy, Yo, we can do as follows: substituting xo, Yo into 
(2) we find the corresponding value C—C,. The desired par- 
ticular integral will be { рд): f Q (y) dy=Co. When we 


are not interested in the general solution, a particular solu- 
tion is best sought directly from the formula 


х y 
| Pde V Ow 0—0 (3) 
Xo Yo 
Example. Find the particular solution of the equation 
sin ede A= (4) 


for the initial data хо, Yo=3. 
Solution. The general integral of Eq. (4) is 


{sin ac c or —cosx42Y у=С (9) 


Putting x=, y=3, we get C=2 Y 3; the desired parti- 


cular solution is 
y= aires x? (6) 


M may be obtained directly from the formula 


483. Separation of Variables. General Solution 


An equation of the form X,Y, dx + XsY; dy —0, where the . 
functions X, and X, depend solely on х, ! and the functions 
Y, and Y, only on y, can be reduced to the form (1), Sec. 
482, via division by Y,Xs. The process of this reduction 15 
called separation of variables. 


1) One or both may be constants; the same goes for the functions 


Yu Ys. 
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Example 1. Consider the equation 


y dx—x dy=0 (1) 
Dividing by xy, we get the equation 
dx dy 
== (2) 


where the variables are separated. Integrating, we find 


Vene Hoc (3) 

i. e. 
k in|x|—In|y|=C @ 
їп |=|=¢ (4a) 


И we introduce a new constant Cy connected with C by the 
relation C=In Сү, then in place of (4a) we can write 


1-0 (4b) 


(сї. Example 2, Sec. 479). 


Note 1. Let the value e serve as a root of the guide Y,=0. 

(which reduces to the constant 

the differential equation 

ave pe and, Ву hypothesis, Y,=0). This 
the division La 1 
ere 


, whe 
ar solution y=0 of the differential equation 
pa solution x=0. The point is that Eq. (4) 15 meaningless both 
or y=0 and for x=0 (the number zero has no logarithm). 
Having cleared Eq. (4a) of logarithms, we again introduced the 


solution х=0 (for C420). 


Example 2. Find all the solutions of the equation 


yTy dx— y dy=0 (5) 

Solution. Within the limits of a strip bounded by a pair 

oi straight lines у= 1, at least one of the functions 

Macy du y (<a is uniquely defined and 
S 


=), via rd 

continuous. Outside this rip not one of the indicated func- 
tions is defined. Hence (Sec. 478), all integrals of Eq. (5) lie 
in the strip bounded by the straight lines у=&1. 


716 HIGHER MATHEMATICS 


Dividing Eq. (5) by V1—y?, we get the equation 
xev Ан 
dx Yi ==0 


where the variables are separated. Integrating, we get 
ху —y?=C 
x—C—Yy1—yi (6) 


This sadon represents a family of semicircles as depicted 
in Fig. 474. But it does not contain all the integral curves 
of Eq. (5): in dividing (5) by V 1—y3 we lost the solutions 

y=! and у= —1 „(the 
straight lines uv, u'v' in 
Fig. 474). 

Note 2. Here, the lost solu. 
tions are mot particular oii- 
tions (In contrast to the solu. 
tions lost in Example 1). The 
oint is that (Sec. 481) we use 
The term particular solution for 
a solution which is unigue with 
respect to certain initial values 
Fig. 474 But two solutions pass th 

8. every point ої i solution D 
, throug! 
ie 1) (Fig. 474) there passes, in addition (o ihe AA 
Ine yz 1, the semicircle xe V T—y!, which depicts yet another solu- 
tion of Eq. (5); this solution is obtained from. (6) for С=0. 


Though (6) does not embrace all solutions, it contains all 
particular solutions (semicircles) and for this reason is 
general integral of Eq. (5). The solutions y—1, у= —1 are 
called singular solutions. 

Generally, the integral of a differential equation of first 
order is called singular if at least one more integral passes 
through every one of its points. 


or 


484. Total Differential Equation 
If the coefficients P (x, y), Q(x, y) in the equation 
P (x, y) dx-- Q (x, y)dy=0 (n 


satisfy the condition 
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| the left-hand side of (1) is the total differential of some 
tion F (x, y). (antiderivative function of the expression 
FQ dy; see Sec. 476). The general integral of Eq. (1) is 


F(x, =e (3) 
ple. Find the particular integral of the equation 
Soh ах 2 dy=0 e 


the initial conditions x, 1, yos I 
olution. Condition (2) is fulfilled. Then the functions 


#=!—ж.0=1+ух decompose inlo terms of the 

m A Therefore, we find the, antiderivative (Sec. 476, 

) as follows. 

orm the integration 

f ( 1-5) dax (for constant. y), 

{ (1) dy=y+~ (for constant ж) 

Combine these expressions and retain the term £ only 
The function x 4-g-- is the antiderivative, The ge- 


integral will be 
х+у+ {т =t (5) 


Substituting the initial data xxl, yz»!, we find C3. The 
sired particular integral is х+у+#=% 


‚ Integrating Factor 
“Hf the coefficients P (s, И, Q (к, Й in the equation 
j ро dee Qs av =O 0 
lo no! satisfy the condition 
‚ But 
DISP EP ET АС 
differential 
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of some function Р, (х, y). Then the general integral is 
Е; (х, y) —C 


The function M (x, y) is called an integrating factor. ( 

Example. The left-hand member of the equation 
2ydx--xdy—0 is not a total differential. But multiplying 
by x yields 


x (2y dx - x dy) =d (x*y) 
The general integral of the given equation is 
xiy—C 

Note. Every differential equation has integratin factors 
(even an infinity of them), but there are no general techni- 
ques for finding them. 
485. Homogeneous Equatlon 

The differential equation 


M dx+ N dy—0 (1) 
is called homogeneous if the ratio x can be represented as 
a function of the ratio 4. We denote this ratio by t: 

t= Q 


x 
Thus, the equation 


(+ V x yi) dx— dy=0 © 
is homogeneous because 
Мм _у+Ухї+#__ y DEC Ди Ë (4 
Eo mox y LR(Eye-diyrréó 
By means of the substitution 
y=tx (whence dy—t dx -4-x dt) 6 


any homogeneous equation can be reduced to an equation 

with variables separable. xoti 
Example 1. Integrate Eq. (3) with the initial condition 

Xo=9, yg—4. 

А Solution. After the substitution (5), Eq. (3) takes the form 


Их xittdx—3? dt—0 (6) 
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or 
Ix | VTF” dx—x? dt =0 (7) 
The variables can be separated, and we get 
de nad 
Tel” vies e 


In separating the variables we lost the solution x=0. 
However, it definitely does not satisty the initial conditions. 
Since we have to integrate for the initial conditions 


x9—3, fp eat ‚ it follows that the abscissa х is positive 
0 
(see note below), and we have to put 
|x |=* (9) 
We get 


Cd а! 

Xx 

= pui (10) 
3 


whence 
In x:In 3n (t + V 14-23) —In 3 (11) 
Replacing t by 2 and taking antilogarithms, ме get the 


particular integral 
1 
AE (12) 


The corresponding particular solution is 
у=! (13) 


Note. The left-hand member of formula (10) is meaningless when 
the upper limit is zero or takes on negative values. Therelore, when 
seeking a solution, we must confine ourselves to p à 
More investigation is required to see whether the function (1 
yields a solution of Eq. (3) for x < 0. Substitutin t 


left-hand side of (3) shows that the function a gives a solu- 
tion for all values of x. 
Example 2. Integrate Eq. (3) with the initial conditions 


X97 — ==4. 
Solution. The sequence of О erations is the same as in 


Example 1, However, in place 0 (9) we have to put 


|х|=—* (да) 
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so that in place of (10) we get 


x t 
к == (102) 
Ж LAE 
-3 4/3 
whence 


—In | x] In3=In (t + ИТЕ) —1п-- (la) 
In place of (12) we obtain 


к 
dere E аа 


1 у хк? 
иу у EE (2) 


(the minus sign in front of the last fraction appeared becau- 
se for x «0 we have V xi— —х). From (12b) we get the 
desired particular solution 


or 


It coincides with the solution to Example | (cf. note per 
taining to Example 1). 

If, disregarding (9a), we had used (10) in place of (10a) 
we would have obtained an erroneous result. 


486. First-Order Linear Equation 


The first-order differential equation 


Mdx--N dy=0 (1) 
is called linear if the ratio M contains y to the first power 
only. А linear equation is commonly given in the form 

y +P (x) y= (a) o 


where P (x) and Q(x) are any (continuous) functions of х. 

If, in particular, Q (x) —0, then Eq. (2) is called a ША 
equation with right-hand member zero. In this see the 
үне сап be separated and the general solution is O' 
orm 


Lg hPa 9 


1) A linear equation with right-hand member zero is also called 
homogeneous. But this term has yet another meaning (Sec. 485). 
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Example 1. Find the general solution of the linear equa- 
tion with right-hand member zero 


'—тра#=0 [2 
Solution. Separating the variables, we get 
dy. x dx 
wo +x 5) 
whence 
In | y | 4 In (14-29) +С (6) 
ог i 
y=C,V 1 +8 (6a) 


where C,—eC. We could have obtained the same result using 
formula (3) (for P=): 


= \ g x dx 
у==Се TEIE getan U+ СУ 


Note 1. The particular solution y=0 which is obtained 
from (ба) for C,—0 cannot be obtained from (6); this solu- 
tion was lost in the division of (4) by y. Having cleared (6) 
of logarithms, we again introduced the solution y—0. Cf. 


Note 2. In practical cases, use of the ready-at-hand for- 
mula (3) does not give us any essential advantage over the 
successive transformations indicated in Example 1. х 

А linear equation with right-hand member [in it Q (#0) 
is integrated as follows: we find the general solution (3) о 
the corresponding equation with right-hand member zero; then 
in this solution we replace the constant C by the unknown 
function и, Substitute into (2) the expression obtained. After 
simplifications, the variables и, X are separated; integrating, 
we find the expression of u in terms of x. The function 


leas P dx i| be the general solution of Eq. (2). 
Example 2. Find the general solution of the equation 


x 
yir e 
1) This general solution is expressed by the formula 


-[Pdx 
ils moun Pe +С, ] e J (A) 
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Solution. The general solution of the corresponding equa- 
tion with right-hand member zero is (see Example 1) 


ac ИТЕ. Replacing the constant C by the unknown 
unction u, we get 


y=uV TF xi (8) 
whence 
y— + у 0 
Substituting (8) and (9) into (7) and simplifying, we get 
3 ds ox 
dx утех? 
Whence we get an expression of u in terms of x: 
= x dx ЗЕ ere} 10) 
F Wace, К+ ( 
By virtue of e and (10), the general solution of the given 
equalion will 
y—- (Y TES 4-6) VIFA” a 
Note. The equation 
4 
THP (9)x—Q() (9 


which is obtained from (2) by interchanging х and y is 
integrated in similar fashion. 


437. Clalraut’s Equation 


Clairaut's equation is an equation of the form 


y=xy' +9 (y^) 
The general integral is 


y=xC+9(C) @ 


———— 


0 We get the same result [tor P=- =] from for- 


mula (A): 
x dx xdx 
V rar » Aree 
у= | fxdxe 4C|e = 


e xdx УТЕ +] V T+x8=(V T4+x2+C,) V TEx 
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Besides, Clairaut's equation has a singular integral 
(Sec. 483), which is obtained by eliminating the parameter ¢ 
from the equations 


x=— p (0, y=— tp +e (3) 
The general integral (2) is depicted as a family of straight 
lines tangent to some curve L. The singular integral is de- 


picted by the curve L 
‚ itself [Eqs. (3) represent y=-ta-4 ү gaia 
it in parametric form]. 
Example. The equation 
y=xy'—y"? (la) 
is Clairaut’s equation. Its 
general integral 
y=Cx—C? (2а) 
is depicted as the colle- 
ction of straight lines 


(Fig. 475) tangent to the 
parabola 


=й (0 


Fig. 475 


. Eq.(4)is a singular integral, It is obtained in the follow- 
ing manner. In the example we have ф ()=—??, 9” ()=—2t 
and Eqs. (3) assume the form 
=2t, у= (82) 
Eliminating t, we get (4). t 
Explanation. Using Eq. (la) as an illustration, we shall 
show how the equation of a singular integral is obtained. 
The curve L which is tangent to the integral curves (2a) 
will itself be an integral curve (Сеце its direction is eve- 
rywhere coincident with the fiel direction). To find the cur- 
ve L, note that it must have one common point N (x, y) with 
each oí the straight lines 
y Cx— Ct (5) 
The quantity C is constant for each straight line (5) but 
varies from line to line so that the coordinates x, у are func- 
"lions of C. Let us find these functions. Since the point 
N (x, y) lies on the straight line (5), we must have an identity: 


у=Сх—С* (6) 
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Since the directions of L and (5) coincide at the point N, 
the differentials dy, dx must have the same ratio as the 
differentials dx, dy of the coordinates of the straight line (5), 
that is we should have 
dy —C dx (7) 

At the same time, the differentials dx, dy must satisfy the 
equality 

dy = C dx 4-x dC —2C dC (8) 
obtained via differentiation of the identity (6). Comparing (7) 
and (8), we get (x —2C) dC —0, or 


х=2С (9) 


Such is the expression ої the function x. Substituting it 
into (6), we find 


y=? (10) 
Eqs. (9), (10) differ from (3a) in notation alone. 


488. Envelope 


Definition 1. A set of lines is called a (one-parameter) 
family ifevery line сап be associated with a definite number С 
(parameter of the family) so that a continuous change in the 
parameter C is associated with a continuous change in the 
line. An equation of the form 

F(x, y, C)=0 (0 
where f (х, y, С) is a continuous function of three arguments 
x, y, C, represents a family of lines in a plane. The separate 
lines of the family correspond to separate values of C. 

Eq. (1) is called the equation of the family. 

Example 1. The equation 

y=Cx—C? 
represents the family of straight lines shown in Fig. ч 
The slope of the straight line is taken as the parameter o 
the family. 

Example 2. The equation 


(x—Cy yi —1 x 
represents a Jamily, of circles of radius 1 with centre on the 


x-axis (Fig. 474). The abscissa of the centre is taken as the 
parameter. 
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Example 3. The equation 
х?%-|{-у%==С*% 

represents а family of circles with centre at O (0, 0). The 
radius is the parameter. 

Definition 2. The envelope of a given family is a line 
tangent at each of its points to one of the lines of the family. 

In Example 1, the envelope is the parabola ya 
(сї. Sec. 487); in Example 2, the envelope is a pair of straight 
lines y= + 1; in Example 3, there is no envelope. 

Theorem. The envelope of family (1) belongs to the so- 
called discriminant curve, which is the locus Y 
of points satisfying the equations 


(cy, C=O) “fe ue eso n 


for all possible values of C. If C is elimina- 
ted from Eqs. (2), we get the equation of the 
discriminant curve. 

Note 1. It may happen that the discri- 
minant curve is only partially covered by 
the envelope, and it may even happen that 
the discriminant curve exists, but the family 2 x 
(1) has no envelope. 

Example 4. The discriminant curve of the 
family of straight lines y=Cx—C? is given 
by the system 

y=Cx—C?, x—2C=0 

Eliminating C, we get the equation 
у= + x?.The discriminant curve is а para- 
bola which coincides with the envelope of 
the family (cf. Example, Sec. 487). à 

Example 5. The discriminant curve of the family of circles 

(x—cpty=! 
is given by the system 
(x—C)?+y=1, —2(x—C)=0 

Eliminating C, we get the e uation y2=1. The discrimi- 
nant curve (the pair of straight lines y= + 1) coincides with 
the envelope (cf. Sec. 483, Éxample 2). 5 

Ехатр!е 6. Тһе discriminant curve of the family of se- 
micubical parabolas (y—C)} =x" (Fig. 476) is the straight 
line x=0, but this family has no envelope. 


Fig. 476 
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Note 2. If family (1) portrays the general integral of some 
differential equation, then the envelope represents a singular 
integral. If there is no envelope, there is no singular integral. 


489. On the Integrability of Differential Equations 


In Secs. 482-487 we considered the most important types 
of first-order equations whose solution reduces to finding the 
integrals of known functions. We say that such equations 
can be reduced to quadratures. 

However, in practical situations we encounter first-order 
equations which are not reducible to quadratures. Such cases 
are more often encountered in the solution of equations of 
higher order. Approximate methods are used to solve equa- 
tions that are not reducible to quadratures (see Secs. 490- 
492 below). 


490. Approximate Integration 
of First-Order Equations by Euler’s Method 


Let there be given an equation 


y! =f (x, y) (1) 
with the initial conditions х= х, у= уо. It is required to 
find its solution in some interval (хо, x). Divide this interval 
into n parts (equal or unequal) 
by asequence of points xj, Xz,««» 
хаја (Fig. 477). 

On the subinterval (хо, x) № 
put 
yy (Ko Yo) х) (2) 
that is, in place of the desired 
integral curve M,K, we take its 
tangent line M,M,. 3 
At the point x—x, we obtain 
7" # 5; "5 7, X ар approximate value of the requi- 
Fig. 477 red solution 


Vi — Vo HÍ (хо, Yo) (X1 — xo) — yo +f (Xo. Yo) AX (3) 


— о 
*) These integrals may not be expressible in terms of elementary 
functions (Sec. 309). 
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On the subinterval (xj, x) we put 
yy EQ; 9) (8—0) 


That is, in place of the desired integral curve МоКо we take 
the tangent line M, М, to the integral curve МК, (a double 
error thus occurs: the tangent M,M, departs from the curve 

1K, and this curve does not coincide with the desired 
line МК). Continuing this process, we obtain a succession 
of approximate values: 


у= Eas Ys) Me 
Us — Va - (Xa Y2) Ах ; (4) 


Yn=Yn-1 | n-i» Yn-1) Аха-1 


Sufficient refinement in partitioning the given interval will 
yield any required degree of accuracy, but at the expense of 
much work. For this reason, Euler's method is employed 
only for rough approximations. Mostly, it is advantageous 
to divide the interval (xo, x) into equal parts. Д 
Example. Find ап approximate solution to the equation 


FALE 
y — 


in the interval (0, 1) with the initial data x90, y=! 


here / (x, =+ xy |. 
Solution. Divide fhe interval (0, 1) into 10 equal parts 
so that 
Axo Ах =. + .—=Аху==0.1 


Using formulas (3) and (4), we find successi vely: 
n=n+F Xolo Ax, 0:101, 
Js d- T йл Ажу 141:01:1:0.1=1.005 


and so on. The computations аге arranged according to the 
following scheme: 
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[] 
Ay xy Ax True value of y 


TT 


0 1 0 1 

0.1 1 0.005 1.0025 
0.2 1.005 0.0101 1.0100 
0.3 1.0151 0.0152 1.0227 
0.4 1.0303 0.0206 1.0408 
0.5 1.0509 0.0263 1.0645 
0.6 1.0772 0.0323 1.0942 
0.7 1.1095 0.0392 1.1303 
0.8 1.1487 0.0459 1.1735 
0.9 1.1946 0.0538 1.2244 
1.0 1.2484 1.2840 

JOE Os уа SPUREN REED ^*^ 


А table of the approximate solution is built up from the 

first two columns. The given equation also admits an ег 
у х =й 

solution via the formula (2-1 -z * dx, whence у=е* 


1 0 
The corresponding values of y are given in the last column. 
A comparison with the first column shows that the error pro- 
gressively increases and at х= 1 reaches 2.9%. 


491. Integration of Differential Equations by Means of Serlos 


The solution of the equation 


‘=f (x, y) () 
with initial conditions x—x,, yyy may be sought in the 


form of a series arranged in powers of х— хо; that is, in 
the form 


Y=YoH су (x— xo) + ca (x — xo)? +. . «On (x— x9)" +- -- e 
the factors су, с, 


wo. Cg... are found by the method of 

undetermined coefficients (Sec. 307) or by other methods. 
The series method in application to differential equations 
was systematically «ПОКА. by Newton (Sec. 292). In соп 
trast to Euler's method, which gives the solution in the form 
of a table (Sec. 490), the solution here is obtained as a ion 
mula. However, the formula is useless outside the interva 
of convergence of the series. Theoretically, certain cases are 
possible when the solution cannot be expressed by a series 
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(cf. Sec. 400). The problem was theoretically investigated 
by Cauchy. S. Kovalevskaya » investigated the analogous 
problem for partial differential equations. 

Despite the above-indicated restrictions, the power-series 
method is of great ractical significance. 

Example. Find the solution of the equation 


s tout 
y'— (3) 
with initial conditions 50, 0016 
Solution. According to formula (2) we put 
у==1 pert Acat? H сз H Catt + д (4) 


The coefficients су, €» C» «++ are as yet unknown. Diffe- 
rentiating (4), we get 


у — 6, + Dee + Best + Aca + a (5) 
Substituting (4) and (5) into (3), we obtain 


ey 2e + Seg + Act + - le cyt ++ egt. (6) 


Now equate the coefficients of like powers of x. This yields 
the relations 


40, 2y—T: S5 Or Borna ЛО 
From them we successively find the coefficients 
а=0, а=, =O а=, 4-6. (0 
The required solution is of the form 
yor Le Би Ж Еа tr [o] 
For x=1 we get y ^ 1.2839 (cf. Table, Sec. 490). The 


expansion (9) coincides with the expansion of the function e* : 


ылыа ^ CARE A 


———— 

3 8. V; alevskaya 1850-1891), celebrated Russian mathe- 
matician. Ste tained өы results in mathematics, теспе 
and theoretical physics; her writings also include works oi fiction am 
journalism. 


1 
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Alternative solution. Differentiating successively (3), 
we find 


= 0 axi (1) 

VV EN 
и”=(4 ику) = duy ("m 
yv — (y wr) =+ y xh (13) 


and so forth. Substituting into (3) the initial values x=0, 
Yo=1, we find yọ=0, then from (11) we get 


э 1 1 еке, 
#о==-у Vo d ХоУо => 


In the same way we find 
m 3 
Yo =0, w =F 
etc. Substituting the values found into the Taylor series 
А m Iv 
y y У 
V— Vue pn 0 B+ ES. 


we again get the series (9). 


492. Forming Differential Equations 


The procedure of forming a differential equation according 
to the conditions of a problem (geometrical, physical ОГ 
technical) is that we express mathematically a relationship 
between variable quantities and infinitesimal increments in 
the quantities, At times a differential equation is obtained 
without considering increments, since they have been considered 
earlier. For instance, in representing velocity by the expres 


sion 0=@ we do not invoke the increments As, At, but they 
are actually taken into account because 
^s 
At o ^t 
When forming first-order - differential equations, infinitesi- 
mal increments are immediately replaced by the corresponding 


differentials. The error committed in so doing is automati- 
cally eliminated in the passage to the limit, as will be shown 


dt 


in the note that 
replaced by its 
corresponding ¢ 

There are no 
tial equations. 
ingenuity is 0 
in doing exercises. 

Example 1. 
of dissolved sal 
of the tank and thr 


follows. Generally, 
equivalent; say, an in 
hord or vice versa. 

exhaustive rules for the formation of differen- 


ften required. 


It. Every min 
ee litres О 
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As in the forming of 
Much depends on the skill acquired 


maintains the same concentration of salt 
ins in the tank after one hour? 
by x the quantity of salt in the tank 


How much salt rema 
Solution. 


the time гескопе 


any 
finitesimal arc by the 


infinitesimal can be 


algebraic equations, 


ank contains 100 litres of brine with 10 kg 
ute, two litres of brine flow out 
{ fresh water are added. Mixing 


throughout the tank. 


d from ап initial instant 


time interval dt a total of (—dx) kg of salt 


leaves the tank [x is a decreasing function of time, hence, 


salt in a differe 
litres of liquid (3t 
the brine contains X 
the brine contains 


of.brine leave the tank; hence, 


shes by 


100+ 


ntity and (—dx) is 
the equation, let us compute 
nt way. At time i the tank has (100-+t) 

in and 2¢ litres flowed out); 


a positive uantity]. 
the loss of 


kg of dissolved salt. Thus, one litre of 


x 


uso Ke of salt. Dur 
the quantity of salt dimini- 


хе од k 
10046 g 


We get the diferential equation 


Separating th 


e variables and t 


2x dt 
— dx= Too +i 


conditions fa =0, xo 10, we get 


that is 


or 


10 (1001? 
x \ 100 


ing time dt 2dt litres 


(1) 


aking into account the initial 


(2) 


(9) 


(За) 
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Substituting /— 60 into (За), we find the required quantity 
of salt: x = 3.91 (kg). 
For less rounded data it is best to take formula (3). Multiplying 


both sides by the modulus M (Sec. 242), change from natural loga- 
rithms to common logarithms. 


Note. When we formed Eq. (1) we allowed for two errors: 
first, we took dx and dt in place of Ax and Af, second, we 


assumed that during time df the loss of salt amounted to 
005724 kg, i. e. that the concentration of the solution of 


TIEN during the entire interval (t, ¢-+-dé). 
Actually it is 70057 only at the onset of the interval, and 
then proceeds to decrease. But these two errors are automa- 
ticaly compensated for. 

Indeed, during a small interval of time (f, ¢-+-Aé) the 
concentration of the brine solution differs but slightly from 
тт "n: hence, during this time the amount of salt di- 


дез, have 
10027 litres. We thus 


brine is equal to 


minishes roughly by the amount 
the approximate equation 


or 

AX Qu. 32x 

at 71001 
This approximate equation is the more exact, the less E At; 
in other words, — тууту is the limit of the ratio ү 25 


At — 0. This limit is the derivative z, Hence, the deriva- 


ia ax ; ae, 
tive 77 is exactly equal to —1бб+ї? 


dx __ 2х 
di ~~ 100+? 


This exact equation is equivalent to Eq. (1). F 
Example 2. A pier is being constructed for a bridge. It 8 
{о be 12 metres high and have circular horizontal sections. 


The pier is calculated for a load of P=90 tons (in addition 
to its own weight). The density of the material y=2.5 ^us * 


The admissible pressure is &—300 995, Find the areas of the 
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upper and lower bases, and also the shape of the axial sec- 
tion of the pier (for maximum saving in materials used). 
Solution. For a permissible pressure of k=300 sons. the 
area sy of the upper base can withstand a load kso; by 
hypothesis, BP: Consequently, 
p 90 
s= 390709 (sq. m) (4) 
The area s of the horizontal 
section increases with falling level 
because, aside from the load P, 
the area s is acted upon by the 
above-lying part of the pier. 
Denote by x the distance ola 
section s (MN in Fig. 478) from 
the upper base. Isolate infinitesimal 
horizontal layer MNnm. The area 
of its lower base mn exceeds the 
area of the upper base MN by ds. 
Therefore, at the lower base the 


of the upper base. On the other Fig. 478 


the load of section MN by an amount equal to the weight 
of the layer MNnm, that is, by 75 4х.) We get the differen- 
tial equation 


k ds ys dx (5) 


Separating the variables and integrating (initial condi- 
tions: x=0, s=So), We get 


x 
d 
f Bot fax © 
0 
whence 
inte () 


In order to find the area s, of the lower base, it is neces- 
sary to substitute х=19 (for so = 0.3, y=2.5, &—=300). Going 


—— 


1) We assume that the layer MNam is cylindrical (the error is о 
higher order than dx). 
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over to common logarithms (Sec. 242), we get 


2.5 19 8) 


5 
log s. = Mog 


whence ms (sq. m). 


The shape of the axial section is given by the equation of 
the meridian BD. Denote the radius of section MN by y; then 


S7 (3c). and Eq. (7) yields 
yg. pe TS 
2n тр ог у= йе @ 


That is the equation of the meridian. Curve (9) is called 
a logarithmic curve. 


493. Second-Order Equations 


А second-order differential equation has the general form 


Фк, y, у, y')-—0 (0 
The equation solved for y" is ої the form 
Y=} (x, y, y’) B 


It is assumed that the function f (x, y, y’) of the three argu- 
ments x, y, y' is uniquely defined and continuous in some 
range of these arguments. 

As а rule,” specification ol the initial values x=% 
J—Vo у' = 00 (lying in the range under consideration) defines 
a unique acht da of Eq. (2). p the 

Geometrically, a unique ess enis passes throug 
given point M (xs, yo) in a given direction. 3 

The CETT TM solution of Eq. (2) is called a m) 
cular solution. The collection of all particular solutions | 
termed the general solution. An attempt is made to represen 
the general solution in the form of some function 


y—9 (x, Cy, Cz) (С; and С, are constants) (3) 
capable of yielding any particular solution (for appropriately 
chosen values of Cy бу). 


Note. An infinity of integral curves (one in each of ДҮ 
possible directions) pass through the given point M (хо, Yo): 


1) The only possible exception is the case when at least one of be 
derivatives ty (х, y. у), Fy (x, y. y’) is discontinuous or does not exis! 
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Example. For the initial values xo — 1, Yo=!, Jo —2, find 
fhe particular solution of the equation 


y -—x (4) 
Solution. Rewrite the given equation as 
Wes (5) 


y 
Taking into account the initial conditions, we have f dy' = 
2 


x 


= { ха, {һаї 15, у= 5: Again allowing for the ini- 


1 
x 


y 

tial conditions, we get \ y—{ (5+2) dx. The required 
i i 

particular solution is 


2 
у= © 
Alternative method. From (5) we find 
y=% +0 0 
and from this А 
y=% OO (8) 


The function (8) is the general solution because for approp: 
riately chosen values of Cy C, it yields any particular. solu- 
tion. Thus, substituting into (7) and (8) the given initial 
values, we get 


д=-+ЕСь 12-66: ©) 


whence we find я 
С, =-- , Qasr 
Substituting these values into (8), we again get the particular 


solution (6). ; / 
Caution. By far not every solution containing two arbitrary 
constants is а general solution. For example, the function 


y=% 4 Сах Са (5-е) (10) 
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is a solution of Eq. (4) but does not contain all the particular 
solutions; thus, the solution (6) is not obtainable from (10) for 
any values of Сз, Cy. Hence, the solution (10) is not а general 
solution. This is already evident from the fact that the two 
constants Сз, C, “аге not essential”, that is, they may bereplaced 
by one. Indeed, formula (10) may be written as 


y= +(Cx—Cy) x +1 
Denoting C4—0C, by Сү, we get 
y— +C] 
This solution is obtained from the general solution (8) for C5 —1. 


494. Equatlons of the nth Order 


An nth order equation solved for у“), 


ym (x, y, у, y^, oer YOY) 
has as a rule (cf. Sec. 493) a unique solution for given initial 
values xo, yo, Yj, ...› 041—1). Such a solution is called a parti- 


cular solution. The set of all particular solutions is called 
the general solution. We try to represent the general solution 
in the form 

Usi С. cass C) 


Not every solution containing n constants is a general 
solution (cf. Sec. 493, Caution). 


495. Reducing the Order of an Equation 


Occasionally, a differential equation of second or higher 
order allows for reducing the order. The following two cases 
are the most important. th 

1. The equation does not contain у. Then for the 
unknown function we take y’. 
Example 1. Integrate the second-order equation 


(1-Ех) y T y —0 M 
Solution. Taking у’ for the unknown function, we Te- 
write (1) as 


(+) 4 y! —0 e 
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This is a first-order equation (in the unknown function y’). 
Multiplying by dx, we obtain a total differential equation 
(Sec. 484) so that the general integral of Eq. (2) is 

(+a)y' =O, [ @) 
Now let us return. to the earlier unknown function y and 
write Eq. (3) as 
d 
(9-0 (3a) 
Integrating (3a), we find 
y=C, In (14-2) - Cs (4) 
This is the general solution of Eq. (1). 

Case 2. The equation does not contain x. Then we again 
lake y’ for the unknown function, but for the argument we 
lake y (in place of x). The derivatives of second and higher 
order are thereby transformed by the formulas 


rote Hag, © 
y= 2-5 (FY dX (ar)r ® 
and so forth. 
Example 2. Integrate ihe second-order equation 
у" +90 (7) 
Solution. Applying formula (5), we transform (7) to 
у dy' +y dy=0 (8) 


This is a first-order equation (the variables are y and y’). 
The general integral of Eq. (8) is 


y*@+y=Ci (9) 
Returning to the earlier variables x, V» write (9) as 
i = dx (10) 
yan 


Integrating, we find 
arcsin A x (x4- C9) 


whence 
y C, sin (x С) 


(the sign + is included in the constant Cy). 
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This is the general solution of Eq. (8; it may bi 
formed to 
y—Cssin x4- C, cos x 
where 
C=C; cos С,  C,—C,sin Cs 


496. Second-Order Linear Differential Equatlons 


A second-order linear equation is one of the form 
yc P (x) y’ +Q (х) y—R (x) 
where the functions P (x), Q (x), R (x) do not depend | 
If R (x) —0, then Eq. (1) is called an equation with 
hand member zero; ) if R (x) £0, then it is termed an 
tion with right-hand member. 
The homogeneous equation 


y" +P (x) y' +Q (x) y=0 


has the following properties. 
heorem 1. If a function @,(x) is a solution of Eq. (2) 
then the function Сүф, (x) (C, a constant) is also a solution. 
Theorem 2. If the functions Ф, (х) and Ф, (х). are two 
solutions of Eq (2), then the function Ф, (х) Ф (x) is also | 
a solution. ( 
Corollary. If Ф; (х), Ф, (х) are two solutions of Eq. (2) 
then Суф, (x) + Caa (x) (Су and C, constants) is also a solution. 
Example 1. Consider the homogeneous linear equation 


" LONGE 1 
Vu 0 —sry=0 @ 
Having convinced oneself by verification that the functions X 
and l are solutions, we conclude that the function 
1 
y=Cyx+C, — 


is also a solution of Eq. (3). | 
Note І. The solution y=C,q (x) +- Css (х) will not always 

be a general solution. Thus, the functions Фі (х) =3х an 

[^ (5r are solutions of Eq. (3), the function Ix e 

+ Cae (x)= (3C, 4-5С,) x is also a solution, but not a genera 


*) A linear equation with right-hand member zero is also called 
а homogeneous equation. See footnote on p. 720. 
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pletion (ie two constants Сү, Сз are not essential; cf. Sec. 493, 
aution). 
Note 2. The solution y= Cur (3) -- Cas (х) will not be 
a general solution if the functions Фф, (х), Ф ( are linearly 
dependent, that is if they can be connected. y the relation 
афі (X) F a9 9s (x) =0 (4) 

where at least one of the constants a}, аз is nonzero, 

But if the solutions Ф; (х), Pe (9 are ШЫ independent, 
i. e. if the relation (4) is. possible only when oth constants 
ау, ay are zero, then the function 


y СФ (х) + Cas () 


yields a general solution. 

Example 2. The solutions ф(х) =3х and Pa (х) =5х of 
Eq. (3) are linearly dependen because for ар =5, a4— —3 
or for a4—10, а= — 6, or for a, —15, a,=—9, etc., we 


get афі (x) 4-239 (x) — 0. i 
The solutions p, (х) =3х and Фф (х) = —-5z are linearly 


independent because the relation (4) is possible only for 
a =а==0. Accordingly, the solution y=3C,x+5Cyx is not 


a general solution but the solution y=3C\x—x isa general 
solution. 
The foregoing refers solely to homogeneous linear equations. 


The nonhomogeneous equation 


y +P (х) y +Q (x) 9 — (к) (5) 
has the followi erty. 
aeri yo f (x) is one of the solutions of 


Eq. (5), then its general solution is 
y 01$ (х) Caps (4) +) 00) (6) 


where q, (х) and Ф, (х) are two linearly independent solutions 
of Eq. (2), i. е. of the corresponding homogeneous equation. 
Example 3. Consider the equation 


ytty- iyt @) 


Convincing ourselves by verification that the function 
h(x eh its solution, we conclude that the general solution 
of 


а. (7) is (ci. Example 1) 
у= Сух Са te 


740 HIGHER MATHEMATICS 


Theorem 3 may also be stated as follows: /he general solu: 
tion of a nonhomogeneous linear equation is the sum of some 
particular solution and the general solution of the corresponding 
homogeneous equation. 

Note 3. A second-order (homogeneous or nonhomogeneous) 
linear equation can be reduced to quadratures only in special 
cases, which include the practically important case when the 
coefficients P(x) and ф 
497-499). 


497. Second-Order Linear Equations with Constant Coefficients 
The equation 

V" + py’ + qy — R (x) (1) 
where р and д аге constants and R (x) depends solely on x 
(or is а constant) is called a second-order linear differential 
equation with constant coefficients. Eq. (1) can always be 
reduced to quadratures. And when R (x) =0 (homogeneous 
equation), the solution is not only reducible to quadratures, 
but is also always expressible in terms of elementary functions 
(see Sec. 498). 


498. Second-Order Homogeneous Linear Equations with Constant 
Coefilctents 
Let us consider the equation 
V" + py' +qy=0 0 
where p, @ are constants. We shall seek a solution of the form 
y=erx (2) 
Substituting (2) into (1), we find that the number г must satisty 


the equation 
r+ pr+qg=0 e 
This is called a characteristic equation. 
There can be three cases. 
Case 1. (E= > 0. The characteristic equation (3) has 


‘wo distinct real roots гу, ra (na — + vV (2) —« ). 
In this case we have two linearly independent (Sec. 496, 
Note 2) solutions: y—en*, уе. The general solution 

will be 
Y= Сует + Cerat (4) 


(x) are both constants (see Secs.. 
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Example 1. Find the general solution of the equation 
8y" +2y' —3y —0 (5) 
and also the particular solution for the initial conditions 
%=0, yo — 6, yo. 
Solution. The characteristic equation 
8/2 --2r—3-—0 (6) 


has two distinct real roots: 


-* ——— x 
The functions у= s give two linearly inde- 
pendent solutions. Pii pam solution of Eq. (5) is 


3 
+Cye * (7) 


To find the particular solution, compute the derivative y: 
3 


-5 


1 
yn: 4 (7a) 


Substituting the initial data into (7) and (7a), we get 
the system 


вс 0. 1=401 70 


From it we find C,—2, C,— —8. The desired particular 
solution is 


Case 2. (6) 00, The characteristic equation has two 

equal roots (14 =r =— 4). 

In this case, the solutions ЫШ are linearly 

dependent (they coincide). But now, besides the solution 
D 


ye 0А, there is the linearly independent solution 
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p 
p 
y=xe * . The general solution will be 
Рә 
у= (С, +Сәх)е ? (8) 
Example 2. Find the general solution of the equation 


y" +4y’ +4y=0 (9) 
and the particular solution for the initial conditions xo —0.5, 
yo=0.5, yo — —4, Р 
Solution. The characteristic equation 
rP4+-4rt+4—0 
has the equal roots r,—7,— —2. The functions y=e-%, 


y—xe~** yield linearly independent solutions. The general 
solution of Eq. (9) is 


y=(C1+ Cox) e-2* (10) 
Differentiating, we find 
y' =[—2C, +C, (1—22)] e-?* ue 


Substituting the initial data into (10) and (102), we get 
the system 


0.5—(C1--0.5C9)e-1, | —4— —92C,e71 


From this we find C, =2e, C, = —3e. The desired particular 
solution is 


у= (2e —3ex) e-2* 
or 
y—(2—32) a -2x 
Case 3, (2 '—q <0. The characteristic equation has 
а pair of complex-valued roots: 


ne=—+ + ВІ (1) 


Е: IE 
d AC 
In this case, the expressions 


enx, — grax (12) 


where 
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do not have real values for any real value of x, except x=0. 
But we can now use the functions 


p р 
it =! 
у=е cos Bx, y=e sin Bx (13) 


Substituting them into Eq. (1), we are convinced that each 
of the functions (13) is a solution of Eq. (1). 


In Sec, 498a it is shown how the solutions (13) are derived from 
complex-valued solutions of the form (12). 


The solutions (13) are linearly independent and therefore 
the general solution will be 


p 
——X 
=e 2 (С, соз Вх--Сззіп Вх) (14) 
ог, in an alternative form, 


p 
y=Cse * * sin (Ca+ Вх) (14a) 


(where Сз sinCy=Cy, Ca cos С=С). у 
Example 3. Find the general solution of the equation 


y" - y! +y=0 (15) 
Solution. The characteristic equation 
ptr+1=0 (16) 
1 V3 


has the imaginary roots 71, 3——— 7 t=! The functions 


eulos 3 
ge ? "cos V x and у=е ? sin * 


yield linearly independent solutions. The general solution 
of Eq. (1) is 


py 4 Y3 
y=e 2 " (су cos VS gres ain) (17) 
or 1 
иси 2 sin (a+? x) (172) 


Example 4. Find the general solution of the equation 


y ty 
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Solution. The characteristic equation r*+1=0 has the 
imaginary roots л, з= i (here B=1, EU . The 
general solution is (cf. Sec. 495, Example 2) 

y —C, cos x -- C, sin x 


498a. Connecllon Between Cases 1 and 3 in Soc. 498 


The particular solutions of the form 


ra TEU 
Pi (=e, Os w=" [ ha-- By y (5) -] aq 


which were used in Sec. 498 for Case 1 can also be used for Case 3 
if we introduce complex-valued numbers into the discussion and 
define the complex power of the number e, as was done in Sec. 409. 
Then formulas (1) will be written as 


(8). (--8): " 


Ф, (x) =e + Ф, (х) =е 
where В [-у q- ( T ] and - 5 аге real numbers, The expre- 


ssions (2) represent a pair of complex-valued functions of the real 

argument x. Since these functions are differentiated by the ordinar 

rules (Sec, 408), they are solutions of the equation y”+py’+qy=' 

in Case 3 as well. These solutions do not satisfy us since they ie 

not real. But from them we can derive real solutions. Indeed, apply re 

Euler's formula (Sec. 410) we can represent the solutions (2) in 
the form 

Ф, (x)=e"* (cos Bx+i sin Bx), (3) 

Ф, (x)=e"* (cos Bx—i sin Вх) (4) 

The function Сүф, (x)-C,q, (х) is a solution for any constant 


1 
values of C,, C, (Sec. 496). Putting first Cet .C-- and then 
Gr , а= another time, we get two real solutions: 


е соз Вх апа Duel sin Bx 


They were the ones which were used in Case 3, Sec. 498. 


499. Second-Order Nonhomogeneous Linear Equations 
with Constant Coefficlents 


The general solution of a nonhomogeneous equation 


V" + PV + qy= R(x) (1) 
is obtained with the aid of quadratures from the general 
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solution of the corresponding homogeneous equation 

y A- py' 3 qu —0 (2) 
by the general method given below in Sec. 501. But in many 
practical cases of importance the aim is attained in a тис 
simpler fashion. 

First find some particular solution | (x) of the given 
Eq. (1), then add f(x) fo the general solution of the corres- 
ponding homogeneous Eq. (2). The sum is (Sec. 496, Theo- 
rem 3) the general solution of the given equation. 

The following three rules are used to find the func- 
tion f (x). 

Rule 1. If the right-hand member R(x) of Eq. (!) is of 
the form 


R (x) =P (9e** (3) 


where P(x) is some polynomial of degree m, and if the 
number & is not a root of the characteristic equation 


rit pr+q=0 (4) 
then Eq. (1) has a particular solution of the form 
y* =Q (х) e* (5) 


where Q (x) is some polynomial of the same degree m [the 
asterisk on y is used to distinguish the particular solution 
y* =} (x) of Eq. (1) from its general solution]. 

The coefficients and the constant term of the polynomial 
Q(x) may be found by the method of undetermined 
coefficients. 1 

Note 1. If the factor P(x) is a constant (a polynomial 
of degree zero), then Q (x) is also a constant. 

Note 2 „Тһе rule can be extended to the case when R (x) 
is a polynomial (i.e. k=0). Then the solution (5) is also 


a polynomial. 1 
"Example i. Find the general solution of the equation 
1 
— X 
y—ly-Tw9 (6) 
Solution. The characteristic equation 
n—lr-4-9 (7) 


has the roots гу==1, n= so that the general solution 
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of the corresponding homogeneous equation is 
1 
= xX 


у= Сех +Cye” 6 


[the bar over y is used to distinguish the general solutic 
of Eq. (2) from the general solution y of Eq. (1)]. i 

It remains to find some particular solution y* of Eq. (6 
The right-hand member of (6) has the form (3), and P (x) 
(polynomial of degree zero) and the number kat is not 


root of the characteristic equation (7). By Rule 1, Eq. ( 
has a solution of the form i 


1 
у*= Ае? s (A a constant) 


Substituting (9) into (6), we find 


Equating the coefficients of e? E we get 


A=—6 
The desired solution y* is 
‘ 1 


y*=—6e2 


The general solution of Eq. (6) is 


y” —3y' + 2y — x? + 3х 
The characteristic equation 
r—3r+2=0 


has the roots =l, r,=2 so that (with the notation o 
Example 1) E E 


y= Cye* + Сех 
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The right-hand member of Eq. (14) is of the form (3), and 
P (x) =x? 4-3х and the number k=0 is not a root of the 
characteristic equation. We seek a solution of the form 
yt = Ах? 4- Вх С (16) 
Substituting into (14), we get the equation 
24x2 + (9B —64) x 2C —3В 4-24 = + 3x (17) 
Equating the coefficients of like powers of x, we get 


the system 
2A—1, 2B—6A=3, 2C —3B 4-24 —0 (18) 


from which we find Ac p, B=3, C=4 so that 
y 1034 (19) 


The general solution of Eq. (14) is 
yay ty oe C phapa 09 


Note 3. For the equation yf —9y! = x1 3x 0 it would be 
useless ? to search for-a particular solution of the form (16) 
because the number k=0 is now a root of the characteristic 
equation (72—37 =0). The conditions of Rule | break down 
and we have to app y Rule 2. 
Rule 2. Let the right-hand mgmber of Eq. (1) be of 
the form 

R (=P (х) ekx (21) 


where P (x) is a polynomial of degree m, and let the number 
k be a root of the characteristic equation r+pr+q=9. 
If this root is single (i.e. one of the distinct roots), then 
Eq. (1) has a particular solution of the form 


y* =xQ (x) e* (22) 
where Q(x) is а polynomial of degree m; if k is a double 


—— 


D The equation is solved in Example 3 үш". ОРА 

3) uld occur, In an à tempt to find a 
of the Though no рр УС, we get the following equation in place 
of (17): 

j^ L6Axt(2A-83B)ex* € 3x 

ince the 

It is i sible to equate coefficients of like powers of x, 5 
Нын-һапё member contains a second-degree term which is absent in 


the left-hand member. The attempt failed but no error was committed. 
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root of the characteristic equation (i.e. one of two equal 
roots), then Eq. (1) has a solution of the iorm 
y* —x*Q (x) e** (23) 
Notes | and 2 remain valid. 
Example 3. Find the general solution of the equation 


y"—3y' = х? 4- 3x (24) 
and also the particular solution for the initial conditions 
%=0, yo=l, yo=3 


Solution. Неге, P(x)—x3--3x and the number k=0 
serves as a single root of = characteristic equation 


—3r=0 
(r4 —3, r4— 0). Eq. (24) ie a particular solution of the form 
y* =x (Ах? Bx4- C) = Ax? + Bx*+Cx (25) 
Proceeding as in Example 2, we obtain the system 
—9A=1, —6B--64—3, —3C+2B=0 
from which we find А=— +, B-—mH. c=— h so that 
y-—.9-—g?—5* e5 


The general solution ois Eq. (24) is 


у= C, Съ V 8— 102—5 (27) 
Differentiating, we get 
1 11 11 
#'=3Сүёх—--х%—-х— уу (21а) 


Substituting the initial values into (27) and (27а), we obtain 
the system 


1250: E68 3-36, 


Which yields Csr C,—-— ip; the desired particular 
solution is у= 22 ех— tet pra. 


Example 4. Find the general solution of the equation 
y! —9y! +y — хех (28) 
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Here, Р (х) =х and the number k=1 is a double root 
of the characteristic equation ri—9r-- 120. Eq. (28) has a 
particular solution of the form 
y* =x? (Ax - В) ех = (Ax? + Вх?) e* (29) 
Substitute (29) into (28); the terms in x? and x? vanish 
of themselves and we get the equation 
(6Ax + 2B) e* = xe* (30) 
Equating coefficients of like powers of x, we get the 
system бА = 1, 2B=0 so that 


yt =e we 
The general solution of Eq (28) (see Sec. 498, Case 2) is 
y- (C tem ert y P 30) 


Rule 3. Let the right side of Eq. (1) have the form 


R ys" LP, (0 cos Bet Pa (x) sin B] (32) 
where P, (x) and Р, (x) аге polynomials of degree m, and my. 
Two cases are possible: 
(1) the complex numbers @ + Bi are not roots of the characteristic 
equation r?+pr+q=0; 
(2) the numbers & + Bi are roots of this equation. 19 
in the first case, Eq. (1) has a solution of ihe form 
уе (Qs (x) cos Вх+ Qa (x) sin Bx] 
e degrees of which do not 


(33) 


where Q,(x) Qs (х) are polynomials th 


exceed the highest degrees of my, Ma 

In the scond Seis) Eq (1) has-a solution of the form 
уе хез [Q, (x) cos Bx Qs (x) sin Вх] (34) 

Example 5. Find the general solution of the equation 

уч+у= 10e" sin 2x (35) 


Неге, Р, (х)=0, Р x)z10 (i. е. P, (х) and Р, (х) are polynomials 
of degree ino ‚ а= js 27) The complex numbers 0; + i=] + 2i are 
not roots of the characteristic equation ri412z0. Eq (35) has a par- 


ticular solution of the form 
y* =e” (A cos 2x4 B sin 2x) 


Substituting (36) into (35) we arrive at the equation 
[(- 24+ 4B) cos 2x+(-4A-2B) sin 2х] et=10e® sin 2x (37) 


(36) 


1) The case when only one of the numbers % + Ві is a root of the 
equation ri+pr+qg=0 is impossible (for real values of the coefficients 


р, 9). 
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and get the system 
-2А+4В=0, -4А-2В=10 
which ylelds A=-2, В= ~ 1 so that 
у* = —e? (2 cos 2x -& sin 2x) 
The general solution of Eq. (35) is 


y=C, cos х+С, sin x—e* (2 cos 2x 4 sin 2x) (38) 
Example 6. Find the general solution of the equation 
y”+y=4x sin x (39) 


Here, P, (x)=0, P, (x)=4x [the highest degree of the polynomials 
P, (x) and P, (x) is SAN a=0, hs 1, The complex numbers @ + Bi-ii 
are roots of the characteristic equation r?+1=0. Eq. (39) has a par 
ticular solution of the form 
y* —x [(А,х+ B,) cos х+(А,„х+ B,) sin x] 

=(A,x?+ Bx) cos x+ (A,x? + B,x) tin x (40) 
Substituting (40) into (39), we get the equation 
[4 Aux (2B,-24,)] cos х+[— 4 А,х+(—2В,+2 44)] sin x= 4x sin x «n 
and obtain the system 

4A,=0, 2B,+2A,=0, -4A,=4, -2B,*24,-0 
which yields А,=-1, В,=0, А,=0, B,=1 so that 
уе = -x!cos x-x sin x 
The general solution of Eq. (39) is 
y=C,cos x4 C, sin x+x (—x cos x- sin x) (42) 


Note 4. It the right side of Eq. (t) contains a sum where each 
term is of the form (21) or (32), then Eq. (1) has a particular 3) 
tion constituting a sum of expressions of the form (5). (22). ' 
(33). (34). The coefficients are found as in Examples 1 to 6. 


600. Linear Equations of Any Order 


A linear equation of order n is an equation of the form 


() 
YO e P, (хуу +...+Р„ OER OO 


It-R (x)20, then (1) is called ап equation with right-hand mem- 
ber zero (or Cre i equation), if R (х) #0, then it is an equa: 
tion with right-hand member (or nonhomogeneous equation): | 19:499] 

- The properties of second-order linear equations (Secs. 4 ДО И, 
are extended to higher-order linear equations in the following ЫР 
И 9; (х), Ф, (2), «+ Qn (X) are solutions of the homoge! 
equation © 


y p, (ху YBa. + Py (2) Y=0 
then the function 


у=С{(ф, (х) +С, W+ ...+Слфд (х) E) 
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1 also a solution. This solution will not be a general solution if the 
solutions Q4 (х), Pa (Ds ++, Фп (x) are linearly dependent, le. are 
connected by the relation 


ауф, (х) +4202 (х)+... +0а%п (x)=0 (4) 


where, of the constants а, Ga. ++ +9 ne there is at least one nonzero 
constant. 

But if the solutions 1 (х), Qa Gs sate Фп (x) are linearly inde- 
pendent, i.e. if Eq. (4) is possi le only when all the constants а;, 
dg, 2: Gn аге Zero, then (3) is the general solution of Eq. (2). 

The general solution of Eq. (1) is obtained from some particular 
solution by adjoining it to the general solution of Eq. (2). 

А homogeneous linear equation with constant coefficients 


И ep f paf e ...+ру=0 
is solved with the aid of the characteristic equation 
pna py M par ies opo (6) 


L If all the roots rij far coon rn of the characteristic equation 
are real and single, then the general solution of Eq. (5) is 


(5) 


гах 
paces cS yop m (7) 


1I. И some one real root r has multiplicity k (rum ram E 
then in formula (7) the corresponding terms are replaced by the 


term 
(С++. - 4 Cu 71) eI? (8) 
Ill. If the characteristic equation or a pair of single complex- 
conjugate roots (r4,2=% + Bi), then the corresponding pair of terms 
in formula (7) is replaced by the term 


o@* (C, cos Bx Cs sin px) (9) 


ltiplicity Ё, 
x conjugate roots has mu pli i Y ^ 


IV. If some pair of comple: ery аге feplaced by h 


then the corresponding k pairs of terms in 
summand 


ge pourtant ‚+бх#— 1) cos Вх+ 
4 (Di Dirt -- e Dy 79) sin Bal 
Example. Consider the equation 
yy e enter ty et 


(10) 


a1) 


Its characteristic equation 12) 
згадано Vet 
te imagi- 
has a single real root г=-1 and а pair. of double conjuga 
nary d r=4i. The general solution of Eq- (11) is Y 
= 0 p (Ca + Сах) COS х+(б,+С,®) sin * aa 


For a nonhomogeneous linear equation with constant ЖЕЙ 
(14) 


>, pure RO 
of quadratures. {гот the 


y=Cye 


+ pu” 
the general solution is obtained, by means 
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general solution of the corresponding homogeneous equation by 
a method explained in Sec. 501. But if the right-hand member R (x) 
nas the form P (x) ek? [P (x) is a polynomial], or the more general 
orm 
ех (P, (x) cos Вх+ P, (x) sin Bx] 
or represents a sum of terms of similar form, then the solution is 
сооб 
, Let 

R (x) «P (x) ek? (15) 
where P (x) 1з a polynomial of degree m. Then Eq. (14) has a particular 
solution of the form 

y*-Q (x) eke (16) 
where Q (x) is a polynomial of degree m, provided that the number 


k is not a root of the characteristic equation (6). Otherwise, Eq. (14) 
has a particular solution of the form 


yrt=x'Q (х) e (17) 


where / is the multiplicity with which Ё enters into the number of roots 

of the characteristic equation (cf. Sec. 499, Rules 1, 2 and Examp- 
les | to 4). 
п. Let 

R G)se** [Ps (x) соз Вх+ P, (х) sin Bx] (18) 


where P, (х) and Р, (x) are polynomials of degree т, and m, Then 
Eq. (14) has a particular solution of the form 


y* =e™* (Q, (x) cos Вх+ Qa (x) sin Bx] (15) 


t 
where (x), 0, (х) are polynomials the degrees of which do not 
exceed te highest of the degrees m, and me, provided that the comp 
lex numbers afi are not roots of the characteristic equation (6), 
otherwise Eq. (1) has a particular solution of the form (20) 


y* = хіх [Q4 (x) cos Вх+ Q (х) sin Bx] 


where / is the multiplicity with which the pair of roots с + fi 
enters into the number of roots of the characteristic equation (cl 
Sec. 499, Rule 3 and Examples 5, 6). 


501. Method of Varlation of Constants (Parameters) 


The general solution of a nonhomogeneous linear equation 
is obtained from the general solution of the corresponding 
homogeneous equation with the aid of quadratures. To do 
this we employ the following device. м i 

In the general solution of the homogeneous equation we 
Poe all arbitrary constants by unknown functions, then 
differentiate the expression obtained and subject the unknown 
functions to supplementary conditions that simplify the form 
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of the successive derivatives. Substituting the expressions of 
the derivatives y', 9", y'" and so forth into the given equa- 
tion, we get yet another condition imposed on the unknown 
functions. Then it proves possible to find the first deriva- 
tives of all unknown functions and it remains to perform 
the quadratures. i 

This method is applicable to linear equations of any order 
both with constant and with variable сое ficients. In Sec. 
it was applied to a first-order linear equation. Here, we con- 


sider an equation of the second order: 
y' +P (x) y FQ (x) y R (0 (1) 
Let the general solution of the corresponding homoge- 
neous equation be 
у= (191 (x) + Caps (х) (2) 
We seek the general solution of Eq. (1) in the form of (2), 
now treating Сү and Cs as unknown functions of x. 
Differentiating (2), we find 


y — Cp (0-- Cas HVT Cs (0) 4 Сафа (0) Q) 
We introduce the supplementary condition 
C, qx (x) + Capa (0) —0 (4) 


Then the form of the first derivative is simplified and we 
have 
y Са (4) + Cae (0) (5) 


Differentiating once again, we get 
yaCygi +C qom ore o 09 


After substitution of expressions (2), (5) and (6) into Eq. (1), 
all terms in C, cance [because the function y—91 x) is 
a solution of the equation y' + PY Qy=0); in the same 
way all the terms containing Ca cancel and we get one more 
condition: 
Ci, гд Сах) = К (0 @) 
Conditions (4) and (7) permit finding the expressions of the 
derivatives Cy, Ca and it remains to perform the quadra- 
tures. 
Example. Consider the equation 
у +y=tan x (1a) 
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The general solution of the corresponding homogeneous 
equation is 


y =C; cos x 4- Cs sin x (да) 


where C, and C, are arbitrary constants. We seek a solution 
of (1а) in the form (2a), now treating C, and C; as unknown 
functions. 

Conditions (4) and (7) become 


Ci cosx+ Cy sinx—0, —C; sin х 4-С cos x —tan x (3a) 
Whence we find 


C,—-— tan x sin x, Cs —sin x; 
c=) —tanxsinxdx+C;, C= f sin x dx --C4 


(Cs, C4 are constants). In the given case, the integration 
can be performed in terms of elementary functions. ubsti- 
tuting into (2a), we get the general solution 

y (1n FE tine J- C, ) cos x+(— cos x Са) sinz— 


le sin x 


cos x А 
ws бор. їпх 
cos x In тшту} Сз cos x-FC,8s 


502. Systems of Differentia! Equations. Linear Systems 


A system о} differential equations is a collection of equa- 
tions in several unknown functions and their derivatives, 
each equation having at least one derivative. In practical 
cases, one deals with systems where the number of equations 
is equal to the number of unknowns. 4 

A system is called linear if the unknown functions ап 
their derivatives enter each of the equations only to the ш 

ower. А linear system is of normal form when it is solve 
or all derivatives. 

Example 1. The system of differential equations 


ax ytd 12, (1) 
du n 4х—0у--44-+-1 Q) 


is linear and is of normal form. i 

In this example we have a linear system with constan 
coefficients (the coefficients of the unknown functions an 
their derivatives are constant). 
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We can eliminate from the linear system all unknowns 
(and their derivatives), except one, by adjoining to it the 
equations derived by differentiation. The resulting equation 
will contain one unknown function and its derivative of first 
and higher order. This equation will also be linear and if 
the original system was а system with constant coefficients, 
then the higher-order equation thus found. will have constant 
coefficients. 

Finding the unknown function of this equation, we sub- 
stitute its expression into the given equations and find the 
remaining unknown functions. 

Example 2. Solve the linear system of Example 1. 

Solution. To eliminate y and 4. , differentiate (1). This 
yields 

diy _ dx _ du 

Aat 3 
From Eq. (1) we find the expression of y in terms of !, х 
and a; substituting into (2), we get the expression ra in 
terms of the same quantities. Substituting this expression 
into (3), we get a second-order linear equation: 


d. 
LO Леснар (4) 


By the method given in Sec. 499 we find its general solu 
tion: 
r= Cet + Ce! +" (5) 
This expression is substituted into Eq. (1) and we find the 
second unknown function 
dx Lite Син pe PUE (6) 
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503. Strophoid 


l. Definition and construction. The right strophoid®) (or 
simply strophoid) is defined as follows: take two mutually 
perpendicular straight lines AB, CD (Fig. 479) and on one 
of them take a point A; through this point draw an arbit- 
rary straight line AL intersecting CD at point P. On AL lay 
off segments PM,, PM, equal to OP (0 is the point of inter- 
section of AB and CD). The 
(right) strophoid is the locus 
of points My, Ma. 


Fig. 479 Fig. 480 


The oblique strophoid (бе. 480) is constructed in a simi- 
lar manner but AB and CD intersect at an angle. 

The strophoid was probably first considered by Rober- 
val? in 1645 under the name pferoid.9 The present name 
was introduced by Midi in 1849. 

E ORA niis a 


D From the Greek word meaning "to turn, twist". 


Roberval is the pseudonym of the French scholar G. Persone 
(1602-1675) from the village Uu Roberval. He is one of the founders 
of the method of infinites mals, invented scales named after him. 


9) From the Greek word meaning "wing". 
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2. Stereometric construction. Imagine a cylindrical surface 
witn axis CD (Fig. 479) and radius АО. Through point A 
draw an arbitrary plane K perpendicular to the plane of the 
drawing (the straight line AL is the trace of this plane). At 
the intersection we get an ellipse, the foci M, Ma of which 
describe a right strophoid. 

The oblique strophoid is built in similar fashion; but 
here the cylindrical surface is replaced by a conic surface, 
the axis of the cone (OS in Fig. Oe through O per- 
pendicular to AB; the straight line UV passing through B 
parallel to CD is one of the generatrices. The points Mı, Mg 
are foci of the corresponding conic section; the oblique stro- 
phoid lies on both sheets o the conical surface and passes 
through the vertex S of that surface. 

3. The equation in Cartesian coordinates (with orten at 
O, x-axis directed along the ray ОВ; A0 =a, 4 A0D—a; 
when the strophoid is oblique, the coordinate system is ob- 
lique, the y-axis is directed along the ray Ор): 


y? (x —a) —2x*y cos &.-- x? (a+x)=0 (1) 
For the right strophoid, Eq (1) reduces to the form 
,=®хү 2 Q) 


The equation in polar coordinates (with pole 0 and polar 


axis OX): Mee 
ac Ф 


р==— “cos @ 


Rational parametric representation (u=tan $): 
u?-1 и?-1 
а (кн) DA rien (zi) 
4. Peculiarities of shape. Point O is the node; ! the tan- 
gents to the two branches passing through O are mutually 
erpendicular (both for the right and the oblique strophoid). 
or the oblique strophoid (Fig. 480) the straight line UV 
serves as an asymptote (in the case of infinite recession down- 
wards). Besides, UV is tangent to the ol 
the point S, which is equi istant from A and B. ^ 
In the right strophoid, the point of tangency S goes M 
io infinity (recession upwards) 50 that the straight line 
(Fig. 479) serves as asymptote to both branches. 


1) The node of a curve is а oint through which the curve passes 
two or more times in different directions. 
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5. The radius of curvature at the node of the right stro- 
phoid is 


o=a V 2—0N (Fig. 479) 


6. Areas and volumes of a right strophoid. The area S, 
of loop AOM, is 


S, —2a* —+ ла? 


The volume V; of a solid generated by rotation of the 
loop about the x-axis is 


V, — na? (21n 2—5) = 0.1662? 


The area S, between the branches OU’, OV’ and the 
asymptote (this area extends to infinity but has a finite mag- 
nitude) is 


$,—221 4-3 ла? 


The volume of {һе solid generated by rotation of the 
figure U'OV'VU about the x-axis is of infinite magnitude. 


504. Cissold o! Diocles 


1. Definition and construction. On the line segment Олса 
as diameter, construct a circle С (Fig. 481) and draw throug 
A a tangent UV. Through O draw an arbitrary straight line 
OF intersecting UV at F; this straight line will again inter- 
sect the circle C at point E. Lay off segment FM, equal to 
chord OE, on the straight line OF from point Р in the di- 
rection of O. The curve described by point M when OF 2 
rotated about О is called the cissoid of Diocles after ue 
Greek scholar who lived in the second century B. С. an 
introduced this curve as a graphical solution of the problem 
of doubling (duplicating) the cube.) STAND 

2. Historical background. Diocles defined the cissoid А 
means of a diflerent construction. Не drew the diameter / 
perpendicular to OA; point M was found at the intersect 
of the chord OE and the straight line GG’ parallel to 1 
drawn from point б symmetric to E about BD. The ARR 
curve therefore lay wholely within the circle C. It consiste 
of the arcs OB and OD. If curve BOD is closed by the se 


D In this problem it Is required to find the edge of a cube whose 
volume is twice that of a given cube. 


| 
| 
| 
| 


SOME REMARKABLE CURVES 759 


micircle BAD described by point E, we have a figure shaped 
like an ivy leaf. Whence the name “cissoid” (which in Greek 
means “ivy-shaped”). 

In about 1640 Roberval (and, later, Sluze ©) noticed that 
the cissoid continues without bound beyond the limits of the 
circle if the point E also describes the other semicircle BOD; 
then M lies on the continuation 
of the chord OE. However, the 
name "cissoid of Sluze” that 
Huyghens suggested did not 
stick. 

3. Equation in rectangular 
coordinates (with origin at 0, 
axis of: abscissas the x-axis): 

сайынгы, 
Y —3a-x 

In polar coordinates (with 

pole O, polar axis OX) we have 
& 2a зіп? р 
7. eos 9 


The rational parametric rep- 
resentation (u=tan q) is 


z= 2a Meret x 
=a’ Yau 


4. Peculiarities of shape. The 


meatu n 0A, 
cissoid is symmetric about А Fig. 481 


O is а cusp-point? (radius ` of curvature Ro=9). 
Construction of tangent. To construct a po 
cissoid at its point M, draw MP 107. Let P, 

of intersection of MP and the straight lines OX, OY. Lay off 

from point P on the continuation of segment QP a segment 

PK=PQ. Construct км MO end CoN pu ps LE. 

i о ап 5 

не rct ini oM cissoid. The desired tangent 

i N. 

МТ в рете и P between the cissoid and its 

to infinity) is finite; it is three 


1) René F. W. de Sluze (1622-1685), Duteh scholar, follower of 
Descartes. 


2) For a definition of cusp-point see Sec. 507, Item 4. 
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times the area of the generating circle C: 
S=3na* 


6. The volume V of the solid of revolution of the above- 
indicated strip about the asymptote UV is equal to the vo- 
lume V’ of the solid of revolution of the circle C about the 
same axis (Sluze): 

V=V’=2n%a5 


When this strip is rotated about the axis of symmetry 
we get a solid of infinite volume. 

The centre of gravity H of the strip between the cis 
soid and its asymptote UV divides the segment OA in the 
ratio ОН:НА=5:1 (Huyghens). 

8. Relationship with parabola. The locus of the feet of 
perpendiculars dropped from the vertex of a parabola (y? — 2px) 
onto its tangents is the cissoid 


res 
y=——— 
Gar 


505. Leaf of Descartes 


1. Historical background. In 1638 Descartes, in an attempt 
to refute Fermat's rule (which he misunderstood) for finding 
tangents, suggested that Fermat 
find the tangent to the, line 
x8 y8—nxy. In our ordinary 
interpretation of negative coor 
dinates, this curve, which in the 
.l8th century was given the name 
of the folium of Descartes (leaf 
of Descartes), consists of a loon 
OBAC (Fig. 482) and two infinite 
branches (O/, ОГ). But it was 
Huyghens who first (1692) rep- 
resented it in this form. | 
curve x8--y8—=nxy had up till 

IE then been depicted in the form 
of four petals (one of these being 
OBAC) symmetrically arranged in the four quadrants. 
was thus given the name “flower of jasmine”. : 
3 9. The equation of the leaf ot Descartes is usually writ- 
en as 


хз - p y= 3axy @) 
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The coefficient За expresses the diagonal -of the square 
рове side is equal to the largest chord OA of the loop so 
а 
3a 
0A-— 75 (2) 
In polar coordinates (with pole O and polar axis OX) the 
equation is { | 
. За соз os no 
P= совт Q4 sin* Ф 6) 


The rational parametric representation (u=tan Ф) is 


3au 3au* 
San mc (4) 


a node. The tangent 


Peculiarities of shape. Point O is 
h the coordinate axes- 


lines passing through О coincide wit 


Fig 483 


The straight line ОА (y=x) is the axis of symmetry. The 
/3a За\ farthest from the node is called the vertex. 


point A (7 f 
The straight line UV (xtyte=0) is the asymptote of both 
ry. If the 


infinite branches. 

3, Equation with respect to the axis of symmet 

axis of symmetry OA is taken as the x-axis and if we direct 
the x-axis {rom the node O (origin) to the asymptote 
(Fig. 483), then the leaf of Descartes will be given һу the 
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= 1+х 
y try BE 6 


where l = yan. 
The corresponding equation in polar coordinates is 


LL (sin? @—cos* p) 
7 3 sin? @+cos* Ф 


The rational parametric representation (u=tan Ф) is 


equation 


u'-l u (u*-1) 


=l gai Y=! Gurl 


3a 
8Y2 


4. Radius of curvature: at the vertex, Ra= 
o 
ya" 
5. The area S, of the loop and the area S, (infinite) of 


the strip between the infinite branches and the asymptote 
are equal and are given by the formula 


3 1 ү 
$,725-$ a-(4) 

6. The largest diameter of the loop is 
BC—- V2 y 3—3 ~ 0.4481 


Its distance from the node is * 


Lr 
=; 8 


the node, R—— 


DO-— + УЗ x 0.5771 


7. Construction. To construct a leaf of Descartes ү 
diameter of loop l, draw a circle A ol radius АО==1 ant 
a stralght line GH parallel to AO. Then draw straight b 
nes AA’ and OE perpendicular to AO and mark the points 
A’, E of their intersection with GH. Finally, lay off on ү 
OA the segment ОР==ЗОА and draw the straight line FE. 
The required line is now constructed from points as follows 

Through O draw any straight line ON and through poin 
N where this line meets (a second time) the circle ht 
NQ | AA’. Join point Q, where NQ intersects the straigh 
line OF, to A’ and mark the point К where QA’ inter- 
sects FE. Draw the straight line AK to intersection with the 
straight line GH at the point Q'. Finally, lay off on the 
straight line OA the line segment OP, equal to segment A’Q 
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and in the same direction. The straight line M,M, drawn 
through P parallel to AA’ will intersect the straight line ON 
at point М1. This point (and also poin a which is sym- 
metric to it about АО) belongs to the sought-for line. 
When point N emanating irom Q traverses circle А coun- 
terclockwise, point M, describes the trajectory ABOI 


606. Verslera 
1. Definition. Let there be constructed (see Fig. 484) on 


a segment OA=a (as diameter) а circle and let the half- 
chord BC be continued to point M defined by the proportion 


вм:ВС=0А:0В 


When point С traverses the circle ОС,С», point M descri- 
bes a curve called the witch of Agnesi of versiera, aiter the 
Maria Gaetana Agnesi (1718-1799) 
in a manual on higher mathematics 


widely used in its day- 


" ted the following simple 
2. Construction Agnesi sugges following, erset- 


construction of the versiera. Let L be the р 
tion of the straight line OC and the straight line UV tan- 


ү И i 
pun exu doe LM nd CB lies on the versiera. 


oin 
In doing the construction, it is well to bear in mind the pecu- 


liarities of the shape 0 the versiera 


O O {{ 
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3. The equation (with origin at О; the tangent line ХК 
to the generating circle at point О is the X-axis) is 


а? 
== a?+x? 


(а= ОА is the diameter of the generating circle). 

4. Peculiarities of shape. The diameter OA is the axis of 
symmetry of the versiera, which lies entirely on one side of 
the straight line X'X. This line is asymptotic. to the ver 
siera. The versiera has two points of inflection: My (7 


За Ros 5 э фа у, They are constructed as indicated 


above if point C is brought to coincidence with one d 
the points Сү, C, ( 46, — 4б, => . The angles a, % 
made by the tangents M,F, M,F with the axis X'X are 
found from the formula tan о з= T A To construct the 
tangent lines M,F, MaF, it is sufficient to lay off the segment 
AF = on the continuation of the diameter OA. 


At the vertex A, the centre of curvature K of the ver 
siera coincides with the centre of the generating circle 9 


that the radius of curvature Ra=AK= +. Therefore near 


Es ue А the versiera is practically coincident with the 
circle. 

5. The area S of the infinite strip between the versiera. 
and its asymptote is equal to four times the area of the gè 
ne circle: S= ла? (cf. Sec, 327, Example 4). 

6. The volume V of the solid of revolution of the versier? 
about the asymptote is equal to the doubled volume ‘ie 
the ЖЫР of revolution of the generating circle about 
same axis: 


a zas 
Lee vett 
The solid of revolution of the versiera about the axis o 
symmetry has infinite volume. " 
7. Historical background. The curve given by the equ 


tion I= is first encountered in Fermat's works. I 
the thirties of the 17th century he found the area bounded 


an arc of this curve, by two ordinates and the axis i 
abscissas (at that time the problem was of considerable d 
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ficulty since methods of integration were just bein develo- 
ped). A construction of the yersiera and а num its 
properties were given in 1718 by the Italian scholar G. Grandi, 
who gave it the name uyersiera”, In Italian this word means 
"witch", and Grandi, undeterred by the ambiguity of 
word, generated the term sinus versus (versed sine): in 
Grandi's day, the segment BC was called the sine of the 
arc OC, апа the segment BA was called the versed sine. 
The curious name of witch of Agnesi which is still encoun- 
tered in mathematical works apparently has no historical 
justification. 


507. Conchold of Nicomedes 


|. Historical background. Nicomedes, an ancient Greek 
scholar who lived between 250 and 150 B.C., gave the name 
conchoid to the curve [e in 
Fig. 485) because of its si- ү, 
milarity to the shape of a mussel 
shell, He introduced this curve 
as a graphical solution to the 
problem of trisecting an angle a. 

As we now know, this prob- 
lem can be solved with stra- 
ightedge and compass only 
for a specially chosen angle @ 
үн example for a= ). Thus, 
the problem of trisecling ап 
angle a=5 cannot be solved 
with straightedge and compass 
alone (that 13, "t we consiruct 
only straight lines and circles). 
However, the problem can 
solved if we invoke other cur- 
ves, for instance the conchoid. 
To construct it, Nicomedes built 
a special instrument called а 1 


) a men 
le O (Fig. 485) draw an arbitrary 5 
“Ыш The Dus line at point М. On ON lay off, oa 
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either side of N, the line segments NM,=NM,=1. The 
locus of the points M,, Mg.is now called the conchoid of 
Nicomedes. The curve described by the point lying on the 
continuation of the seginent ON beyond point N (poig М; 
in Fig. 485) is called the outer branch of the сопсі oid; the 
curve described by the other point (M, in Fig. 485) is cal- 
led the inner branch. К 

Note. Nicomedes himself (and later mathematicians up to 
the end of the 17th century) gave the name conchoid to 
the curve which is now termed the outer branch. The inne 
branch was regarded as a special curve and was called the 
second, third or fourth conchoid, depending on the реси 
liarities of its shape (see below). © 7 

3. The equation (with origin at the pole О, the x-axis 
directed along the ray OB, and point B as the projection 
of the pole on the base line) is 


(ea)! баи) =P? p 
where a (=OB) is the distance from the pole to the bas 
line. 1 

Strictly speaking, this equation represents a figure consi 


sting of two branches of the conchoid and the pole O, which 


may not belong to the locus defined above (see Fig 
below). olar 

The equation in polar coordinates (with pole О and р 
axis OX) is 


asit 0 


cos p 


int 
where Фф varies from a value фо to Ф,4-27, and the d 
M (p. 9) describes both branches of the conchoid. hs 
passes through the value =, the point M makes а ү 
from the outer branch to the inner branch (goes to -T— 
upwards and "appears" from below). The transition is $ 


) 
lar for =F from the їппег branch to the outer branch. 


ich 

* Taken separately, neither the outer branch nor the inner bran 
can be represented by an algebraic equation. and ne 
*) In Eq. (2). the radius vector 9 takes оп both positive use the 
Bative values (see Sec. 73, Note 2). To avoid this, we can 485) 


equation р = —°— 4. in place of (2). However, when [> a (Fig. 


Positive values of p on the inner branch are attained because Kh a 
Passes through the nodal point its polar angle ф jumps by 
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Unlike Eq. (1), een (2) represents a figure containing 
Ene points whic satisfy the definition of the con- 
choid. 

The parametric equations are 


=a 4+! cos Фф, y=a tan o+/ sing (3) 


4. Peculiarities of shape. The conchoid is ТИШЧЕ about 
the straight line OB; this line intersects the conchoid at 
oint O ard at two other points: A, C (vertices). The base 
ine UV is asymptotic both to the inner and the outer branch. 
The shape of the conchoid (its inner branch) is essentially 
piens m the relationship between {һе segments a (— OB) 
an = 5 

fores > 1 (Fig. 485), the inner branch has a loop 
(OCM,); the point O is a node. i 

The slope of the tangent lines OD, OE at the node is 


vi-a’ 
66 


{ап а= t —, 


To construct tangents at the point O it suffices, at points D 
and E on UV, to strike arcs of radius | from ihe centre O. 
The greatest diameter GH ої the loop is 


GH=2( jah — aj!) (I p al) (4) 


It is associated with the abscissa ха==0Ё =(Иау"—! and 
the polar angle 9o; defined by the formula cos Qg— — a:l) '*. 
In Fig. 485, where l:a=2, we have 


3 
GM = 1.114, ха z;—0.59a, cos Qa —— y 0.5, 
Фо ^* 142°30' 


(2) When /:a—1 the loop of the inner branch shrinks to 
the pole O and becomes а cusp» (Fig. 486); the tangent at 
this point coincides with OX. 


n 
a result, the range of the angle Ф consists ol the interval (C 
зл 


л 
+) and oí some portion of the interval (++ т) Besides, 
ta certain values о! 9 we have to take both signs + in iront of h, 
or other values, only the plus sign. ү е direc 

1) А cusp ol а curve is à oint on the curve such that the 
tion of motion along the cine is reversed in the form of a Jump. 
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(3) When l:a < 1, the inner branch does not pass through 
pole O (Fig 487); this point is an isolated point! of 
curve (1). | 

5. Points of inflection. There are two points of inflection 
P, Q on the outer branch (Figs. 485-487). On the inner 
branch, there are points of inflection (P, Q’ in Fig. 487) 


y Ü 


V y 
Fig. 488 Fig. 487 


only when the pole is an isolated point. The abscissa X1 | 
the pair of points P, Q and the abscissa x, of the pair 
points Р”, Q' may be found from the equation 


33 — Sa3x + 2a (a3 — 12) =0 (5) 

(1) For l:a > 1 (Fig. 485), Eq. (5) has a unique root х, 
lying between а V 3(—OR) and a-+!(=OA) and the closer 
toaY 3, the less /:а differs from 1. Thus, for /:a—? 
(Fig. 485), Eq. (5) is of the lorm (=) (=)= eR 
The root x, lies between a V 3 and 3a. Utilizing these 


et to 
int of a locus is called an (solated point (with respect ПО, 


3) A po 
that locus) if it is the centre o1 a circle within which there are 
Points of the given locus. 
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рече and applying (twice) the formulas of Sec. 291, we 
n 
x, е 2.3ба (== OS) 


(2) For /:а=1 (Fig. 486), Eq. (5) assumes the form 
—3a%x—0, It has three real roots x,—aY 3, x,—0, 
x,——a V 8. The first yields the abscissa OR of the points 
of inflection P, Q; the second y| 
is associated with the cusp О; 
the third is not associated with 
any point of the conchoid. 

(3) For l:a<1 (Fig. 487), 
Eq. (5) has three real roots, 
of which the first x, (—0S) 
lies between a(—0B) 
aV 3(=OR); neither does it 
exceed the line segment a+ 
+1(=0А). The second root 
X (=0Z) lies between а—! 
(=0C) and а (both roots are 
the closer io a, the less l:a 
differs from zero). The third root 
ху is negative. The root x; gives 
ihe abscissa of the points P, Q; 
the root x, the abscissa of the ly 
points P^, Q'. The root xs is not Fig. 488 
associated with any point of the 4 
conchoid. Thus, for /:a=0.5 (Fig. 487) we have the equation 


x MS x Ж. 
(2) —3 (2) +15=0 

Between a and a-++-/=1.5a lies the root Ху ~ 1.38a (= OS). 
which yields the points of inflection P, Q. Between a—l= 
=0.5a and a lies the root x, + 0.57a em it yields the 
points P’, Q^. The third root (xs & — ae is negative. 

6. Property of the normal. The normal to a conchoid at 
a point M (Fig. 488) passes through the on N’ of inter- 
section of two straight lines, one of which is a perpendicu- 
lar to ОМ drawn through the T O and the other is a per- 
репа to um ine UV drawn througn the point N, 
where UV meets { 

7. Construction of a tangent. In order to build a tangent 
to a`conchoid at a point M, join M and the pole 0. dini 
the point N of intersection of the straight lines 0M, 
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draw a straight line NN' | UV and through the pole 0a 
straight line ON’ | OM. Join the point N’ of intersection of 
these straight lines to M. The straight line N'M will be the 
normal to the conchoid. Drawing MT | N'M, we get the 
desired tangent line. 

8. Radii of curvature at the points А, C, О: 


(l +a)’ ((-a)* 
Ra=——, Rce=——, Ro 


Thus, for Ї==2а (Fig. 485) 
Ra=4.5a, Rc=0.5a, Ro—a]3 
9. The area between the asymptote and one of the bran 


ches of the conchoid (outer or inner) is infinite. 
The area S of the loop is 


S—a Y ?—a?—2al In 
Thus, for /—2a (Fig. 485) 
S=a| V3—4 In +V 34-42 |= oe 


10. Generalized conchoids. If in place of the straight line 


UV we take a curve L and otherwise retain the дейпш 
‘af the conchoid of Nicomedes, we get a new curve calle 
‘the conchoid of the curve L with respect to the pole 0 


An instance of a generalized conchoid is the limagon “ 
Pascal (see Sec. 508). 


pt V-a 
e 2a 


14+VP=a? 


a 
2 — 
= -+ [*arccos Т 


508. Limacon. Cardlold 


1. Definition and construction. Given: point О (pole) 8 
circle К of diameter OB—a (Fig. 489) pound through, tne 
[ше (base-circle; it is shown dashed in the drawing), an ight 
ine segment /. From the pole О draw an arbitrary stralg s 
line OP. From point P, wher the straight line OP іаво 
‘the circle a second time, lay off, on both sides of Р, M 
line segments PM,— РМ»==1. The locus of the points ГУН" 
Ms (heavy line in Fig. 489) is called the limaçon of Pa и 
in honour of Etienne Pascal (1588-1651), father of the 
lebrated French scholar Blaise Pascal (1623-1662). ү {ран 

The term "limagon (i.e. snail) de monsieur Pascal" ( 
cal's limacon) was suggested by Roberval, a contemporary 
and friend of Pascal. Roberval regarded this curve as one 
the types of generalized conchoid (see Sec. 507). 
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WT 
Fig. 489 
2. The equation (with origin at the pole О, x-axis direc- 
ted along the ray OB) is 
(t+ yt — ax P 02-0) (1) 
Strictly speaking, this equation is a figure consisting of 


Pascal’s limagon and of the pole O, which may not belon 
to the above-defined locus (such is the case for curves 3 ап 


4 in Fig. 489). 
The equation in polar coordinates (with 0 as pole and 
OX as polar axis) is Q 


р==асоз p+! 


where ф varies from а value фо to Фо 2л. ) 


1 For L <a (heavy line іп Fig. 489), 
ненә Бо positive Vnd negative values. oa eae EH 
ake advantage of the equation p=l+a cos Ф, . 
certain [ec Eu similar to those pointed out in the footnote 
relating to Item 3 of Sec. 5 
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In contrast to (1), this equation represenls a figure con- 
taining only those points which satisfy the definition of 
Pascal's limaçon. 

The parametric equations are 


х==а соз? p+ l cos Q, |. 8) 
y—asin pcos p+ sing f 
The rational parametric representation («tan y. is 
1-и? 
х у 0+9) +02 la | " 


у= 29501049) 0801—90) J 


3. Peculiarities of shape. Pascal's limaçon is symmetric about 
the straight line OB. This line (the axis of the limacon) in- 
tersects the limaçon: (1) at the point О (if this point belongs 
to the limaçon); (2) at two points A, C (vertices). The shape 
of the line depends on the relationship tetween the segments 
а (—0B) and l (= AB = BC). à E 

(1) When a < 1 (curve 7 is heavy; for it l:a=1:3), 
Pascal’s limacon intersects itself at the node 

1 m yat) 
C соѕ Фа у, SnG SEa 
forming two loops: an outer Joop OHA,GO and an ing 
loop OH'C,G'O. The slope of the tangent lines OD, : 
the nodal point is 


tang. i 2020 — 2 4) 


To construct tangents it suffices to draw chords ОР, on H 
length l in the circle К. The points G, H of the outer loop 
most distant from the axis are associated with the value 


cos ф= 2841-1025 0.62) 


To the most distant points G^, H’ of the inner loop there 
corresponds the value 


cos p= = Hat (= 0.80) 


d 

зу Thus, the polar angle of point б” is the angle between OX an 

irte] opponit The ray OG^ end not the angle XOG’ (see Sec: 13, 
ote 2). 
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The corresponding value of the radius vector is 


pg =а tos Par + УР (s, 0.462) 

(2) When Lazl(curve 2 in Fig. 489), the inner loop 
shrinks to the pole and becomes à сизр where motion along 
the ray OX is reversed, The points L, N farthest from the 
axis are associated with the values 


л 3 3 
ф= т, pg х= 74 =. 


Curve 2 is called а car dioid (heart-shaped, the term was 
first used by de Castillon in 1741). It is shown separately 
in Fig. 490. 

(3) When 1 < Га < 2 (curve 3; for it [:а=4:3), Pascal's 
limagon is a closed curve without self-intersection; it tears 
itself away from the pole and encloses the latter. Points 
L' and N’, farthest from the axis, are associated with the value 


cos qa et hos ~0.45 ). The limaçon loses the 
cusp and acquires inflection n 

points R, Q, to which cor- 
responds the value cos PRF 
=— ID . The angle 
ROQ (—2n— 29n) at which 
the segment RQ is seen from 
the pole, at first increases 


irom zero to 2 arccos 2 = 


(х: 39°40’) as lia increases. 
To this value there corres 
ponds t:a=V 2. As l:a incre- 
ases further, the angle ROQ 
decreases and tends to zero Fig. 490 


For l:a=2, the inflection P 
with the vertex C (the cR 4 eats 
i i e and re 

limagon becomes oval in shape Meer The Points 


all values of lia > 2 (curve 4; 107 Ў n 
E”, N" which are бё! from the axis, are associated with 


the value 
yT8a- | (=+) 
c0sQ-— 11 \ ? 


C becomes Zero). The 
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4. Property of the normal. The riormal to Pascal's limacon 
at a point M (Fig. 490) passes through the point N of the 
base-circle K, which is diametrically opposite to the point 
P, where OM meets the base-circle. 

5. Construction of a tangent. To construct a tangent line 
to Pascal's limaçon at a point M, join M and pole 0. Join 
N of the base-circle K, which is diametrically opposite to 
point P, to M. The straight line MN will be the normal fo 
үе limaçon. Drawing MT | MN, we get the desired tangent 
ine. 

6. The radius of curvature at points A, C, O is 


Lo day -a my Р ЕШ | 
КА= Tria. Кс= за’ Ro—3 Vat 


The last expression assumes that [<a (for / >a, the 
point O is isolated from the limacon). In particular, for the 
cardioid (=a, points О and C coincide) we have 


Ra=+ a, Rc=Ro=0 


7. Areas. The area S described by the radius vector of 
the limaçon in one complete rotation is 


S=(7a +H) x [2] 


(Roberval). 

In the absence of a loop (/2-4), S expresses the v 
bounded by the limagon. In the case of a loop, we have tl 
equation 


S=S1 +S: 
where S, is the area bounded by the outer loop (including 


the area of the inner loop), 5; is the area of the inner loop 
alone; separately, the areas S;, $; are expressed as 


= (+ +) pts! Уа 18 (5а) 
where Фф; = агссоѕ (=>): 
S=(Fe+!) p4! VHP (6b) 


where Фф;==агссоз + ^ 
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For the cardioid 
S(—$)— 3 ла? 


That is, the area of the cardioid is equal to six times the 
area о} the base-circle. 

8. In the general case, the arc length of Pascal's limacon 
is not expressible in terms of elementary functions. For the 
cardioid, the arc length s reckoned from vertex А (p=0) is 


s=4asin $ 


The length of the entire cardioid is 8a, i. е. it is equal 
to eight times the diameter of the base-circle. 

9. Relationship with circle. The locus of the feet of per- 
pendiculars dropped, from some ps 0, onto tangents to 
a circle of radius r centred at is Pascal's limagon. If 
point O lies in the plane of the circle B, then O is the pole 
of the limaçon, the base-circle is constructed on the seg- 
ment OB—a as diameter; the constant line-segment l, which 
is laid off on the polar ray, is equal to the radius л of 
circle B. : 

When point O lies on circle B, Pascal's limaçon is a 


cardioid. 


509. Cassinian Curves 


1. Definition. A Cassinian curve is the locus of points M 
for which the product MF;: МРз of the distances to the ends 
of a given segment F,F3—2c is equal to the square of the 


given segment a: 
MF,:MF,=@ 


The points Ру, Fa are called foci; the straight line FiFs is 
called the awis of "ihe Cassinian curve; the midpoint O of the 


segment ЁЁ» is the centre. 

2. Historical background. The celebrated astronomer Gio- 
vanni Domenico (Jean Dominique) Cassini (1625-1712) be- 
lieved that the curve bearing his пате was. capable of repre- 
senting the earth's orbit better than an ellipse. This became 


known in 1749 from a publication of Cassini, Junior (also 
a notable astronomer). Although the Cassini hypothesis was 
not vindicated, the curve he discovered became the subject 
of numerous investigations. It is often called the oval of 
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Cassini, though actually it is not always oval in shape" 
(see below). 

3. Construction. Оп F,F,—2c as a diameter (Fig. nn 
construct a circle О. On its tangent F,K take a ѕертепі 
F,K=a. Laying off from point O segments OA, and ОА», 
equal to OK, on the axis F,F,, we get the points Ау, А, of 
the Cassinian curve which are farthest from the centre 
(04, =0A,=V +a). 


Fig. 491 


If a<c, as in Fig. 491, then we additionally eontra 
a circle of radius a with centre at О (shown dashed in Rig, d ) 
and draw from A, to it a tangent line A,T. At the inter- 
section with the base-circle О (с) we get points Po, Qo. From 
one of the foci, say Ру, lay off, in the direction of О, tins 
segments F,B, = A,P, and F,B,— A,Q,. We get points Ву, E 
which are least distant from the centre (ОВ, —0B,— Уа 4 
But if ac, the least distant points Су, C; (Fig. 492) 
lie on the axis of symmetry OY of segment РР» at a E 
of FC, = FC, =a from the foci Р, Р, (ОС, —00,— Y 02—09). 
The points Ау, А, and By, В, (or Ci, Сз) are called 
vertices of the Cassinian curve. i 
Through the point A, (or А») draw (Fig. 491) an arbitrary 
secant line A PQ of the base-circle О (c); in the case of a < 6 


ht 
1) An oval is a plane closed curve with the property that а straig! 
line cannot have more than two common points with it. An oval curve 
cannot have points of inflection, cuspidal points, or nodal points. 
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we confine ourselves to those secants which also intersect the 
supplementary circle O (a). From focus F; as centre describe 
а circle of radius r==A,P, and from F, a circle of radius 
r'=A,Q. Their points Mi, Ms of intersection belong to the 
Cassinian curve. interchanging, polni F, and Fs, we get one 
more pair of points Ms, Ма. The desired curve is the locus 
of the points Му, Му, Ms, Ма. 

4. The equation (with O as origin and FF, as axis of 
abscissas) is 


(x2 p yy 28 (ty) ate @) 
The equation in polar coordinates (with O as pole and OX 
as polar axis) 15 
p — 2c*p? cos 29--c —a*—0 (2) 
or 
p? —ci cos 2p + V а — c sin? 29 (3) 


The double sign is taken when à < €, otherwise we take 
the plus sign only (or p would be imaginary). j 

5. Peculiarities of shape. The Cassinian curve is symmetric 
with respect to the straight lines OX and OY and, hence, 
about the point О. Р 

For а < c, the Cassinian curve consists of a pair of sepa- 
rated ovals. (In Fig. 492, the pair of ovals Ly, 1л correspond 
to the value a—0.8c; the pair Ls, Ly, to the value age) 
For a> c, this is a closed curve (for а==1.1с the curve ы, 
for a=c V 2 the curve Ls, for a=c үз the сык LB 
In the boundary case, a=<¢, the Cassinian curve is the - 
niscate Ls (cf. definition of the lemniscate). When increas ng 
a tends toc, the vertices Аз, Аз tend to coincidence wi 


i i d the vertices By, Ba 
the vertices N,, Ns of the lemniscate, dno vers Nor Ба tight 


with the nodal point 0; the right ov 
loop of the bed: 'and the left one to the left loop of the 
lemniscate. 

The segment а increases; when it exceeds с, rg Yd 
than c V 2 (с<а<с 2), the Cassinian Curve ч 
Fig. 492) Bn four symmetrical points of акаа 

a Ds, Da; though closed, it is not an ova finitesimal а—с. 
at the vertices Су, Са is infinitely large for in ond 
But when a increases and tends to cy 2, the curva 


the points Cy, Cs tends to zero. 


Y Some straight lines, like, for example. 
Cassinian curve at four points. 


D Da intersect the 
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The boundary Cassinian curve corresponding to the relation 
a=c V 2(L, in Fig. 492), and all the other curves (2 » c Y 2) 
are ovals. But the boundary oval has zero curvature at the 
vertices E}, Е; (at these points, the points of inflection of 
the curve L, are pairwise coincident, while at the points of 
inflection the curvature is always zero). 


Fig. 492 


6. Greatest diameter. For ac V 2, that is, for all oils 
exterior to the boundary oval L;, the greatest diameter 
0,6,—2 V a3—c? lies on the y-axis. Now any Cassinian curve 
lying inside the boundary oval (both interior and exterior {0 


a 
the lemniscate) has two greatest diameters KyKg=KsKa=7° 
They are symmetric about OY and are distant 


GETI 


ORi= 2с 


from the centre O, Their extremities Ку, Ks, Ks, Ка lie 01 
the base-circle О, which is the locus of those ропа at whi 
кш io the Cassinian curves are parallel to the x-axis. 
Each such tangent is “double”, i. e. it touches the Cassinian 
curve at two points K,, K, symmetric about OY. 
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7. Radius of curvature: 
mE. mST atp 
R= даж api  p*-*c* соз 29 (4) 


In particular, at the vertices A(p- Yd, =), 
B (p— V F=, ф=0), c (p- V aie. Ф=+): 
аз Устай а Уса? Уа? сї 
Вд=—узфа ' Ra— amus Re= aet 
. 8. Points of inflection. The polar coordinates of the inflec- 
tion points Dy, Ds, Ds, Ds are defined by the formulas 


w= EE. woy se) © 


The locus of the points of inflection is a lemniscate with 
vertices Ey, Es (not indicated in the figure). 

9. Construction of a tangent. In order to construct a tan- 
gent line to a Cassinian curve at a point N (Fig. 491), extend 
the segment F,N beyond point М to a distance NF — NF. 
Through points F-and Р; draw straight lines РН and FH, 
perpendicular respectively to F,N and FN. Then join their 
intersection point H io N. The straight line NH is the de- 
sired tangent. 

If the straight lines FH, F,H intersect at an inaccessible 
point, then the segments NF, NF, may be decreased propor- 


tionally. 


510. Lemniscate of Bernoulli 


1. Historical background. In 1694, James Bernoulli, n» ina 
paper devoted to the theory of tides, utilized as an auxiliary 
device a curve which he specified by the equation x*-- y^ = ` 
= ау? — y’. Не noted the similarity of this curve (Fig. 493) 
and the figure eight or the bow of a ribbon to which he gave 
the name lemniscus (a pendent ribbon), whence the name 
lemniscate. The lemniscate became popular in 1718 when the 
Italian mathematician G.C.Fagnano (1682-1766) established that 
the integral which represents the arc length of the lemniscate 

) J 4 f Swi: mathematician, 
pupil aad MS n ня ^ Б, атое the infinitesimal calculus 
and its applications. The founder of the theory of probability in which 
he formulated and proved the theorem bearing his name (“law of large 


numbers”), 
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is not expressible in terms of elementary functions, and ne 
vertheless the lemniscate may be divided (by straightedge and 
compass) into л equal arcs, provided that n=2” or 3-2" or 
5.2", where m is any positive integer. 

The lemniscate is a particular case of the Cassinian curve 
(Sec. 509, Item 6). However, though the Cassinian curves were 
widely known from 1749 onwards, it was only in 1806 that 
the Italian mathematician Saladini established the identity 
of "Cassini's figure-of-eight" and Bernoulli's lemniscate. 


Fig. 493 


2. Deflnition. The lemniscate is the locus of реш for 
which the product of the distances to the ends of a eed 
segment F,F3—2c is equal to c?. The points Fy, Р; are шч 
the foci of the lemniscate; the straight line FF, is calle 
its axis. E | 

3. The equation (with origin О at the midpoint of seg 
ment F,F, and axis OX directed along F;F;) is 


(х2 + à)? = 2c? (x — у) (1) 
The polar equation (with О as pole-and OX as the polar 
axis) is 2) 
p? = 2c? cos 29 ( 
n 
The angle q varies in the intervals (к f £t and 
су бл 
etg 


Rational parametric representation: 
x=cV2 ere y=cV2 Hu (— о <u<+ o0) (3) 


Iput? la! 


where the parameter и is connected with q by the relation 
и? — tan (4—9). 
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4. Construction. We can use the general method of соп- 
structing Cassinian curves, but the method given below 
(Maclaurin's) is simpler and better. Construct (Fig. 493) a 


circle of radius em with centre at point F, (or Рз). Draw 


an arbitrary secant line OPQ and lay off on it, on either 
side oi O, segments OM and OM, equal to the chord PQ. 
Point M will describe one of the loops of, the lemniscate, 
point M, the other. 

5. Peculiarities of shape. The lemniscate has two axes of 
symmetry: the straight line РЁ; (OX) and the straight line 
OY | OX. Point O is the node; both branches have an 
inflection here. The tangents at this point form with the 
x-axis angles + A Points A;, Аз of the lemniscate which | 


are farthest from the node О (vertices of the lemniscate) lie 
on the axis F,Fs at a distance с}? from the node. 

6. Property of the normal. The radius vector OM of the 
lemniscate forms with the normal MN an angle 14 OMN=y), 
which is twice the polar angle p(=Z M): 

y=Z OMN =29 
In other words, angle Z XNM- between the x-axis and 
the vector NN’ of the outer normal of the lemniscate at 
point M is equal to three times the polar angle of point M: 
B—39 

7. Constructing a tangent. To construct a tangent line to 
the lemniscate al point M, draw a radius vector OM and 
build Z OMN=2 Z XOM. The perpendicular MT to the 
straight line MN is the desired tangent line. 

8. The greatest diameter ВО Такт (Fig. 493) ser- 
ves as the base of an equilateral triangle with vertex 0. 

9. The radius of curvature is 


10. The area S of a polar sector А:ОМ is 
504) — sin 29 —0K-F.K 
K is the projection of focus Ё. on the vector radius OM). 
In p SSOR a perpendicular F,K dropped from а focus 
of the lemniscate on an arbitrary vector radius OM bisects 
the area of the sector A,OM. 
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The area of each loop of the lemniscate is 2S т)=© 


11. Relationship with hyperbola. The locus of the feet of 

рейши dropped from the centre O of an equilateral 

yperbola with vertices A, А; on its tangents is a lemnis 
cate with those vertices. 


611. Spiral of Archimedes » 


1. Construction. To construct ап Archimedean spiral with 
given parameter &, draw from centre О (Fig. 494) ап arbit- 
rary circle, say a circle of radius ОМ =. 2 4 

Divide it by the points bo, b; ёз, bs ...9 into an 
arbitrary number л of equal arcs (we took n— 12). On ту 
Ob, lay off segment OA,=2nk (the lead of the spiral). 
Divide it into the same number of equal parts. On rays 


Ob,, Obs, Obs, ... lay off segments 0D,— + OAs; OD, = 


== 0A, „... We get points Dy, Dz, Da, ... of the first 


revolution of the spiral. Points Ej, Ез, £s --- of the second 
revolution are obtained by laying off, on extensions of the 
segments OD,, Ор, ODs, ... , the segments D,Ey, Р.Е» 58 
equal to the lead OA,. We get the points of subsequen 
circuits in similar fashion. M h 

2. Peculiarities of shape. Any ray. OQ with origin at the 
pole О has, besides О, an infinity of points Qi, Qs ү 
which are common to the spiral. Two successive ро 
Qi, Qi+ı are spaced by the lead а (—2khn). The tangent. 0 
the spiral at point O coincides with the initial straight. il) 
OX (this is good to bear in mind when constructing a spira | 
The tangent line MT, at an arbitrary point M of the spiral, 
is obtained from the straight line MO by revolving 
through an (acute) angle OMT=a, for which 


OM. е сй. 
tna=-; =r? 


For p— œ, the angle œ tends to 90° and near point M 
M Me of the spiral becomes more and more like the arc 
a circle. 


1) First read Sec. 75. ; we 

3) It is more convenient to take a circle of greater radius of 
took a circle of radius & simply because it will be needed in the seas 

4) Point 6, is not marked in the figure since it lies inside the 
Eod ШШЕ) D, (the distance baD; amounts to about 5% 0 
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3. The property of the normal. The normal MN drawn 
through point M of an Archimedean $ iral with lead a in- 
tersects the straight line ON, perpendicular io the radius 


vector OM, at point N which is distant ON zz (= 180) 
from О. 
ngent. To construct a tangent ata 


4, Constructing a tal 
point M of an ‘Archimedean spiral (see Fig. 494), turn ray 


Fig. 494 


OM about point O through an ange-- 75. Join point N, 
where the turned ray intersects а circle of radius k centred 
at O, to M. The straight line MN is normal, to the spiral. 
Constructing MT М, we get the desired tangent line: 
The tangent to the left spiral (see Sec, 75 and Fig. ) is 
built in a similar manner, with the sole difference, however, 
that the ray OM is rotated through an angle — 7 * 
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5. The area S of sector MOM’ (if the polar angles of the 
points" M, М’ differ at most by 2л) is 


=F oH +e”) @ 


where p—0M, p'—0M', o= MOM'. A 

Geometrically, the sector of an Archimedean spiral is 
equal in area to the arithmetic mean of three circular sectors 
in which the angle is the same as in the sector MOM’, and 
one of the radii is equal to the radius vector OM, 
another, to the radius vector ОМ”, the third to the mean 


proportional V OM-OM' between them. у 

6. The area of circuits. Formula (1), for p=0, p'—4 
@=2n, yields an area S, of the figure OD,D.QA0 
(Fig. 494) bounded by the first circuit of the spiral and by 
the segment ОА,: 


S,—4- 181i—4 Si @ 


where 51 is the area of a circle of radius ОЛ,. 

The area S, of the figure A,E,HA,A;, bounded by the 
second circuit and by the segment АА; (р=2, P =, 
@=2n) is 

7 e 
S= з ла%=т; Ss (9 
where S; is the area of a circle of radius OA. : " 

Generally, the area 5, bounded by the nth circuit of the 
spiral and by the segment ОА„ is expressed as 


$,— == ша a mpm s, 0 


5s 
where S, is the area of a circle of radius OA; | 

7. Areas of rings. Let us use the term first ring of an 
Archimedean spiral for the figure formed by the motion 0 
a segment of the polar ray between the first and second er. 
cuits when the polar ray turns through 360° from its in! M 
position, To traverse this figure along its perimeter, we ay 
to trace out segment 4,0, then the first circuit 00:41 0) 
the spiral, then the segment 4,4, and, finally, the secon 
circuit AsHQ,A, (retrograde motion). the 

The second ring is similarly formed by the segment of 
polar ray between the second and third circuits. It is boun- 
ded by: (1) segment A,A,, (2) the second circuit, (3) Se& 
fasion) з, (4) ihe third circuit (traversed in retrograde 
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The third, fourth, etc. rings are defined similarly. 
The area F, of the nth ring is given by 
Е„=8һ+1—9п=6П$ 
Неге => na? is the area of the first circuit (zeroth ring). 
The properties in this and the preceding items were 
discovered by Archimedes. 
8. The length / of the arc OM is 
k Vario. кысы 
= [p УТ +n РУ) |= 
1 [рур 22 p+ Ур] 
азс l- 


at k | tan æ seca in (tan a+ sec o2] 


where œ is the acute angle between the- шай) line MT 
(Fig. 494) and the radius vector OM, ог a= Z ONM. 
9. The radius of curvature is 


^ 
(p? kt) /* ttt)? Lg quus 125 
= prk? =k Q2 — sect atl 


At the initial point, Rz 


512. Involute of a Circle 


1. Mechanical formation. Closely related to the Archime- 
dean spiral is another spiral, called the involute of а ae 
This is a curve described by the extremity M (Fig. 495) o 
a taut string LM unwinding from (or winding onto) Tor 
lar spool DoLLy; in the latter case, point M moves in the 
opposite direction). Р : 

Geometrically, this property !s expressed as lo 

9. Definition. Let point L start from an initi DM 
Do and repeatedly describe ra се i: radius k(k is 
parameter oi the involute of the circte)- 

LH lay off, in the direction opposite to that of оао 
segment LM, equal to arc. Dol iraversed by be рош d: 
The involute of the circle is the curve described by po 1 
The am circle has an ШШ Ч ү ру) 
io all possible positions of the іп a o). 

Depending in whether the point L is rotated САРП 
or counterclockwise, we get а right involute of the 
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(D,MP in Fig. 495) or a left: involute (DoQ). Ordinarily, 
the two involutes of a given circle are regarded as two 


branches of a single curve. 
3. Construction. Divide the given circle into п equal 
arcs Dob, ===... =bn Ds. On the tangent drawn 


Fig. 495 


through D, lay off a segment DoEo=2ak. Partition it into 
{һе same number of КАШ paris: 


Doa, —a,05—... ==а„—\Ёу 


On the tangents drawn through the successive pins 

1» ба, b ..., lay off (in the direction opposite b. 

displacement of the point of tangency) segments 6,D,, Us» 

з" ---, Tespectively equal to the segments Doain rat 
oas, .... We get the points D,, Da; Ds, ... of the E 

circuit БУРЕ» of the involute of the circle. The points ai 
E Es, ... of the second circuit are obtained by laying 
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on extensions of the segments b,D,, 005, БО, ... the 
segments D,E,, DsEs, DsÉs, ..- sp to DoEo. The points 
of the subsequent circuits are found in similar fashion. 

4. Peculiarities of shape. By virtue of the general proper- 
ties of the involute of any curve (cf. Sec. 347, also Sec. 346) 
the involute of a circle possesses the following properties. 

(a) The involute of a circle intersects all tangents to the 
circle at right angles. In particular, the involute makes a 
right angle, at the initial point Do, with the tangent DoFo. 

(b) Conversely, the normal MH іо the involute serves 
as a tangent to the circle. Then the point L of tangency is 
ihe centre of curvature of the involute so that the segment 
ML is the radius of curvature of the involute: 


R—ML (1) 
In particular, at the initial point D, the radius of curvature 
of the involute is zero: 

Ro=0 2) 

(c) The radius R of curvature of an involute increases 

with recession of M from the initial point; its increment 

R,—R=M,L,—ML is equal to the length of the corres- 
ponding arc LL, of the circle: 

R, —R=ÃÍ, (8) 

In particular, on the segment DoM of the involute the incre- 

ment in the radius of curvature is equal to Rm—Ro=Rm 


and 
Rm=DoL=ka (4) 

where a= / D,OL is the angle of rotation of the radius OL 
from the initial position ODy. * 

(d) By construction, ап involute does not go inside 
circle O. Therefore, when point M passes through the initial 
point Do, the direction of motion is reversed, that is, Do is 
a cusp of the involute. 


medean spiral. Let us com- 
5. Relationship with the Archime Ap agire 


i iral having the same para- 
the right (left) Archimedean spiral ha іе [Sie Mus 


= i d 2ла= DE 
meter k=0D, (i. e. with lead 2na oF) АВ e Fig. 495) 
ircle їп the direc- 


1 Тай 
dius OD; ШШ АЧИ. viden ihe involute inde nitely: 
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the shortest distance of point G to the involute (it is mea- 
sured by the segment GM of the normal LH to the involuie) 
constitutes only 1% of the lead of the spiral at the end of 
the first circuit. 

On the other hand, the radius vector ON of the spiral, 
which forms an angle of —90?(-1-90?) with radius OL, is of 
the same length ka as the segment LM. This means that the 
foot of a perpendicular dropped from centre О onto the tangent 
MT to the involute describes an Archimedean spiral. 

6. The polar equation of the involute of a circle (with 
pole O as centre of the given circle and with the polar axis 
OX directed along the initial radius OD,) is 


__ Ура 03 k 5 
Ф=——;———агссоз —- © 


where & is the radius of the circle. 
7. The parametric equations are 


x=k(cosatasina); y=k(sina—acosa) (6 
where а= / DOL. Lal 
8. The arc length s of D,M is 
s=- kat gy Tran MES (n 


2 ek 2. OL 


To obtain a segment of the same length, draw a straight line 
MV | OM to intersection at the point V with the exten 
of the radius OL. Half the segment OV is equal in length to 


the arc DM: 
в=бЬМ =+0Vv 6 


9. The area S of the sector DOM described by the radius 
vector, and also the area 5; of the curvilinear triangle L d 
whose base is the segment LM and whose lateral sides ari 
the arc Dol of the circle and the arc DyM of the involute, 
¥ ae the area of the triangle OMV (constructed п 

ет 8): 


S—S,— 4 area ОМУ =~ каз 9 
10. Natural equation of the involute of a circle. The irt 
ral equation of a curve is that equation which relates 


length s of its arc „М, reckoned from some initial point Moi 
to the radius R of curvature at the point M. The natura 
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equation of the involute of a circle is 
R3—2ks (10) 


It is obtained from (4) and (7) by eliminating о. 

11. Kinematic property. In the language of kinematics, the 
natural equation (10) expresses the following property: if the 
arc oi the involute of a circle rolls (without sliding) along a 
straight line, then the centre of curvature L corresponding to 
ihe point of tangency moves along a parabola with parame- 
er k. 

19. Historical background. The involutes of various curves 
were first studied b Huyghens in his celebrated study of the 
clock pendulum (1 73) (cf. Sec. 514, Item 17). The basic 
properties of the involute of a circle were discovered by the 
French scholar La Hire (1640-1718) and described in a paper 
in 1706. Property 5 (Item 5) was found by Clairaut (1713-1765) 
in 1740. Property 9 and also the kinematie interpretation of 
the natural equation (of any curve) were pointed out by 


513. Logarithmic Spiral 


1. Definition. Let a straight line UV (Fig. 496) rotate 
uniformly about a fixed point O (the pole), and let a point М 
move along UV. receding from 0 at arate proportional to the 
distance OM. The curve described by M is called a logarith- 
mic spiral. 

2. Basic geometrical property. Rotation of the straight line 
UV їгот any position through a given angle o (— 90M, 
is associated with one and the same ratio OMy:0Mo of the 
radius vectors. Put otherwise, if a pair of points Mo, M, of 
the logarithmic s iral is seen from the pole at the same angle 
as another pair at points No, Ni of the same spiral, then the 
triangles ОМоМ and ONoN, are similar. p 

The ratio q of a finite radius vector (0A) to the initial 
radius vector (ОА) for а rotation of the straight line 
through an angle --2x will be called the coefficient of growth 
of the logarithmic spiral. 

3. Right-handed and left-handed spirals. If recession of 
point M from the 09% О is accompanied bya counterclock- 
wise rotation of 
q > l; fora left-handed spi- 
1, the spiral degenerates into 4 circle. 


—_ 
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If the product of the coefficients of growth of a leff-anda 
right-handed spiral yields 1, 


then they may be brought to 
coincidence if one of them is turned over. 


I 
MI 

M 
MI 
Ma 
vi 
| | 


Fig. 496 


4. Construction. To construct a right-handed logarithmic 
spiral with a given coefficient of growth 9,1) divide Тү; 
circle with centre at O into n—2* equal parts by the peng 
Bo, By Ba, В... in a counterclockwise sequence. 


1 
ЧУ The left-handed spiral with coefficient of. growth T is built in 
the same way. 
?) When ‘buildin 
By, 


g a left-handed spiral, the points Bo Bu B» 
++ are in a clockwise sequence. 
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definiteness, put n==2'=16. On ray ОВ, take an arbitrary 
point A, and lay off the segment OÀ, — q04,. On the segment 
OA, as diameter, construct a cirele O' and draw АК | 0A 
to intersection with this circle at the point К. The circle of 
radius OK will intersect ray OB, at point D, belonging to 
the sought-for spiral; the same circle will intersect ray ОА, 
at a point L. Draw LK’ | OA, to intersection with circle O' 
at point K'. The circle of radius OK’ will intersect the ray 
OB, at the point Dig belonging to the desired s iral, and it 
will intersect the ray OA, at some point L’. Throug it we again 
draw L'K". | OAy, etc. We thus get the points Dy, and Dis. 

An infinity of other points of the spiral lying on the 
straight lines ВВ, ВВ», elc. ma be constructed as follows. 
At point Da, construct the angle / 00,0 equal to the 
angle / ODssDia; at the intersection with ‘the ray OByg we 
obtain point Djs of the required spiral. At point A, we con- 
struct Z 0A,Q'— Z 001541} at the intersection with the ray 
OB, we get the point E, etc. ; 

5. The polar equation (the pole coincides vith the pole of 
the spiral; the polan axis is drawn through an arbitrary point 
М, of the spiral). is 

ES 


0==р04 (1) 


where po — OM, is the radius vector of the point Me and q 


is the coefficient of growth. c ‚ 
Example. The spiral constructed in Fig. 496 (q=38) is given 


by the equation 


? 


p— оа". 


If for the polar axis we take the гау ОВ, then Pp=OAo- In 
particular, putting p=, We get р=ро V 3—0Ds; for 
ф = 2. we have po 3—0D,, etc. 
Ordinarily, Eq. (1) is written as 
p— poe^* (2) 


where k is a parameter which is expressed in terms of the 
coefficient of growth g as 
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Conversely, 
q— etka (4) 


The geometrical significance of the parameter & is read from 
the relation 


k=cota 5) 


where a= Z ОМТ is the angle between the straight line ОМ 
and the tangent MT (see Fig. 497). 

The parameter & is positive for right-handed spirals and 
negative for left-handed spirals. 

6. Peculiarities of shape. For an indefinite number of 
counterclockwise (clockwise) revolutions of the straight. line 
UV, the point M, which 
describes a right-handed 
(left-handed) spiral, rece- 
des without bound from 
the pole, sweeping out an 
infinity of circuits. In the 
case of an indefinite num- 
ber of circuits in the oppo- 
site direction, point 
approaches without bound 
the pole О, but does not 
coincide with O for any 
position of the straight 
line UV. Thus, the spiral 
performs an infinity o 
circuits about the pale 
However, the length of the 
arc described by M in this 

Fle. 497 operation and reckoned 
from some initial position 
Ay of point M increases, but not without bound. It tends 
to a certain limit s which is called the length of the arc OAy. 
The name is symbolic because, strictly speaking, the point 
does not lie on the logarithmic spiral, 

7. Tangent and arc length. The angle æ(= / ОМТ), 
through which the straight line UV must be rotated about 
point M of the logarithmic spiral (Fig. 497) so that UV coin- 
cides with MT, is the same for all points of the spiral. 
Segment MT of the tangent from the point of tangency to 
intersection with the straight line OW drawn through the pole 
O perpendicular to the radius vector OM has the same length 
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s as the arc of the spiral from point М to the pole О: 
; 0M = МТ (6) 


С cosa 
where p is the radius vector ОМ. 
The length s of any arc LM of the logarithmic spiral 
5 — Ta 20 00-050 
Т, T8) m7 (7) 
That i IM 
at is, the arc length LM is proportional to the difference 
of the radius vectors at the end-points of the arc. In order 
to construct a line-segment of the same length, itis sufficient 
to lay off on the larger radius OM a segment OP equal to 
the smaller radius OL, and draw through P a straight line 
PH perpendicular to OM. It will intersect the tangent 


at some point H. MH is the desired segment. 
ressed in terms of the coefficient of 


(8) 
еге q—0A1 :049—3, 


cot =114 


For the spiral shown іп Fig. 496, wh 
we have 


19:35, 

сої®==ззд ^ 0.1748, 
a = 80°5' 

and the sectorial area. The area 
described by the radius vector OL (Fig. 497) when point T 
starting from some initial position M, unboundedly а proaches 
the pole O along the logarithmic spiral, tends to the finite 
limit S (sectorial area). "The sectorial area at the deg M is 
one half the area of the characteristic triangle OMT formed 
by the radius vector OM, the straight line OW perpendicular 
to it, and the tangent MT: ` 


sat Somt=+ p? tana (9) 


where р is the radius vector of point M. 

The area 5 ої any sector LOM (we assume that OM is 
the greater radius and that Z д 
absolute value) is one half the area of the trapezoid | 
(Fig. 497) which will be cut out of the characteristic ШР 
OMT if on OM we lay ой а segment OP = OL and draw 
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PK || MT: i 


S= Ѕәмтк= 41 (02—02) tana 


where p,, рз are radius vectors of the points L and М.Л 
9. The radius and centre of curvature. The centre of cur 
vature C, which corresponds to point M of the logarithn 
spiral (Fig. 497), lies at the intersection of the normal MC 
drawn through M, and the straight line OW drawn throug! 
the pole perpendicular to the ra ius vector OM. The тай 
of curvature "MT 
PME: 
~ sina 
This equality is evident from the triangle COM. Н 
10. Evolute. The locus of the centres of curvature C 
(evolute) of a logarithmic spiral is a logarithmic spiral 
Obtained from the original spiral by rotation about the polt 
through the angle 


®:= (2n 4- 1) 5— tan «In tan 


where n is any integer. Thus, if the original spiral intersects 
radius vectors at an angle a=45°, then it is coincident with 
its evolute in a rotation about the pole through an angl 


=F, or o=5F, or o=—32, etc. In particular, 


evolutes, These are the spirals for which the angle œ satis! 
one of the equations 


tan a In tan a= (21-1) 5 


where n is an integer. " j 

11. The natural equation (i.e. the equation ess | 
arc length and the radius of curvature; cf. Sec. 512, Item 10) 
(1 


R=ks (=scot a) 
It follows from (6) and (11) and is evident from the triangle 
CMT. 


12. Kinematic Property. In the language of kinematics, - 
Eq. (13) expresses the following property: if an arc of thee 
logarithmic spiral rolls (without sliding) along the straight - 
line AB, then the centre of curvature corresponding to ei 
point of tangency moves along a straight line inclined at an 
angle of Z—a« to АВ. 
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13. Cartographic property. A spherical curve intersecting 
the meridians at a constant angle œ (this curve is called a 
loxodrome) is projected from the pole Р of a sphere onto 
the plane of the equator as a logarithmic aar the pole of 
the spiral lies at the centre of the sphere. he meridians are 
projected as rays directed along the radius vectors of the 
spiral. These rays are intersected by the spiral at a constant 
angle œ at which the loxodrome intersects the meridians. 

14. Historical background. In 1638 Descartes found that 
a spiral whose arc grows in pd to the radius vector 
has the property that its tangent forms a constant angle 
with the radius vector. At about that time Torricelli, inde- 
pendently of Descartes and in much more detail, made a 
study of the properties of the «geometrical spiral” (which 
was the name he gave the curve that he determined by means 
of the construction described in Item 3 above). orricelli 
pere geometrically the properties given in Items 6 and 7. 
n 1692 James Bernoulli discovered Properties 8 to 11 and 
a number of other properties of this "spira mirabilis" (won- 


derful spiral). The term “logarithmic 5 iral" (the angle bet- 
ween the radius vectors is proportional to the logarithm of 
Р Và n 1704. Later, the lo- 


their ratios) was given by arignon i 
garithmic spiral was the subject of numerous investigations. 
Thus, its kinematic property (Item 12) was discovered by 


E. Catalan in 1856. 


514. Cycloids 


1. Definition. А cycloid is a curve described И а poni 
(Fig. 498) fixed in the plane of a circle (the generatíng circle) 
when the circle rolls (without sliding) along some straight 
line KL (directrix or беши, 

If a point M describing the cycloid is taken inside the 
pg ici circle (i.e. at a distance CM —d from the centre C, 
ess than the radius r), then the cycloid is called curlate 
(Fig. 498a); if it is taken outside the circle (е. d > r), the 
cycloid is prolate (Fig. 4986); and if the point M lies on the 
circle (i.e, d — 7), then the curve described by this point is 
termed a common. cycloid (Fig. 498c) or, more often, simply 
a cycloid (cf, Sec. 253). 


9 Fi the Greek meaning "oblique course". It ts the path of a 
ag which. dui ше аш AL a constant angle not equal to a right 
angle. 
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Example. When a railway car moves along rails, an inte- 
rior point of a wheel traces out a curtate cycloid, a point 
on the outer rim, a prolate cycloid, and a point on the cir- 
cumference of the wheel, a common cycloid. 


[ЯЛ 45 


(c) 
Fig. 498 


The starting point of a cycloid (А in Fig. 4982) is а 
point lying on the straight line (СО) connecting the ws 
Cy of the generating circle and the point of its support 0), 
and is located оп the same side of {һе centre С, as the рої 


of support 0. Point B in Fig. 498a-c is also a starting 
int, 
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The initial points of a common cycloid (Fig. 498c) lie on 
the directrix and coincide with the corresponding points of 
support of the generating circle. 

The vertex of a cycloid (D in Fig. 498a-c) is a point lying 
on the straight line С'0” connecting the centre C' of the 
generating circle and the point of support O' but located on 
the extension of segment C'O' beyond point Сл 


Fig. 199 


Segment AB, which connects two adjacent starting points, 
is called the base-line of the cycloid; the perpendicular DF 
dropped from the vertex of the cycloid onto its base-line is 
the altitude. The arc traced out by the point M between two 
adjacent starting points is called a cycloidal arch; the straight 
line UV traced out by the centre C of the generating circle 
is the line of centres of the cycloid. К 

9. Construction. To construct а cycloid using the radius л 
of the generating circle and the distance d of the point M 
(which describes the cycloid) from the centre C of the gene- 
rating circle, first draw (Fig. 499) the line of centres UV. 
From some point Со (on this line) as a centre, draw a circle 
of radius d.) Label one of the ends of its diameter, which 
is perpendicular to UV, as Mo. This will be the vertex of 
the desired curve. 

Divide the circle Со into an even number, 2n, of equal 
ares (we have taken 2л==16) making Мо one of the division 
points; label the division points 0, +1, +2, ... Еп (the 


*) In th f the common cycloid, this is the circumference of 
the Kei erar Generally, however, neither the generatin sie 
nor fhe directrix participate in this construction. In Fig, | y 
are shown as dotted lines for the purpose of pictorialness only, 
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points +r and —n coincide). On the line of centres, to the 
right and left of Co, lay off segments CoA’, CyB’, equal to 
semicircles of the generating circle: 


CoA’ =C,B' = л 


and divide each of the segments into п equal parts. Denote 
the points of division by C41, Сіз, ..., Can (the points 
Cn, C-n coincide, respectively, with A’, В”; positive num- 
bers on the straight line UV and on the circle Co are asso- 
ciated with points lying on the same side of the straight 
line СМ»). Through points /, 2, 2, ... of circle Co к 
straight lines parallel to the line of centres (they гере ү 
pass through the points —/, —2, —3, ...), and from points 
C41, Съз, ... draw semicircles of radius d whose Шш 
аге күш to UV and which are concave towards the 
point C,. e C 

Mark points M,, M_,, where the semicircles Cj, 3 
meet the straight line drawn through the points +/, t 
then mark the points M;, M-a, where the semicircles g 
С. meet the straight line drawn through the poly io 
—2, and so on. All the points Mi, M-i, Ms, M-s ad 
“a е on the desired cycloid. At points My, M-n we 
its starting points A, B. 

That is де one arch of the cycloid is constructed ш 
points, To construct adjacent arches, we have to contine 
series of points C as shown in Fig. 499. These points le C 
{о be numbered írom the beginning again. The dedit 
need not be drawn anew since the straight lines parallel 
the line of centres remain the same. d pscissas 

З. The parametric equations [where the axis of a sie 
is the directrix KL; the coordinate origin O is a pa di- 
of one of the starting points (A in Fig. 498a-c) on 
tectrix KL] are (0 


x—rp—dsing; y=r—d соѕ ф 
where p= < МСЕ' is the angle of rotation of the generating 
circle reckoned from the position in which the point M 
cides with the starting point A. 

For the common cycloid (d—7) 


x-—r(p—sing)  y-—r(1— cos Ф) (1a) 


4. Peculiarities of shape. The cycloid extends along на 
straight line KL in both directions to infinity. Any m 
reckoned from any starting point A is associated with a Ое 
metrical arc reckoned from that same point in the oppo 
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direction; АС, is the axis of symmetry. The cycloid is also 
ht line DF drawn through any one 
of the vertices perpendicular to the directrix. 

By displacement along the line of centres over a distance 
which is a multiple of 2д/ (the length of the generating 
circle), the cycloid is brought to coincidence with itself. By suc- 
cessive displacements through the distance 4-21 we can obtain 
the entire cycloid from any one of its arcs corresponding to 
a change іп the parameter from some value P=@o to a va- 
lue p=Qo+2m, say from ф=—л to p=% or from p=0 
to p=2n. 

The cycloid lies inside a strip bounded by the straight 
lines y=r-+d and y=r—d. The rst touches the cycloid at 
each one of its vertices. The second passes through all the 
starting points; it is tangent to the cycloid when this cycloid 
is curtate or prolate. For the common cycloid, the second 
straight line (y=0) coincides with the directrix and is per- 
pendicular to the (one-sided) tangents at the starting points 
of the cycloid. 

5. Nodes. The prolate cycloid always has nodes. The 
number and location oi the nodes depend on the ratio 
d:r (=A). So long as this ralio does not exceed the number 
Хо = 4.60333...,) all the nodal points are located on the 
straight lines x= 2kar (k is an is ud and one node lies 
on each one of these lines: point A, (Fig. 498b) on the 
straight line x=0, point B, on the straight line х==2л/, elc. 

These points may be found by solving the equation 


o—Asin ф=0 (2) 


which, in the case at hand, A< ho, has a unique positive 
root q, located in the interval (0, л). The values P= ап 
ф=—Ф‹ correspond to {һе point A; on thearch ADB (0 < 9 < 
and on the neighbouring arch (—21 «9€ DA 
Example 1. Let d—1.43r, as in Fig. 498b. Solving 
Qa) 


q— 1.43 sin ф=0 
we find the 


(by the method indicated in Secs. 288-289), 
value q, = 81°, which corresponds to ine porns A; (on arch ADB). 
We find the ordinate уу of point A, from the second equa- 


tion (1): 
yp=04 =r (1— 1.43 cos ф;) = 0.78r 
ee 
1) This irrational number is equal to sec 00, where o is the least 
Á ion tan a-a=¥. 
Eur р 0 rou Ав associated with the starting point A, 
which is not a nodal point. 
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The nodal points of the given cycloid are 
(2nkr, 0.78r) 

Now let the ratio À lie in the interval 
м< 


where А, = 7.78968; © then besides the above-considered no: 
des there appear nodal pointson the straight lines x— (24-1) ur, 
one pair of nodes on each of the straight lines: points Py, 
P, (Fig. 500) оп the straight line x—:v, points Qy, Qa on 
the straight line х==—л/, points R,, А, on the straight 
line x=3mr, etc. These points may be found by solving the 
equation 
ф—А sin ф=л 8) 


which in the case at hand has two positive roots: Ф, n 
Both roots lie in the interval (2л, Зл) and correspond to Pe 
points Py, Pa on the arch BD"N, which intersects d 
arch LD'À here; ? it is separated from BD"N by one inter- 
mediate arch ADB. 

When A lies in the interval 


Ay € AS s 


where Лә = 14.102...,3) fresh nodes appear in the ey 
this time again on the straight lines x—2£:v, one ан 00) 
each of these straight lines: the points A», As (see Fig.* ht 
on the straight line x —0, the points B2, Вз on the stralen 
line х:==2лг,‚ the points Ls, Ls on the straight line rod 
etc. These points can be found by solving Eq. (2), whic ii 
the case at hand has three positive roots (not one, 2? E 
Example 1). The smallest root Фф lies in the interval (онун 
and corresponds to the node A, (Fig. 500) lying at the iE 
section of the adjacent arches ADB апа LD'A. The o "i 
two roots Ф, Фф; lie in the interval (2л, Зл) and Ore 
to the points A», А, lying at the intersection of the 20 fe 
BD"N and LD’’S, which are separated by two intermedia 
arches (LD'A and ADB). J ires 

As the ratio 4 continues to increase, the cycloid nm. 
ever fresh pairs of nodes: first, one pair of points each 
жш а cs uud 


i) This irrational number is equal to sec оң, where о is the least 
positive root о! е equation tan a —-o-—7. K 
*) If A=ho, then points P, and P, coincide, so that the arches BD’N 
and LD'A contact one another. d (in 
?) The number A, is equal to seco, where а, is the зесо топ 
den of Increasing absolute value) positive root of the eq 
-@=0. 
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the straight lines x--(2&--1)m (these are the points of 
intersection of two arches separated by three intermediate 
arches), then one pair of points each on the straight lines 
х==2Ёл/ (here, two arches intersect which are separated by 
four intermediate arches) and so om alternately. 

Example 2. Let A=8 as in Fig. 500. Since this value of 
4 lies in the interval (Ay, Ag), the given prolate cycloid has 


Fig. 500 


three nodes on each of the straight lines +=2kar and two 
on each of the straight lines x= (2k-+ 1) л 
The nodes Ау, Аз, Аз on the straig 
found from the equation 
ф—8 зіп p=0 


fi 
ht line x=0 are 


(2b) 
Its roots are 

qu — 15940", pa — 360? + 69°30’, = 360? + 95°54’ 

The ordinates of the points Ay, As, Аз are found from 
the second equation (1): 

y,=0A,=" (1 — B cos фу) = 8.507 

and, similarly, 
Ja OA, = 1:807, уз == ОАз = 1.83r 
The nodes Ру, Pa on the straight line х==л аге found 


f t tion 
rom the equati m (да) 


Its roots are f LN 
pi — 360? + 26°49, qa = 360° + 136721 
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The ordinates of the points Ру, Р, will be 
yi —0P, я —6.14r, у= OP = 6.79 


Each arch of our cycloid has 10 nodal points (on arch 
ADB, the points Qj, La, Ls, Qs, A, and, symmetrical to 
them, the points Ri, Ns, Ns, Rs, B3). 

Neither the curtate cycloid nor the common cycloid has 
any nodes. Е 

6. Cusps. As the outer point M ої the generating circle 
approaches the circle described by M, the prolate cycloid 
(Fig. 498b) tends to coincidence with the common cycloid 
(Fig. 498c). In the process, the loop with the nodal point А, 
shrinks {о point О, which becomes а cusp of the common 
ошо when passing from the arch (—2n, 0) to the arch 
(0, 2x), the direction of motion of point M is reversed. 
oints ф:==2Ёл (and only these points) of the common Tin 
oid are cuspidal points. Prolate and curtate cycloids do no 
have cusps. id 

7. Points of inflection. On every arch the curtate Dur. 
has two points of inflection (Lı and La in Fig. 40826 е 
СОРОТ values of the parameter q are determine from 
the equation 


а 
cos Ф 


For the cycloid depicted in Fig. 498a, where d—0.6r, we 
have cos 9206. The ок L, is associated with the, value 
Qi x 52°25, the point Ls with the value фз = 127°35'. The 
coordinates ху, y; of the point L, are 


xy —rq9—d sin p=r (q—0.6 sin q) ~ 0.43r, 
gi—r—d cos p=r (1— 0.6 cos p) = 0.637 
The coordinates of the point La are 
XaQ—2n— x, x 5.857, уз 0 ~ 0.63r 


8. Properties of normal and tangent. The normal MN 
(Fig. 498a-c) of any cycloid passes through the point of sup 
port E' of the generating circle. The tangent line үр 
(Fig. 498c) of the common cycloid passes through point №, 
which is diametrically opposite to the point of support 0 
the отаца circle. 

This makes it clear how to construct the tangent. 
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9. Radius of curvature. For any cycloid 
__ (124 d? - 2dr cos 9) 
R= d|d-rcosq| (4) 
In particular, for the common cycloid 
R=2r V2 V 1—cosq—4r | sint|=2 V 2ry=2ME’ (4а) 


(Fig. 498); i.e. the radius of curvature of the common cyc- 
loid is equal to twice the segment of the normal between the 
cycloid and the directrix. ln other words, to construct. thé 
centre of curvature it is sufficient to continue the chord ME’ 
beyond the point E' to a distance equal to the chord. 

10. The evolute and involute of the common cycloid. The 


. 384). 

In other words, the involute of the cycloid C,BD (see 
Fig. 384) emanating from the vertex B of this cycloid is 
the cycloid M3BN, which is congruent to the given one but 
is displaced along the directrix one-half the base С.р and 
raised above the base a distance equal to the altitude of the 
cycloid. 

1l. The cycloid and the sinusoid. The locus of the feet 


f diculars dropped from point M of a cycloid onto 
of perpendiculars dropp poi he T poini 9 


support is a sinusoid (sine curve) with wavelen th 2л/ and 
amplitude d, The axis of the sine curve Coinci es with the 


line of centres of the cycloid. . 
19, The cycloid as the projection of a helix. Notation: h 
is the lead of the helix; a its radius, œ the helix angle, 
the angle between the axis oi the helix and the projection 
plane; о the angle of inclination of’ the projecting rays to 


the projection plane. n 

The oblique projection of a helix on a plane per pendicu- 
lar {о the axis is à cycloid. If o > œ, the cycloid is prolate; 
if o < а, the cycloid is curtate; if o=%, the ш is com- 
mon. The rectangular projection of a helix on the same plane 
is, obviously, a circle. 
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from a cycloid by means of uniform compression (Sec. 40) 
towards some straight line perpendicular to the line of cent- 
res of the cycloid. 5 

The coefficient of compression &—sin; the quantities 7 
and d which characterize the cycloid (prior to compression) 
are expressed as 


r—g,cotB(—atanacotB) ^ d—a 6) 


Whence it is seen that for B >a the projection of the 
(Fig. 501с) it is related to the com- 
mon cycloid. : 

«m The orthogonal projection of a 
helix on a plane parallel to the 
axis (Fig. 5014) is a sine curve 
whose amplitude is the radius a of 
the helix and whose wavelength 

(a) (d i 
between the points p=0. ф= Ф 5 

Ф. 
Ais = 0 V r34-di—3rdcos раф (6) 
0 
This arc is equal, іп length, to 
the arc of the ellipse 


| is the projection Acosp of the 
) 
| 
| 
es, oL» exp] (d+r) cos $ 


helix (Fig. 501a) is related to the prolate cycloid; forB <a 
(Fig. 501b) it is related to the curtate cycloid; for B=a 
lead A. а 

13. The arc length s of а cycloi 

rails y—2 (d—r) sin @) 

g. Я 

between points with the same v 


lues of the parameter d in 
In the general case, integral (6) cannot be expresse ү 
terms of elementary functions of the argument фу. But Т 
the common cycloid {ellipse (7) degenerates into a line seg 
ment of length 8r] we have 
Ф, 
EP \ sin аф= 4r (1=cos $) =8 sin? 7* (gy < 2л) 


(8) 


SOME REMARKABLE CURVES 805 


In particular, one arch of the common cycloid is equal in 
length to four times the diameter of the generating circle: 


s=4-2r (8a) 


14. The natural equation of the common cycloid (within 
the limits of a single arch) is 

R2-+(s—4r)2—=(4r)2 (0 <8 < 2) (9) 

This is obtained from (8) and (4a) by eliminating 9. The 

arcs are reckoned from the starting point. ЇЇ the vertex is 


taken as the starting point of the arcs, then the natural 
equation will be 


R24s%=(4r)2 (475 < 40) (9а) 


15. The kinematic property of the common cycloid. Eq. 
(9) expresses in the language of kinematics the following 
property: if a common cycloid rolls (without sliding) along 
a straight line AB, then the centre of curvature of the point 
of tangency moves in a circle, whose radius is four times 
the radius of the generating circle and whose centre lies at 
na point of AB through which the vertex of the cycloid 
rolls. 
16. Areas and volumes. The area S, swept out by the 
ordinate as @ varies from ф=0 to p=91 is 


25,=(272 4-0) q —4dr sin p+ gente (10) 
The “total area" S (for фу=2л) is 
S=2nr? + nd? (11) 


For the common and curtate cycloids, this is the area of the 
figure OADBO, (Fig. 498a, c); for the prolate cycloid, it is 
the area of the figure that remains after removing the rec- 
tangle OABO, from the figure AA,DB,B (Fig. 4985) 
For the common cycloid (d=r) 
S—8? (12) 


Thus, the figure bounded by an arch of the cycloid and the 
base is three times the area of the generating circle [Rober- 
val (1634), Torricelli (1643)]. ; 
The area F, of a surface formed by rotation of a common 
cycloid about its base AB is 
64 64 $ (3) 


Fat 


where S is the area of a loop of the cycloid. 
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The volume V, of the corresponding solid of revolution is 
V, = бдї/з=- V (14) 
where V is the volume of the circumscribed cylinder; 


The area F, of a surface formed by rotation of a com: 
mon cycloid about the altitude DF is 


F,=8n (2—5) p (5) 

The volume V, oí the corresponding solid of revolution is 
= Let уш oye 16 

Va=ar (>a =) = 2V (16) 


where V' is the volume of the circumscribed cylinder and V" 
is the volume of the inscribed sphere. 


M 25, 
Ано! = 
———----^7 


Fig. 502 


17. Tautochrone ) property of the cycloid. A mass poins 
moving under gravity along a common cycloid A á 
(Fig. 502) concave upward reaches its lowest position D in a 


nterval of time et 
келү т ) (17) 


(r is the radius of the generating circle, g the acceleration 
of вао), This interval is independent of the initial post- 
tion of the point (Huyghens, 1673). 

1) From the Greek meaning “equal time". 
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Therefore the period Т of oscillation of a cycloidal pen- 
dulum (T —4/) is not dependent on its amplitude (a circu- 
lar pendulum has this property only for small oscillations). 
The string of the cycloidal pendulum constructed by Huyg- 
hens is fixed at the starting point K of another cycloid AKB, 
which is the evolute of eye ADB (see Item 10). 

18. The cycloid as a brachistochrone. !! The brachistoch- 
rone of a mass point moving under gravity (in a medium 
whose resistance may be ba pa from a given point A to 
a lower-lying point B (not located on the same vertical as A) 
is a common cycloid. It is concave up the point A is the 
starting point. The size of the generating Circle is determi- 
ned from the condition that the cycloid must pass through 
point B. 

The time / of quickest descent is determined from the 


formula TA 
t=y Тез (18 


where qg is the angle of rotation (of the generating circle) 
corresponding to the point B. 3 

Example. Point B is 0.83 m below point A, and 1,54 
metres from A horizontally Find the time of quickest des- 
cent from A to B. 

Solution. Take the coordinate origin at A, the x-axis 
pointing vertically down; for the xy-plane take the vertical 
plane passing through А and B. Take the y-axis so that 
point B has a positive abscissa. We take a scale unit of 
1 metre. Then the coordinates of B will be 


x, — 1.54, yı =0.83 (19) 

The cycloid ensuring quickest descent is given by the 
equations 

л граф), y=r (1— cos 9) (20) 


From the conditions of (19) it is possible to find the radius 
r of the generating circle and the value P= p correspond- 


ing to the point B 


1) The term “brachistochrone”, derived from thi n 
shortest and “chronos”, time, is the curve of, quickest n. Ber- 


lem о 
EUNTEM ҮҮ! "iot. ee du ААИ simultaneously 


808 HIGHER MATHEMATICS 

To do this, eliminate г from (20) and solve the equation 

1.54 (1— cosq) = 0.83 (p—sin q) 
by the method given in Secs. 288-289. This yields 
Ф = 195° (x 3.40 radians) 
Now from the second equation of (20) we find 
r = 0.42 (metre) 
Finally, from formula (18), putting g=9.8 m/sec?, we get 


t-y С-ы 340 ~ 0.70 (second. 


The descent from A to B along an inclined plane would 
have lasted 0.87 sec, which is nearly 25% longer. 

19. Historical background. The cycloid played an excee 
dingly important role in the history oí higher mathematics. 
For over half a. century it attracted the attention of out- 
standing. mathematicians of the 17th century. A number of 
its properties found by geometrical methods confirmed the 
correctness of new analytical methods. Other properties were 
discovered by the new methods alone. T 

In 1590, Galileo, studying the path of a point on a roll- 
ing circle constructed a cycloid (Galileo gave it the name 
cycloid). He wanted to determine the area bounded by ai 
arch of the cycloid and its base. Not having at his знак 
the means for a theoretical solution of the problem, һе at- 
tempted to find the ratio of the area of the cycloid to i 
area of the generating circle by means oi weighing. He а 
first believed this ratio to be equal to 3, but then notice 
that the experiment invariably yielded a number less than 
three. Since the difference was slight, the desired ratio see 
med beyond {һе capability of small integers, and Galileo 
became convinced that the ratio was irrational. ӘК АГИ 

‚ After Galileo's death (1642), his pupils Torricelli aní 
Viviani, who had shared with him the deprivations of inp 
sonment, undertook the mathematical investigation of he 
cycloid. Applying kinematic reasoning, Viviani found the 
property of the tangent (given in Item 5); Torricelli, using 
techniques that foreshadowed the integral calculus, determi- 
hed the area of a cycloid (Item 14). 
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The area of a cycloid was found by Roberval too (inde- 
pendently of Torricelli and, probably, a few years earlier). 
Roberval's method is remarkably ingenious and simple (it is 
based on the property of Item Lied? 

Using the same method, Roberval found the volumes of 
the solids of revolution of the cycloid about the base and 
about the altitude. Roberval considered the prolate and cur- 
tate cycloids in addition to the common сус oid and gave a 
method for constructing their tangents. 

Remarkable as these discoveries were, they had to do with 
the same problems which long ago had been solved for a 
number of other figures. Yet all attempts to accomplish an 
exact rectification of curvilinear arcs had failed. The cycloid 
was the first curve to be rectified. This was first accomplished 
by the English astronomer, physicist, mathematician and ar- 
chitect Christopher Wren (1632-1723). Wren's work was pub- 
lished. in 1658. The same problem was soon solved by a num- 
ber of other scholars, and Fermat was: first to rectify an al- 
gebraic curve (the semicubic parabola). ў 

An exhaustive investigation into ihe geometrical proper- 
ties of the cycloid was carried out by Blaise Pascal, whose 
work was published in 1659. . inso 

During the next forty years, such first-class scientists as 
Huyghens, Newton, Leibniz and the Bernoulli brothers inve- 
stigated the mechanical applications of the cycloid (see Items 15 
and 16). In its generalized form, the problem of the brachis- 
tochrone (ltem 16) was one of the basic sources, ior a new 
branch of mathematics called the calculus of variations, which 
was created in the 18th century in the works, of Euler and 


Lagrange. 


this: reasoning from 
0 The underlying idea of the method i5 his: 503) w rom 


discussed in Property 11 


of the semicycloid, we have {о add the 
area of the “petal” Aon EE Fig. 503 

i-arch t cycloid am i 
sca aid ie esis alg Oh о 
h ircle. The proo i 
йе R (the semicircle is bounded by à vertical dia 
meter, the sections are made para 
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515. Epicycloids and Hypocyclolds 


1. Definition. Like the epicycloid (Fig. 504a), the hypo- 
cycloid (Fig. 5046) is a curve L described by a point M fixed 
in the pue of some circle C (generating circle) of radius r 
when this circle rolls without sliding along a fixed circle 
(directrix) of radius R. The curve L is called an epicycloid 
when the circles C and O are externally tangent, and a hy- 
pocycloid when the tangency is internal. : 

he epicycloid of Fig. 504a and the hypocycloid of Fig. 504 
are described by the motion oí point M located on the cir- 
cumference of the generating circle. Such epicycloids and hy- 
pocycloids are termed common in contrast to the curtate and 
prolate curves. The epicycloid (Fig. 505a) and the h pocycloid 
(Fig. 5056) are called curtate when point M is taken inside 
the generating circle, i.e. whend < r (4—CM is the distance 
of M from the centre C of the generating circle), and 4d 
(Fig. 506a and Б) when M is exterior to the generating circle, 
i. e. when d > г. £ i 

The starting point of an epicycloid or hypocycloid Mo 
Figs. 504-506) is a point which lies on the straight line (С.Е) 
connecting the centre (C,) ої the generating circle and T 
point (E;) of support, and ison the same side of the centre d 
as the point E, of support. The points A’, B, B' in Fig. 50 
and b are also starting points. 

The starting points of a common epicycloid and a common 
hypocycloid (А, B, К, in Fig. 504a and 6) lie on the d 
ting circle (directrix) and coincide with the respective poin 
of pri of the generating circle. : "s Eig. 3080 

The vertex of an epicycloid or hypocycloid (D in Fig. |, 
апа 5 is that point which lies on the straight line C; £y jo 
ning the centre С» of the generating circle to the pent 3 
of рен but is located оп the extension of the segment Cs£s 
beyond the point C,. n 

The points 2”, L, L' in Fig.505a and 6 are also vertic ^ 

The circle described by the centre of the generating d 
is called the line a centres of the epicycloid (hypocycloid). 
The radius OC of the line of centres is 


OC=0E+EC=R+r for the epicycloid, 
0C=|0E—EC|=|R—r| for the hypocycloid 


2. Construction. To construct an epicycloid or hypocyclold 
from given R (radius of directrix), r (radius of [ped 
circle) and d (distance of point M describing epicycloi 
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Fig. 504 
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hypocycloid from the centre C of the generating circle) we 
do as follows. 

Draw two circles (in Fig. 506a and b they are shown as 
heavily dotted lines) O (R) and Co (r) contacting each other 
externally at the point V if we are constructing ап epicycloid 
(Fig. 506a) and internally if we are constructing a hypocyc- 


From centre Co also draw a circle of radius d (shown as 
a solid curve and labelled with numbers) and denote by Mo 
that point of intersection with the straight line ОС, which 
lies оп the extension of the segment Cy beyond point Co: 
Point My will be one of the vertices of the required curve. 

Divide circle Со (d) into an even number (2n) of equal 
arcs (we have taken 9n=16) so that point M, is one of the 
points of division. Number the division points 0, +/, +2, 

‚ +n (the zero label corresponds to Mo, the labels n and 
— n correspond to one and the same point). For definiteness 
let us assume that the numbers of the labels increase in a 
clockwise traversal of the circle Co. 

Then from centre О draw а circle of radius 0C,— the line 
of centres of the required epicycloid (hypocycloid) — and on 
it lay off from point C, arc CoCn, the measure of which (in 
degrees) is determined from the proportion 

Con: 180° =r: К (1) 
and which is clockwise if we are constructing an epicycloid, 
and counterclockwise if a hypocycloid. From the same point 
Cy lay off arc CoC -n symmetric to С.С!) In Fig. 506a and b, 

each contain 45° 


where r:R=1:4, the arcs C,C, and y 
оС сей exactly with straight- 


ch a construction may 
ther. Then the construc- 
to therequired degree 


and, geometrically,'are readilyconstru 
edge and compass. In other cases, su 
prove complicated or impossible altoge 
tion is performed in approximate fashion 
of accuracy. | 

Divide each of the arcs Со, CC -n into n equal parts 
and label the division points Сур, “42 122 Суп starting 


with point Cy. mE 
Now from point 0 draw a number of concentric ein 
passing successively through Mo, which has the jene " 
through a pair of points labelled +/, through a pair o pod 
labelled +2, and so on. On the first of these circles will lie 
all the vertices, on the last, all the starting points. 

Cyr» А, CoC d CoC -n overlap, and if r > 2R 
then? НЫШ bi be ares BI CoC -n overlaps Itself. 
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Fig. 506a 


From points Су, Cs, ..., C, as centres, draw semicircles 
of edie so that their extremities lie on the first and the 
last of the concentric circles and so that these semicircles 
can, by rotating about point O, be brought to Со 
with the semicircle bearing the labels /, 2, 2, ... . Similar Y 
from centres C_,, C, C-s, ... draw semicircles which, al- 
ter rotation about point O, can be brought to coincidence 
with the semicircle labelled —/, —2, —3, ... . d 

Mark points Му, M. ү, where the semicircles C; (4), C-1 (4) 
meet that one of. the concentric circles which was drawn 
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7 
L—— 


== == 
т 


Fig. 506b 


here 
th ints +7; then mark points Ms, M-a W 
through е C. БА тееі {һе circle drawn through the 
points. #2, etc. Ail the points М.р Mp May cnc Шоп 
the desired curve, and points ,M-s coincide Ыр baer 
ting points A, B (these could have been ye pr 
i ring the strai ines ОС, OC —n)- f 
ril ds howe dus Bier: of the epicycloid Пурус) n 
constructed from points.. To construct ie | AUR ў 
suffices to continue the series of points C ass рүн р у, 
and b. These points will have to be renumbered. tne 0 


| 
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need not be drawn anew, since its sole purpose is to aid im | 
constructing the concentric circles, which remain the same, | 
3. The parametric equations (with coordinate origin O а 
centre of directing circle; axis OX directed towards one of | 
the starting points; q, the angle of rotation of ray OC from 
its initial position ©) is: 
for epicycloid, 


x=(R + r) cos p—d cos RU 


(2а) 
y —(R 4- г) sin p— dsin E 9 
for hypocycloid, 
х= (R—r) cos d cos X=! р, | 
( ) cos p+ zs (2b) 


y=(R —r) sin р —d sin Rg J i 

Eqs. (2b) are obtained from (2a) by replacing r by —r | 
and d by —d.? А { 

4. Peculiarities of shape. Any epicycloid lies in an annulus 
bounded by circles of radii | 5 4-7-4 | and | R--r—d|. On the 
first of these circles lie the vertices, and on the second, the 
starting points of the epicycloid. Thus, the vertices of an 
epicyclald are always farther from the centre than the starting 
points, as can be seen in Figs. 504a, 505a, and : 

Any hypocycloid lies in an annulus bounded by circles of 
radii | R—r—d| and | R—r-4-d |. On the first lie the verti- 
ces, on the second, the starting points of the h pocycloid. 
Thus, when R > r, the vertices of the hypocycloid are closer 
to the centre than the starting points, as is evident from 
Figs. 504b, 505b, and 506b. The reverse holds when А < r. 
Hypocycloids of this second type are called pericycloids. We 
do not give special drawings for the simple reason that every 


1) This angle is equal to / ХОС for all epicycloids and for those 
hypocycloids the radius of eg ee circle of which is less than 
the radius of the directing circle (r < R). But ifr > A, then ф= 
= 2. ХОС +т. Note that there is no hypocycloid for which r=R ЕЛА 
then the generating circle could not roll without sliding along the 
recting circle and contact it interna!ly. t 

^) For the indicated choice of direction of x-axis and parameter 2 
Ба. (Ob) is also valid for those hypocycloids in which > R (such 
hypocycloids are called pericycloids). But if (as is often done) we ta 
or the parameter q the angle É ХОС, then the parametric equations 
of the Pericycloid will differ from the equations of the other hypocy- 
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pericycloid is identical with some epicycloid and differs from 
the latter solely in the mode of generation. This is discussed 
in detail in Item T. 

In a rotation about the centre O through an angle which 
is a multiple gr anot an epicycloid (hypocycloid) comes to 


coincidence with itself. Thus, the curve in Fig. 504a, where 
R=3r, is brought to coincidence with itself in a rotation 


about O through the angle + a, the angle + E: , £2n, etc. 


The same goes for Fig. 5045. In Figs. 505a, b and 506a, b, 
where R==4r, coincidence is attained in a rotation through 


an angle that is a multiple of T 

The starting points of a common epicycloid (hypocycloid) 
are cusps (see Fig. 504a and 6). л 

If the ratio R:r is an integer m, then the epicycloid (com- 
mon, prolate or curtate) ís a closed algebraic curve of order 
2 (m--1), and the hypocycloid is a closed algebraic curve of 
order 2(m—1). Thus, the epicycloid of Fig. 504a (where 
R:r=3:1) is a curve ol the eighth order, while the il yg 
cloid in Fig. 504b (here also R:r=3:1) is a curve of the 
iourth order. Both epicycloid and hypocycloid consist of m 
congruent branches. Я 

li the ratio R:r is a fraction which in lowest terms is of 
the form T-(q #1), then the epicycloid (hypocycloid) is also 


an algebraic curve [of order 2|p + q | ] and consists of p con- 
gruent branches. Thus, the common epicycloid in Fig. 507 
(R:r—3:2) is a curve of the 10th order and consists of three 


congruent branches. 

If the ratio R:r is an irrational number, then the epicy- 
cloid (hypocycloid) is not closed and hasan infinity of bran- 
ches which intersect one another 


5. Particular types. 

(1) For Rr both the prolate and curtate hypocy- 
cloids constitute an ellipse with centre at O. The ba re 
of the ellipse are a=r +4; 5— r—d |; the end-points of the 
major axis are the starting points, (ееп of the minor 
axis are the vertices of the hypocycloid. This method of con- 
structing ellipses is the underlying principle of an instrument 


ш! (fa) IF er Constant R and r connected b the relation 
R:r=2:1, the differenci 


is of llipse decrea i 
a ipod t with the diameter of the directing circle. 
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The common hypocycloid obtained in the limiting case (d=r) 
is a segment of a straight line; namely, that diameter of the 
directing circle which joins the starting points. In опе com: 
plete revolution of the generating circle, this diameter is 
traced out in one direction; in the next revolution, in the 
opposite direction. Thus, in this limiting case too the starting 
points of a common hypocycloid are cuspidal points. 


Fig. 507 


(2) For R=r, each of the epicycloids represents a limaçon 
(Sec, 508); in particular, the common epicycloid of the type 
under consideration is nothing other than a cardioid. Р 

(3) For Rir==4:1, the common hypocycloid is an astroid 
(Fig. 508); this curve is distinguished by, the fact that the 
line-segment EF of its tangent that lies between two mutually 
perpendicular straight lines (passing through two pairs of op- 
posite starting points) has the same length R. The equation 
of the astroid in rectangular coordinates (as in Fig. 508) is 


хо 4 ya RI 
or, in parametric form, 


x—Rcos?u, y—Rsin*u 
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6. Limiting cases. 
Case 1. For an infinite radius of the directing circle and 


a given radius of the generating circle, an epicycloid (hypo- 
cycloid) turns into a cycloid (Sec. 514, Item 1) with the same 
radius of the generating circle. 

Case 2. When the radius of the generating circle becomes 
infinite, it reduces to a straight line (KL in Fig. 509), which 
rolls without sliding along the directing circle O; then the 
epicycloid (hy pocycloid) becomes а curve described by a point M 
fixed to the straight line KL 


If M lies on the straight line KL itself like point P in 
Fig. 509), then the described curve (AB in е Юз) {з {һе 
involute of the directing circle (Sec. 512, tems | and 2). 

|f the point, fixed to the ЧЕ oint п 
same ssid the directing circle С e n 1 
ther the projection P at this point traces out the involute 


i itself traces out а curta 
AB, and point M i! set een ub de end-point of segment 


involute 


~=- 
of decreasing are АР of the involute. 
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But i! the point attached to the straight line KL lies on 
the other side of this straight line, then it describes apro- 
late involute. This curve is construcled in similar fashion, 
with the sole difference that the segment of given length 
is laid off on tangent PT in the direction of increasing 


— 
arc AP. 

7. Double generation of hypocycloids and  epicycloids. 
The common hypocycloid obtained with the aid of a gene- 
rating circle of radius r which rolls along the circumference 
of a circle of radius 
is identical with a "hy- 
pocycloid" obtained by 
means of a generating cir- 
cle of radius 


n-R—: 3 


which rolls along the same 
circumference of the circle 
of radius R. 

The word “һуросус- 
toid” is in quotation marks 
because when г> А, by 
this term is meant an 
epicycloid the radius of the 

% generating circle of which 


a circle of radius + R 
Fig. 509 along a circle of radius R 

i : x А having internal contact 
with thegenerating circle, may be obtained in the same Way 


as а hypocycloid for which R, =R, ва к=- R. 


Example 2. The соттоп hypocycloid obtained by rolling 
a circle of radius r—4 ша ы 6 the circumference 0! 
| circle of radius R—2 m is identical with the “һуросус- 
loid obtained by rolling a circle of radius л —2 m— ^ m= 
Ra m along the circumference of a circle of radius 

1—2 m, that is, with an epicycloid for which R,—2 m, 
гі=2 m. This epicycloid is a cardioid (Item 5). 


40 
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From the foregoing it follows that any common epicycloid 
(R, г) is identical with a hypocycloid ) (К, Rr). Thus, 
the common epicycloid oi Fig. 504a r=4 R) may be obtai- 
ned as a hypocycloid corresponding to the values А = R, 
n=4 R. 

Double generation is also applicable to hypocycloids (epi- 
cycloids) oi the general type, namely: а hypocycloid corres- 
ponding to given quantities R, r, d may be obtained in the 


same way as a "hypocycloid" (Ra, т, di), where Ry, ry d 
are expressed in terms of R, r, d by the following formulas: 


ро SR, hes (REOM a (4) 


When R <, ?. the curve (Ri, £v d,) is an epicycloid for 
which А, R, n=), d,—r—R. 
Now any epicycloid (R, r, d) is identical to à hypocycloid 


RER, Hed ea Om RP е) 


belonging to the pericycloid уре 5^ з \ 
Note. If a hypocycloid (epicycloid) is prolate in one 
mode of generation, then it becomes curtate in the other 
mode of generation, and vice versa. . | А 
Example 3. The prolate hypocycloid (R, т $R) 
constructed in Fig. 506b may be obtained аз a (curtate) 
hypocycloid (Ri, ^1» d,), where [by formulas (4)] 


R=4 R, nex R, d=4 R 


3 

Example 4. The prolate epicycloid (R +R, 2 в) соп- 
structed in Fig. 506a may be obtained as а (curtate) hypo- 

cycloid (Ry г di). where [by formulas (4a)] 
5 
Ry AR. nae а=--Ё 
8. Property of normal and tangent. The normal drawn 
through point М of any epicycloid (hypoeycloid) passes 
through the corresponding point E of tangency of the gene- 
rating circle to the directrix. The tangent to a common 
Me 1 loids; Item 4. 
M Ede Xn he vpe ol perleyseysloid is a pericycloid. 
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epicycloid (hypocycloid) passes through point £' of the 
gue circle diametrically opposite the point E (cf. 
ec. 514, Item 8). 
The mode of construction of the tangent is thus clear. 
9. The radius of curvature R of any epicycloid is 
(тї+а-2а, соз Ae)" 
6) 


R=(R+7) 


| rd? (В &r)-dr (R+ 2r) ens 0 | 


The corresponding formula for the hypocycloid is obtained 
from (5) by replacing г by —r and d by —d. 
For the common epicycloid (hypocycloid) we get 


RAURETI gin Ке 5a 
та sin 5; (6a) 


where the plus sign corresponds to the epicycloid and the 
minus sign to the hypocycloid. 
Formula (5a) may be rewritten thus: 


(5b) 


Here, L is the chord ME of the generating circle joining 
point M of the epicycloid (hypocycloid) to the correspon- 
ding support point Е of the generating circle. Formula (5b) 
yilas a simple method for constructing the centre of cur- 
vature 
At the starting points of the common epicycloid (hypo- 
cycloid) А =0. 
At the vertices 
p. 41КЕ Ег 
К=- күт 


10. Evolute. The evolute of а common epicycloid or hy- 
pocycloid (i.e. the locus of its centres of curvature) is a curve 
similar to the original one. The similarity ratio for the epi- 
cycloid is R:(R+2r) and for the hypocycloid, R:(R—2/). 
The evolute has the same centre as the original epicycloid 
(hypocycloid). The vertices of the evolute coincide with the 
starting points of the original curve (cf. Sec. 514, Item 10) 
so that one of these curves may be obtained from the other 
by rotation through the angle x - -L with subsequent pro- 


portional alteration of the distance from the centre. 
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Example. The evolute of the astroid ABCD (Fig. 508), 
that is, of a hypocycloid for which R=4r, is also an ast- 
roid obtained from the given one by a rotation through an 
angle of 45° about the centre and a proportional alteration 
of the distances to the centre in the ratio R:(R—2r) = 
=4:2—2:1. The starting points A, B, C, D will be verti- 
ces of the evolute. 

11. The arc length s of an epicycloid between points 


9-0, p= Ф, is { 
Ф: 
saat ( y "12—24 cos 9 dq (6) 
0 


The length of this arc is equal to that of the arc of the 
КФ 


ellipse 
x2 (44:0) соз 59, ga a—n kt singe O 


between the points with the same values of the parameter 0. 
Integral (6) cannot, in the eneral case, be expressed in 


terms of elementary functions of the argument Фу. However, 
for the common epicycloid (the ellipse degenerates into a 


segment whose length is 8r) we have 
«its d (8) 


ar, the arc between two adjacent starting points is 


r 
s (1-5) 9 
The foregoing remains valid for the hypocycloid if we 
r respectively. 


replace d, r by —4, — à 
P. The RAR equation of the common epicycloid (hypo- 


cycloid) is 


In particul 


Re, (s—b)* _ (10) 
AMET Oasa 20) 


where a— ARE, p2AARED | Riis the radius of curva: 
RERI the starting 


ture, s, the arc length reckoned from one of 

points. In the expressions for 4, b, the upper signs nw 
the case of ап epicycloid, the lower signs, to the ar ы 
hypocycloid. Eq. (10) is obtained by eliminating the P 


meter @ from (8) and (5a). 
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If we take one of the vertices for the origin of arc recko- 
ning, then the natural equation will be 


mi ae 


ту =! (—bes«t) (10а) 


Cf. Sec 514, Item 13. 

13. Kinematic property. Eq. (10) or (10a) expresses the 
following property in the language of kinematics: if an arc 
of a common epicycloid or a common hypocycloid rolls with: 
out sliding along a straight line AB, then the centre of 
curvature ot the point of contact moves in an ellipse; the 
centre of the ellipse lies at the point of AB through which 
the vertex of the epicycloid (hypocycloid) rolls; one of the 
semiaxes coincides with AB and is equal in length to the 
half-branch of the epicycloid (hypocycloid) |927 , the 
other semiaxis is the radius of curvature at the vertex and 
is equal to ED Cf. Sec. 514, Item 14. 

14. The sectorial area S described by a radius vector 0M, 
which in the starting position leads to the starting point oí 
the epicycloid, is expressed by the formula 


1 „К 
897 (Rar) pth sin £e} (11) 


2 

In particular, for the common epicycloid 

(R+r) (R+2r) rou Rel 
sa (Кл (n (S t sinfe} (12) 
(Newton). 

In the case of а hypocycloid, we have to replace 7 by 
—r in formulas (11) ae (12). 

In (11) and (12), the area is regarded as a directed quan- 
tity, that is, it is assumed that in those ranges of the para- 
meter @ where the radius vector rotates in the negative 
direction, it sweeps out a negative area. 

The area S, oft the sector described by the radius vector 0м 
of а common epicycloid (hypocycloid) when point M traverses 
one branch is expressed by the formula 


S e WIRED EP (13) 


where the upper signs are taken for the epicycloid, the lower 
signs, for the hypocycloid. 


SOME REMARKABLE CURVES 825 
The area S, of the corresponding sector of the directing 


circle is 
S,—n Rr (14) 


Therefore the area S of the figure bounded by one branch 
of a common epicycloid (hypocycloid) and the corresponding 
arc of the directing circle is expressed by the formula 


5$=\5,—$,|==л/% 3425 (15) 
R 


Example. Consider a common hypocycloid for which 
r:R=1:4, that is, the astroid ABCD (Fig. 508). By formula 
(15) we get 

g a |3—2-- [=> naz nR? (15a) 
This is an area bounded by one of the branches of the ast- 


roid, for example, the branch AB, and the corresponding arc 
— 


XB oi the directing circle 0 (AB=90"). 

However, this same astroid may also be regarded as a 
hypocycloid for which r:R=3:4 (Item 7). Then, using (15), 
we get 

s= лт | 3—2-4|=+ m= nR? (15b) 


This result may appear absurd, but one must take into 

account that now, for branch AB of the astroid, the corres- 
чт 

ponding arc is not AB which contains 90°, but the second 

arc (BCDA) containing 270°, so that formula (15b) expresses 

that area which together with the area (15a) fills the entire 

circle О. Indeed, adding (15a) and (15b), we get 


21 5 
27 р?-„—2,лЁ%=лК® 
55 mR? + 35 nR? = aR’ 


15, Historical background. In order to explain the retro- 
grade movements of the planets, the ancient Greek astronomers, 
following Hipparchus (second century B. C.) attributed to 
them a uniform motion along à circle (epicycle), the centre 
of which was in uniform motion along another circle (deferent ). 
The curve traced out by а point under these conditions is ап 
epicycloid. However, We do not know which of the geometrical 
properties were known to the ancients. In the middle of the 
13th century, an outstanding Persian astronomer and mathe- 
matician Muhammed Nasr-ed-din (1201-1274) established that 
the point of the circumference of a circle rolling on a fixe 
circle of double radius and contacting it internally describes 
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the diameter of the fixed circle (Item 5). Independently of 
Nasr-ed-din this property was discovered by the Polish astro- 
потег N. Copernicus (1473-1543). 11 is described in his 
celebrated "De Revolutionibus Orbium Coelestium" (“The 
Revolutions of the Heavenly Bodies") published in 1543. 
The theorem of Nasr-ed-din— Copernicus was widely used in 
applied mechanics. 

The systematic study of epicycloids and hypocycloids was 
begun in 1525 by the noted German painter Albrecht Dürer 
(1471-1528), who employed geometrical methods in his pain- 
ting. However, Mer uidere were not acquainted with 
Dürer's investigations. 

In the middle of the 17th century, Gérard Desargues 
(1593-1662) made a study of the properties of epicycloids 
in connection with the problem of designing gear wheels with 
minimum friction. Desargues combined profound mathematical 
ideas with engineering talents, but his results (like those in 
Wee а were not published, though they were known to 
his friends. 

La Hire continued the studies of Desargues and published 
in 1675 a "Treatise on Epicycloids and their Employment in 
Mechanics", where he established a number of important 
properties, including the properties discussed in items 7, 8, 
10, 11, 14 and 15. ^ 

Newton, in his immortal “Principia” (“The Mathematical 
Principles of Natural Philosophy") (1687) generalized the 
investigations of Huyghens on the cycloidal pendulum (Sec. 514, 
Item 17) and established that in a spherical field of gravi- 
tation the line of isochronous vibration of a pendulum is an 
epicycloid. 1 j 

Being a natural generalization of cycloids, the epicycloids 
and hypocycloids repeatedly attracted the attention of inves- 
ligators. particularly Leibniz, Euler and Daniel Berno- 
ulli (1700-1782). 


516. Tractrix 


1. Hictorical background. In the year 1693, а French 
Physician Claude Perrot posed the iollowing problem: one 
end of an inextensible string is attached to a point M lying 
in e horizontal plane; the other end is in motion along 2 
straight line x lying in the same plane. What kind of 
curve will the point carried by the taut string trace out? 
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This problem was solved by Leibniz, who set up the 
diflerential equation of the curve, proceeding from the fact 
that the segment of its tangent line from the point of con- 
tact M to intersection with the straight line X'X must be 
of constant length (equal to the length of the string). Inde- 
pendently of Leibniz and at the same time, the problem was 
solved by Huyghens, who gave it the name "tractory" (today 
it is called the tractrix), " 


Fig. 510 


2. Definition. The tractrix (Fig. 510) is the locus of points 
having the property that the segment MP of the tangent 
line from the point of tangency M to intersection with the 
given straight line Х'Х (directrix has a given magnitude а. 
Point A of the tractrix which is farthest from the directrix 
is called the vertex; the perpendicular AO dropped from the 
vertex to the directrix is the altitude of the tractrix. 


1) More historical details are given in ilem 14. 
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3. The parametric equations (with x-axis the directrix of 
the tractrix and with the axis of ordinates directed along 
the altitude towards the vertex A) are 


х==а cos q-1-a In tan E 5 | 
y=asin ф J 


where p= ZXPM is the angle which ray PM makes with 
the positive direction of the axis of abscissas (0 < Ф < x). 
4. Peculiarities of shape. The tractrix is symmetric about 
the altitude AO (which is equal to the given segment a). 
The straight line AO is tangent to the tractrix at the point A, 
which is a cusp of the tractrix. The tractrix lies on one side 
of the directrix and recedes to infinity on both sides of the 
vertex, The directrix is asymptotic to the tractrix. | 
5. Construction. In order to construct а tractrix [rom its 
given altitude a, draw a straight line X’X (directrix); from 
some point О of this straight line as centre, draw a circle 
of radius a. At the intersection with the ray OY | X'X we 
find point A, the vertex of the tractrix. Through A and also 
through one of the points where the circle О intersects Х'Х, 
say B, draw tangents AD, BD to the circle; D is the point 
at which they meet. On the segment BD —a take a series of 
points /’, 2’, 3’, ... so that the line-segments BD, BI’, B2’, 


3’, ... form a geometric progression: 


BD: Bi' —BI': B2' = B2': B3'=...=4 


The common ratio q may be taken at will. To avoid an 
accumulation of errors, it is convenient to bisect segment B 
by point 4’, segment B4' by point 8’, etc. Labelling (for 
the sake of uniformity) point D as 0’, we get a number 0 
segments BO’, B4', B8', B16', ... which form a progression 
with ratio oe Now, between points 0’, 4’ construct interme- 
diate points //, 2’, 3’) in the following order; first find 2 
so that B2' is the mean proportional between BO’ and B4'. 


While we are at it, label point 6', which bisects B2", and 
point /0', which hisects Вб’. 2) We then get a series of seg 


(1) 


') Having in view the division of segment 0/4’ into four parts. 
we numbered its lower end 4^; for аа ассигасу ме сап divide this 
ете! into 8, 16, etc. parts and then alter the numbering accor- 

ngly. 

*) The numbers 2, 6, 10 form an arithmetic progression with the 
same difference (4) as the numbers 0, 4, 8, 12, ... - . 
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ments BO’, B2', B4', B6', В8', B10', ... which form a geo- 
metric progression with ratio 1:2. 

Further, we construct point 1’ so that segment В/' is the 
mean proportional between BO’ and B2’, and then label 
point 5’, the midpoint of segment ВІ", and point 9’, the 
midpoint of segment B5', etc. Point 3’ (extremity of seg- 
ment ВЗ’ the mean proportional between B2/ and B4’) is 
constructed in the same manner; then label point 7' (mid- 
point of B^), point 11’ (midpoint of B7’), etc. ? 

As a result we obtain à series of segments Bo’, BI’, 
i BI2', ... which form a progression with ratio 
кде 

Proceeding in the same manner we could build a pro- 
gression of segments with common ratio 1:9'/6, 1:2'/38, еіс. 

Now take the directrix X’X and lay off on both sides of 
point O a series of equal segments 


ог==111==11 HI Il IV=...=4 


Theoretically, the exact value of d is determined from the 
propor tion 

d:a—n (a: BI) (2) 
But if the ratio a:B/’ is close to 1, it is sufficient, for pra- 


ctical purposes, to take 
4=01® (29) 


The subsequent construction proceeds às follows: join 
points 7’, 2’, 3st 20910 centre O and at the intersection o 
the rays OJ’, 02', 03’, ... with the circle, label. points 1, 
2, 3 5 А 510 these labels are given inside the 
circle; for uniformity, label 0 denotes the point of intersection 


— 

1) Points 7^, 9%» /1' are not indicated in Fig. 510 to avoid con- 

fusion. Ану speaking, there is no need to indicate the points 

which fall inside earlier constructed segments. that are too small, 

since such points will not increase the prec 
2) In our case, when а:В1'=2'!*, the proportion (2) yields 


dca In (23/4) 2 T- a In 2 = 0.1738 


whereas when we assume а=0'1', we get 


1 ү 
а=о'!'=Во'-В1'=а (ш) = 0.160а 


Thus, the error amounts to 1.595. 
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Lay off on arc BA, from point B, arc В/°—=2 B1, arc 
B2^—2.B2, and so forth. Through the end-points /?, 2°,.8°,.., 
of the doubled arcs (the appropriate numbers are given out- 
side the circle in Fig, 510) draw straight lines parallel to the 
directrix X'X, 0 and from the points +/, +//, 4111 as 
centres draw semicircles of radius a, as shown in Fig. 510 
(the semicircles / //, /// are concave towards increasin 
labels of the centres, and the semicircles —/, —II, = 
are concave towards decreasing labels). 

Finally, we label the pair of points where the semicircles 
+/ intersect the straight line drawn through /°, the pair of 
points where the semicircles +// intersect the straight line 
drawn through 2°, etc. All these pairwise symmetric points 
lie on the required curve. 

6. The tractrix as an orthogonal trajectory; approximate 
construction. The orthogonal path of a family of circles of 
radius a with centres оп a given straight line X'X (i. e. a 
curve which intersects all these circles at tight angles) is 
a tractrix. This family of circles has an infinite number o 
orthogonal paths: through every point of one of the circles 
there passes one tractrix orthogonal to this circle. One -of 
the trajectories is shown in Fig. 510; the other is symmetric 
to it about X'X. The others are obtained by a parallel 
displacement of that pair of tractrices along X'X. 

This property enables one to make a rather exact sketch 
of a tractrix in the following manner. Draw a number of 
semicircles of radius a with centres closely spaced on the 
straight line X'X and, choosing on one of the circles an 


arbitrary point distant about +a from X'X, draw through 


it by eye a curve which intersects a number. of adjacent 
semicircles at right angles that is to say, which is directed 
along the corresponding radius each time. Or proceed as 
follows. Label the point of intersection of a radius of a circle 
(or the prolongation of that tadius) with an adjacent semi- 
Circle; join the centre of the semicircle to the point thus 
found and label the point of intersection of the new radius 
with the following semicircle, etc. We obtain a polygonal 
curve which for all practical purposes takes the place of the 
required tractrix if the centres are sufficiently dense. The 
ened of the construction diminishes as we approach the 
ver tex, d 


d 

3 To do this, it is best to lay off on circle О, from point A, ares 
symmetric to arcs А/°, 42^, and join each of the points /°, 2? to the 
symmetric point. 
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7. Construction of a tangent. To construct a tangent line 
ata given point M of a tractrix with given vertex А and 
directrix X'X, it suffices on XX to strike an arc, at point P, 
from M as centre with radius А0 =a. The straight line MP 
is the required tangent line. 

8. Radius of curvature: 

R=acot Ф (3) 

Geometrically, this formula expresses (see Fig. 510) the 
fact that the radius of curvature 0| the tractrix at point M 
is a segment MC of the normal from M to intersection with 
the straight line PC drawn perpendicular to the directrix X'X 
through the point P of its intersection with the tangent al. M. 

The thus constructed point C is the centre of curvature 
of the tractrix at the ТОШ М. 

The radius of curvature at the vertex A is 

R4—a (92) 

The radius of curvature MC and the segment of the nor- 
mal ME (from M to the intersection E with the directrix) 
are connected by the relation 

MC: ME =0° (4) 
That is, the radius of curvature MC and the segment of the 
normal ME are inversely proportional. ; t 

9. Evolute. The evolute LAN of the tractrix (Fig. 510), 
that is, the locus of its centres of curvature C is a catenary 
(Sec. Su In the OXY system of coordinates of Fig. 510, 
the equation of the evolute is of the form 


as fra 
FER CET :) 6). 
or, what is the same, 
AL — cosh = (5а) 
а а 
10. The length s of the arc AM is given by the formula 


a 
sea In cosec q—a 1-7 


The difference s—|x |, between the length of the arc AM 

and the length of its perd on the directrix, as M recedes 

indefinitely from vertex A, tends to the limit a (1—1n 2): 
lim (6—1 0) —2 (1—1n2) € 0.307а (6) 


х +20 
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11. Natural equation: 
scan y Ei (7) 


12. The area S оѓ the infinite strip between the tractrix 
and its asymptote X'X is one half the area of a circle whose 
radius is the altitude AO of the tractrix: 


S =} na? @) 


13. The solid of revolution of the tractrix about the 
asymptote X'X (which extends to infinity along X’X) has a 
finite surface S, equal to the surface of a sphere of radius R, 
and a finite volume V, equal to half the volume of the 
sphere: 
S,=4na?, (9) 


V= = na? (10) 


14. The tractrix and the pseudosphere. The surface 
(Fig. 511) formed by the revolution of the tractrix about 
its asymptote is called a pseudosphere. The name is due to 
{һе profound analogy between it and the surface of a sphere. 
Thus, if three points B, C, D on the surface of a sphere are 
joined pairwise by shortest arcs, then in the resulting sphe- 
tical triangle BCD the sum of the interior angles is always 
greater than л, and the excess of the sum B-+-C-+D over л 
is equal to the ratio of the surface S ої the spherical tri- 
angle to the square of the radius a of the sphere: 


(B--C--D) —a— 5- (11) 


Now if we take three points B, C, D (Fig. 511) on 
a pseudosphere (on one side of the parallel UV described by 
the vertex of the tractrix) and join them too by shortest 
arcs, then in the resulting pseudospherical triangle the sum 
of the interior angles will always be less than л, and the 
deficit in the sum of B+C-+D up to x will be equal to 
the ratio of the area S of the pseudospherical triangle to the 
Square of the radius a of the parallel line UV: 
n—(B+C+D)=< (12) 
It is a remarkable fact that rectilinear triangles in Loba- 
chevskian geometry possess the property (12). And, generally, 
any patch of the pseudosphere which does not contain points 
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of the parallel UV exhibits all (without excepti 

і ра j ption) proper- 
ties which any piece of a plane in Lobachevskian peg 
possesses. This discovery was made in 1863 by the Italian 


Fig. 511 


and did much to dispel 
try on the part of nearly 
very outstanding ones. 


geometer E. Beltrami (1835-1900) 
the distrust of Lobachevsky's geome 
all mathematicians including some 


517, Catenary 


1. Definition, The catenary is a curve in 
geneous inextensible string hangs when suspen 


which a homo- 
ded from two 


chain by a string, we are 
circumstances (size of links, f 
the investigation. The intensity of gravi 
stant in magnitude and direction. 
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Note 2. The arc of suspension is shaped differently depen- 
ding on the position of the points P, Q from which the 
string is suspended, and on the length / of the string 
(| > PQ). However, an investigation shows that by depicting 
arc PQ on a proper scale it is possible to bring it to coin- 


Fig. 512 


cidence with some arc P,Q, (Fig. 512) of quite a definite 
infinite curve LAN. It is to this infinite curve as a whole 
(and not to the arc of suspension, which constitutes only 
a part of it) that the name "catenary" refers. 

hos lowest point А of the catenary curve is called its 
vertex. 

2. Equation. If for the coordinate origin we take s 
vertex of the catenary (this appears to be rather natural) 
and take the axis of ordinates vertically upwards, the cate- 
nary curve is given by the equation 


: crure tr jala (1) 
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where a (the parameter of the catenary) is the length of a 
segment of the string such that its weight is equal to he 
horizontal component of the tension of the string (this com- 
ponent is constant throughout the arc of suspension). 
However, it is usual fo take for the origin the point O, 
which is at a distance а below the point А. We then have 


the simpler equation 
SED MU: 
jalagra) @) 


functions (Sec. 403), 
(2a) 


or, using the notation of hyperbolic 
4 — cosh ~ 
a a 


s the graph of the function cosh x 


(if segment a is taken as the scale unit). 
The axis of abscissas X'X, ie. the straight line parallel 
below the vertex 


at a distance a, is called the directrix of the catenary curve. 
i enary (LAN in 


Fig. 512) is an evolute of the tractrix UAV, the altitude 9 
. e 


point.is the verlex А of the catenary. 
segment MM’ of the tangent MT from the point of 
tangency to intersection wit int M 
is equal in length to the arc MA of the catenary. 

4. Construction. To constru 
parameter a, find a number of po : j 
a (Sec. 516, Item 5). Then join each such point M’ (Fig. 512) 
to the centre P of the corresponding semicircle. The straight 
line M'P is tangent to the tractrix. Now draw the normal 
М' М of the tractrix (MMi M'P) to intersection, аре! М, 
with the perpendicular M erected from point P to the 
directrix X/X. The point М (the centre of curvature of the 
tractrix) lies on the desired catenary curve LAN. 

Note. The normal M'M of the tractrix is the tan ent 
of its evolute LAN (Sec. 346, Item 1). This property simplifies 


drawing a smooth curve through the series of constructed 
points M. At the same time it permits checking the accuracy 


of the construction. Ps 
5. Arc length. The length s of the arc AM of the cate- 
A is equal to the Өен 


nary reckoned from the vertex 
MM’ of the ordinate PM on the tangent MT an is given 


836 HIGHER MATHEMATICS 


by the formula 


D Mr 
s=AM=MM'=4 {т z) (3) 
or 
s=a sinh ~ (3a) 


The arc s is connected with the ordinate PM=y by the 
relation - 

star gi 9 
This relation follows from (2) and (3) and is evident from 
the triangle PM'M where PM -—y, MM’=s and PM'—a 
(by the basic property of the tractrix). 

6. Projection of an ordinate on the normal. The pro- 
jection MH of the ordinate MP of the catenary on the 
normal MD is of constant length a: 

НМ=0А=а (5) 
This relation is read from the rectangle MM'PH, where 
MH = M'P—a (by the basic property of the tractrix). 

7. Radius of curvature. The radius of curvature MK=R 
of the catenary is equal to the segment MD of the normal 
from point M to the directrix X’X and is given by the 
formula 


S. qu 
R=MD=4 Ds е1“ ) (6) 
ог | 
R=a cosh? = (6a) 


8. Constructing the centre of curvature; the evolute of 
the catenary. To construct the centre of curvature of the 
catenary at a given point M of it, continue the normal 
beyond M and lay off segment MK — MD. Point К is the 
desired centre of curvature. That is how we construct, by 
points, the curve K'BK traced out by the centre of cur- 
vature (that is, the evolute of the catenary). [ts parametric 
equations are 


хк=а cosh = sinh =+In (cosh +—sinh “А ; А 
к= 2a cosh = 
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The point В (centre of curvature for vertex A) is a cusp 
of the evolute (7). 
9. Natural equation of the catenary: 


= +а (8) 


It is obtained from (3a) and (ба) by eliminating x. In 
the language of kinematics, Eg. (8) signifies the following: 
if a catenary curve rolls without sl 
line, then the centre of curvature of {һе point of tangency 
describes a parabola, the axis of which is vertical; the vertex 
lies at point B; the parameter of the parabola is equal to 


the semiparameter + of the catenary curve. 


10. The area S of the “curvilinear trapezoid” OAMP 
(OA=a is the ordinate of the vertex; PM, the ordinate of 


the end-point M of the arc AM —s) is equal to the area of 
a rectangle with sides 0,5 50 that 


S=as=a? sinh? = (9) 


11. Historical background. When the suspension points 
of a chain are at the same height and the chain is somewhat 
longer than the distance between the suspension points, the 
arc of suspension appears to be identical with the arc of a 
parabola. That was believed to be the case for a long time. 
The studies of Galileo in the field of mechanics cast doubt 
on the correctness of this view, but Galileo was not able 
either to corroborate Or refute the idea. 1n 1669 Jungius 


established, both theoretically and experimentally, that the 
arabola. But the 


line of suspension of the chain is not a p ў 
mathematics of that day Was not sufficiently equipped to 
find the true shape of the curve. Soon after Newton and 
Leibniz worked out the methods of infinitesimal analysis it 
was possible to solve the problem of the curve of suspension 
of a chain. The problem was formulated in 1690 by James 
Bernoulli, and was immediately solved by his brother John 
Bernoulli, Huyghens and Leibniz. 
James Bernoulli роѕей another problem as well: 
disregarding the weight of a sail filled with. wind, find the 
i file) of the sail. James himself was only 
ential equation. John Bernoulli 


d diff 
able Бер, dro "hat the sought-for profile was the 


solved it. It turned out tha 
catenary curve. 
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In 1744, Euler posed and solved the following problem: 
given a straight line AB and two points C, D (not on AB) 
in a plane; draw through А and B a curve such that the 
surface formed by its rotation about the axis AB is a mini- 
mum area. This too proved to be a catenary curve (the 
straight line AB is its directrix) j 

The surface of revolution of a catenary about its directrix 
(catenoid) has a still more general property, namely: any 
piece of i! has a smaller area than any other surface bounded 

y the same contour. This property of the catenoid was 
discovered in 1776 by the celebrated French mathematician, 
engincer and officer Jean B. M. C. Meusnier. A whole class 
of surfaces (so-called minimal surfaces) 2) have this property. 
However, the catenoid is the only surface of this class from 
among the surfaces of revolution. E 

The value of the catenary curve in engineering practice 
stems, incidentally, from the fact that the weight proper of 
an arch having the shape of a catenary does not affect the 
depression of the arch 


1) From the Latin catena meaning "chain". Е 

2) Meusnier indicated yet another minimal surface: the IE 
(it is formed by helical motion of a horizontal straight line inter 
secting a vertical axis). 


839 


L UL :5рүә1А SIUL “111 2192 L шо) риозәѕ ay) 
ш1ә} j$Jg 34} puy ƏM “OI Ul Stes’ Ul—(GOI-£8 2) u|—662 ul элец 
“smoro; se рәшіш2әзәр si әүде} sty} Jo SpUauINSJe au) Suowle pu 


N 

m €960°1 | 6160.1 | 9880 1 | Z980`1 | 8190 1 | >8/0°1 | 0920/1 912101 

а £190'1 | 8/8071 | €}90'1 | 809071 | €2t0`I | Bevo 1 £070'1 | /9Є071 

< 09z0°1 | 920 1 | 881071 | ©8101 | 911071 | 080071 €+00`1 | 9000"! 

Е с̧686`0 | 8996-0 | 186 `0 | 8/6 `0 | 962670 | 8026 0 0296 `0 | 2е96 0 
116 `0 | 82Ӯ6 `0 | 66° 006 `0 | 19Е6 `0 | себ 0 | своб `0 | със6 `0 
е216`0 | 806 `0 | GrO6™ £006 0 | 1968 `0 | 068 `0 | 6/88 0 | 8£88 0 
#128 `0 | 1298 0 | 6298` 21998 `0 | v»c9 0 


608#`0 | 69}8`0 | 9IF9'0 
$908'0 | 0с08 `0 | $2620 
80920 | 199270 | *197 0 
66140 | 080270 | 102 `0 


6529 `0 | 8299 L699'0 | 9499-0 | £699 0 


9868.0 | Gvc8 0 | 8618. б 
0 
0 
9029`0 | ©619`0 | 860970 | £509 0 | 88690 
0 
0 
0 
0 
0 


0 
0 
0 
0 
6є8/`0 | €622°0 | /%//`0 > 
с1е1`0 | ?©6Є2`0 | S2320 | 26620 | 82127 
1989:0 | I£89 0 | 08790 
99£9'0 | ЕТЕ9 `0 925810 
0 


$689 0 | 99289 `0 | 012€. €g9S°0 | 9666 6695 0 | 18%8`0 | Є@968°0 
1#68`0 | 881970 | 8019 8906`0 | 8006 1%6?%`0 | 988? `0 | #38`0 
L£9*-0 | vZS$ `0 | IISY^O | Z*v*^0 | ЄВЄР $1e»'0 | £920 | 781v'0 


886£'0 | oz6e'0 | esse 0 | ?82Е 0 | 912€ 9v9£'0 | 22860 | 209€" 0 
©6ё#`0 | 12е `0 | 8+У16 `0 | СЈ0Е `0 | 100£' L15666'0 | 2982 `0 | 91260 
9#SZ°0 | 6930 | 06E2°0 | 11:0 | 13370 | 1910 0202 `0 | 6861-0 
0>21`0 | 891 `0 | 02810 | b810 | 96€1-O | OIEI-O | 2231.0 ЄЄ11`0 
2980`0 | 022070 | 2290'0 | £890'0 | 885070 | c6t£0'0 9660'0 | 8610°0 


с 


531911 


©ЄЄ0`1 
6966`0 
+686 `0 
6026 `0 


9628 `0 
6168 0 
0620 
19v1'0 
18690 


1279 `0 
ЄЕ68 `0 
9—60 
z940 
121? 0 


9evt' Oo 
0026*0 
9061'0 
+0170 
001070 


£890'1|Z*90'I 


96c0'1 
£€66'0 
SS96'0 
£916'0 


Ss28:0 
66t8'0 
S3821'0 
61v1'0 
1£69'0 


61v9'0 
8289 `0 
goes `0 
00270 
SS0v'0 


Soee- 0 
+96 0 
€381" 0 
£860'0 


5 6888`#—=8/06`9—6810:2=(. 01:9 '/) ш1=79200`'0 Ш 012190 sni ƏM 
I*69:9—c909'$--6810'0—£6 *sunpyied3o| [enjeu JO әде} əy} шол 


3A `єс; uj puy oj partnbai әд и 131 
по 10U 19quinu e jo шц11зе8о] [enjeu au] Cy 


0000°0 
eo pere ee ea 
See e ae 5) 


«т зшцу2ебоч гелем с} 


1102:11 | е669°1 | 9/6971 9969'1 | ec69- t | 6169-1 | 1069-1 $889'1|*999'I1| p's 
S$F89'1 | zc89 t | 80891 [о 2971 | 122971 | 3829-1 | Фелә“ $129'1 |9699-1| 2799: 1 Е 
8599 `1 | 699-1 | 029971 1099 `1 | 28699 `1 | eoco- t | vao ( SZS9'1 |9099- 1| Z891 a's 
Z9r9'l | 8Р997°1 | 60›9°1 |6 ?9°1 | o6€9'1 | rze9' T 18©9°1 | zee9:1 |zieo- 1 ©669°1| [6 
©/69`1 | е629'°1 | eezo-r | + $9'1 | *6l9'I | »ZI9'r *SI9"L | s€I9' TL | TIO" T *609'1| о“ 
+1091 +909: 1 | r£09' 1 | 910971 ?668°1 | $2691 8969 `1 | ££99' I | ere t 689 `1} 6'* 
6189 `1 1586 `[ 1285 `1 | oles: | 062271 69:91 | 829-1 | 82781 10:9'1|9899- 1| 8°} 
9999! | Рр98 `1 | ezoo | $09g'[ 18991 | 0999'[ | 6cca' 1 8195 `1 | ZerS' 1| 9775-1 L'$ 
SS'I | ерус "т | арус" 06691 | 69t9-1 | Z»e9'1 9бЄ6°1 | Р088 `1 | вас" 1928`1| 97% 
609 `1 | 225° | 9613-1 1181 1818 `1 | 62181 | 201891 5808 `1 | 2908 `1 | 106°] S" 
610571 | 966v 1 | $265 I 1669°1 | 6z6v' I 206% `1 | t885^1 T98»'I |6£8}'1 | оер `1 264 
ЕбІР 1 | 022^ T1 | 854971 ScLV' 1 | 020/971 6297 `1 | 9995" 1 | Coord 609v'1|989v-]1| єў 
£99»'1 | ОРС "Т | отр "т £6F*'I | 699b I 9YvY'L | ccv 1 | SEER T Sley l| ISEI] z^ 
¿Zer 1 | goer "Т | блар "т 952% `1 1©@9°1 | 202-1 | esty 1 ӨСІРУ І | РЕТ "Т [ОТР "Т Dr 
& S80*'1 190$^1 | ЕОР "І | 10Р `1 2868 `1 | 2968 `1 | 8c6e'1 £I6£'I |88861 | cose: 1 oF 
E 8S£8£'I | elee'r | 88/6 6©9/&`1 | ее "т | агле 989©°1 | t99€'1 | sege-1 0I9£'[ 6'e 
e *8S£'I | gcse] ££St'| | L0SE' I ТЕРЕТ | SGre' I 6c»t'1 | corel |97ec' 1 0S££'I sie 
= ?С%©`1 | Z6ze' I 1226 `1 | РРС | gize- I6I£'T | 7916871 | ZEIT 011&°1|6Є806°1| Је 
a 9S0£ І | 6Zz0£`I | 2001 9262 `1 | 15621 0262 `1 | ©680`1 | сова” 1€£92'1|6082' 1 9't 
Е &846°1 | #5121 9222`1 | 8696 `1 | 6997-1 1792 `1 | 198° | 586071 9592'1|8292`°1| 6°% 
$ 66521 | ozrz' 1 | сус 1 Є1Ў&`1 | +8ez'1 9862 `1 | 9:621 | 96671 19221 8e22'T re 
802261 | 6/12'°1 | 691271 61IZ'L | 0608 `1 | 09061 0Є0&°1 | 00021 [6961 T 6Е61'1 ЕЕ 
Е 60611 | 8781'1 | ЪТ" £181 1 | 28217 1 | 96/]°1 ScLl'T ?691°1 £991'I сег’ ae 
т 0091*1 | 6951°1 | ест "І 90811 | РӮ." | СУУ] OIFI-L | 861" I Orel Fler’ Ue 
© ©861°1 | 6vzl' I 21211 | РТТ "Т 1611°1 | 6111°1 | 980171 ESOI`I |eror'r|98607 1] o-s 
= 
6 [в | 2 | 9 Е Е ВЕ T | o 


© 
œ рәгпириоу 


841 


TABLES 


&8/0`@ | 6920°S | 29207 | v»Z0:G | 6Є/0'6 
9690` | єъ90°2 | 1©90°@ | 8190 c S090" 2 
8660'z | 91907'z | £090:c | 060.3 11%0 `6 
66Є0`© | 9880 `2 | ELE0°S 09£0'2 Lv£0' 6 
g9z0°% | $9607 c | G*C0'G | 666076 8g160'6 
9e1072 | zz10:3 | 6010°% | 9600°% c800'6 
1000'z | 886671 | *266'1 1966 `1 | 276671 
5986 `1 1986 `1 886 `1 ©8671 0186'I 
12161 | €126^1 | 66961 | 989671 129671 
1896-1 | e2s6°1 | 6886°1 | **S6'I 0oese6't 
Sree | 0Є}Ф671 | 915671 | 607671 18£6'! 
106-1 | 9926-1 | 2256`1 | L93671 съ06 `1 
©616°1 | 016 `1 0116 `1 | 860671 
90061 166871 19687 9v68' I 
9988`1 | 0788 `1 01881 | S628'1 
028 °1 | 2898'1 9998" 1 179871 
1ў88`1 | 2681 0098'1 | 9878 `1 
06£8' 1 | FZ£8'1 ©%Є©8`1 | 9c£8' I 
6268 `1 | £168'1 1818`1 | 891871 
9908 `1 | 0808 `1 210871 1008" 1 
106/°1 | #884 1 19811 19821 | УЄ8/`1 
єє//`1 | 912271 | 66927 189771 | $9971 
199771 | **92'1 | 268/71 | 60821 G6PL `1 
18&/°`1 | 0/Є/71 | &8Є/`1 | veel’ 1 zveL Y 
0124'1 ©611°1 91/7 9с1/`1 | 8Є1/°1 
6 8 L 9 6 


6120'6 
&680'6 
9970`6 
vet0'c 
c060' c 


6900°% 
££66'1 
9626'1 
18961 
9166°1 


©Є/Є6'1 
8$666'1 
180671 
1£68'1 


6228" 
$698" 


10202 
0880 `2 
1589076 
16©0`@ 
681076 


8800 
0266'1 
6816'1 
ЕР96 `1 
с096 `1 


686 `1 
£166'1 
9906'1 
9168'1 
79281 


0198 `1 
9+8 `1 
7628 `1 
Geist 
L96L°1 


0082 `1 
0692 `1 
“svi 
180/71 
012 `1 


рәпириод 


+690 `2 
1980 `2 
веро `2 
800 `2 
9/1076 


©%00'@ 
9066'! 
6976'1 
6696'1 
88v6' I 


vv£6'1 
6616'1 
180671 
1068'1 
6v218'l 


+698 `1 
6+8 `1 
8208 `1 
9118 `1 
1962 `1 


e9211'! 
£194*1 
OrvL'l 
£921! 
+802 `1 


peeo: zji 

саво 'с | IF 
9620 `2 | 18 
с910°с | 610 `2 E 


8600'6 
©686'1 ч 

$S26°1| 1746" 5) 
$196'1| 1096 
€£Lv6'l 6 


0 
0£t6'1 6 
$916'1|6916'1 Be 

9 


9€06'1|1206'! 
9888 `1 |1288 `1 
eez8°1 |8148 `1 А 


62198 `1 | с998'1| ? 
1281 |90781 | Є. 
i 


с928 `1 | 9Р8 `1 
6608 `1 | 808 `1 


РЕ62°1 |8162 `1 os 
9921*1|0922:1| 6'S 
9692'1|62921| 87S 
ZZpL'1)SOrL 1) L'S 
9ўб1`1|8061`1\ 9°6 
9902°1| 2¥0L 1 s's 


881&`/ | 26862 | 102172 | €660°2 | 2820-2 | 9996-9 9688 `9 | 018879 | t£22*9 


6989 9| 671 
*619:9 | S€99°9 | £88v^9 | zecv'9 | 96Se'9 | cooz'9 6££679 | 61719 | bOTI"9 |9609 et 
3686`S | 6626'S | 6028" | »zig's | 922^ | cz69'c Ł0+9`S | Sv89^S | o6ze^c |6ezv-e| 2-1 
S61$'€ | 999€'G | zcIe's | eosc'9 | 020c^9 | ссі‘ 6£01'S$ | тес0 ‘є | 200° |0cc6^* S 
1£06'$ | 0888°Ф | 9908'* | 8997 | ciiz» | ордосу $819^v | coZS Ӯ | 955+ | LIgh + |с 
12€" | 666£'* | c6t£' | 090€» | тес" L0GG'v | 182l^* | лет+ | 09607 $ €9890 v | v'I 
6*10'$ | 6026'€ | tGE6'€ | co6g'e | +98 ‘gs 0618'€ | 0182'E | v€v7'e | zooz-e £699'€| e'i 
86£9'€ | 9969€ | Goose | tSca' € £06$'€ | osch'e | сср "Є | zzge'e sese'e |roze'ej zt 
14827£ | Ф%00°© | ozzz'e | cost'€ 0891 `Е | 8931'e | 2960'€ | 6roo'e ??©Ё0°© | ороо "е | 171 
ЄР26 `2 | L*V6'G | 616° | #9987 2198 `6 | z6z8' | 1108 “с | cezz^c 992 `2 |681/°@|] o'i 
с169 `2 | $#99°@ | 6/69°6 | /119°@ 2988 `2 | 0096 "2 | сес `2 | є609°с ©ў87`б | 9668р '2[ 670 
18ЕР с | 6017 с | 698Е "с | сғ9е "с 96€£'6 | РОТЕ "а | £€6z'z | cozz'c 62*c'6 |S926'6| 8'0 
#02 ` | sigi’ | 868917 £8£l'G | 0/11°@ | 696072 | 18/0°@ **S0'6 | oteo'z | вето "с | z'o 
1©66`1 | 6£26' 1 | б}#86`°1 | 8t€6'1 $$1671 | 8968 `1 | 9272871 | egag'1 ?098°1 | 1228 `1 970 
008 `1 | 0981 `1 | ғв92°1 | 20521 e€ect | 09121 | 68691 | 05891 2899 `1 |7859' 1| $70 
£c£9'1 1919'1 | 0009'1 Ir89'1 | €99971 | zese'1 | ezes’ 069 1 | 8906 `1 | sI6r 1] v'0 
02261 | £C9^I1 | Z2v^ 1 | еерт 16151 | 6605'1 | ответ | 1//6°1 *€9€'1 | 6ove' T1 | e'o 
*9££'1 ТЕСЕ `1 | 001€! | 696z' t |.0v9z' 1 $1261 | 98967 T | 1931 | zeez'i ee 1| z'o 
&60&°1 | ezet' 1 | eset r | елт 8I9I'1 | Є061°1 | seer t | сист" £9I1'T |@601°1]1°0 
260 `1 | ££80'1 | с220°1 | 819071 £190 1 | 80071 | 60Є0°1 | zOZzO'I 1010°1 [000071] 0*0 


HIGHER MATHEMATICS 


844 


(вшциыебоццше yeanyeu) „ә uonoun4 үеңшәшоб3 эч “Al 


845 


TABLES 


8806°%8 
116'8* 
9S6'vV 
Sv0'0v 
vt£6'9€ 
982° 2 
999°6% 
£v*8'96 
886 v6 
L16'16 
988`61 
£66'21 
18Z°91 
GEL FL 
oe el 
190761 
£I6'01 
6v18'6 
68©6°8 
6780 `8 


119'89 
+37 8h 
9I8'£* 
9v9'6€ 
v»18'St 
09#` сЕ 
12£'66 
921G9'9c 
Lv0' vc 
88/`°16 
889`61 
vis’ Z1 
611°91 
sss YI 
L61°eI 
Тб” ТТІ 
0801 
L9LL°6 
£978'8 
Sr00'8 


S86'68 
АЛА 
ose ` ЄР 
[112813 
218`°8Є 
LEV se 
620766 
116°9@ 
L08'€6 
[112004 
66*'61 
Leo" Lt 
6S6°ST 
Orr Fl 
990`Є1 
08 `11 
169'01 
¥619°6 
©Є88/`°8 
896672 


4Sv'6S 
СОЎ `В 
876 oF 
198 8€ 
£91'S£ 
Lisle 
682 '82 
0S0°92 
128 `6 
86£' IG 
866'61 
CLA! 
008'S1 
966' v1 
9£6'cI 
S0Z 1I 
168 '01 
188 `6 
11298 
О9РВ 2 


$£6' 1€ 
£66'9* 
IeS'cv 
S2v'89t 
fig’ re 
009 1€ 
£09'86 
062'Sc 
9ЄЄ`Єб 
61116 
901'61 
886`°/1 
Є#9`°61 
St" ҮТ 
108`°%1 
888 `1 
99F'01I 
LL8*'6 
67889 `8 
629271 


615^ 1S 
929 `9# 
860 `6? 
260'8Є 
19®` РЕ 
28116 
61686 
reso" SZ 
vot'ec 
S06'06 
916'81 
эмт 
48%`°81 
£IO^ FI 
089'cI 
ely VI 
18€'01 
ELEGE 6 
v66F'8 
9069'2 


panuijuoj 


106°0S| 00#`08 | 668'6*| cOt^6v| 6'€ 
€90°9F| t09'Sr| OSI'G*| 101+ g'e 
619'1*| POT IF] ®68°0У| РР ОЎ L E 
Є1/`1©| gee ze | 996'9€| 96979£| 9°Є 
POL’ РЄ] PBL EE) SPH Ee] sii eej s'e 
L18'0t£| 699'0£| c92'0€| v96'6c| FE 
8$£6'246| 099 `/с| S8€'72| SII ze) €'€ 
086'Sc| 8Z0°SZ| 6z2'vc| EES" Fs} ze 
*18'GC| 99°33] Icv'cc| s6l'có| ie 
169'06| l6$'0c| 28c'0c| 980'0c| 0 € 
96/L'81| IPS SL] see's] rZr'St| 676 
Sr6'91I LLL°91 019`91 | сӯ?`91| 873 
£££'SI 081°61 6Z0'SI| 088 °+1| `2 
PLE ET | 96Є/°Є$1| 6681 | FOF EI] 9с 
599 `с1 | бар '`сІ | 90е `с1 | serail] S @ 
6SE° 11| 9FG IT] PET II} EGO 11| bs 
822`01 | 92Т1°0Т | *Z0-0l|ctZ6'6 | е 
666576 |8202 `6 |/611°6 |08206 | zz 
6rIv'8 |11©Є©°8 | овӯс `8 |2991°8 [1 
1Р19`2 |Є8Є68°/ |669%`/ |168©7/ | 0° 
€ [3 1 0 


846 HIGHER MATHEMATICS 
V. Table of Indefinite Integrals 


1. Functions Containing a+-bx to Integral Powers 


(1) paca T => In (a -- bx) +C 
(2) [arbi de tton c п = —1 


@ | Ses аьаа (аьр 


w Fase [h atea (a+b) + 


+ а? In (a +0] +С 


(5) STE ies = EC 
b b. 
(6) ITE at au in = ake 


are = [In а). zc 


x? dx 


ise 
| 
T x dx 
YET 


(9) Mea i 1 net С 


x (a+bx)? а (а+6х) gil 
x dx 1 1 а 
(0) f (at bx) DE [елет 2 zt a 
2. Functions Containing a?--x?, а, ах? 
(11) 132 Tax? —arctan x--C 


(12) T тта=т arctan 2-С 


03) {а ас 
or 


4 {зт LIH 


(15) а= arctanx y 24c for a>0 and b> 0 


arb AIR (a+bx) — =a, |+¢ 
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If a and b are negative, the minus sign is taken outside the inte- 


gral, but if a and 6 are of different sign, then use No. 16. 
VaxxVb. 
(16) j dx- | р а АУ LC 


a-bx* 9 Vab Va-xVb 


a+ 0х? 

dx x dx 
пө | Oe aot ana 
see No. 15 or No. 16. 

dx 1 5 
as) C den С 


(17) zm (8-2) c 
а 


x (a bx?) 
dx 1 b dx 
(20) f х“а+бх) ах а f a+bx? 


see No. 15 or No. 16. 


dx x dx 
Q1) f (a+bx?)? = 794 (a+bx?) Tu zn 


see No. 15 or No. 16. 
3. Functions Containing V a-Fbx 


02) V Vai de 3; Уа 


peus y Varb 
(23) IE Мах dx=— 2 Gan Sox) arte |с 

——— 2 (8a*— 1 2abx+ 15b2x*) V (a+ bx) 
(24) | х#а-Е®хах = SERA a а. 


(25) ( d re BET Vance 


2 (8a?— 4abx+ 3b?x*) aed 
es) ee =O Varn +e 


1 Уа+х-Уа 4 © for a>0 
(27) Int Va" Уши: | 


bx 
(28) Tore p Ter arctan y = +C fora «0 


IVa Y'-a 


-Va*bx -4f dx 
(29) (=== ах 2a ) x Va ox ` 


see No. 27 or No. 28. 
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Va+bx dx — € dx 
(80) Jussu, Vaca |. "CETT 
see No. 27 or No. 28. 
4. Functions Containing V xig: 


вр {Урата Vx xai In (x4 Уа) рс 


6) Уат de =F ааз VTS 
+H in GV X) +С 
бз) Voy spa YET | ү 
бу Je Y x ER Qe 40) VATA 
— Sin (x4- V xia) +С 
G5) [pE snet Y AFC 


dx x 
(36) rm Vyta? Re 
(37) vu =V¥ta+tc 
(38) ў ade з VP Ta ney VP La С 


Vetan 
m f iol i = Уш + In e+ V9? Fat) +0 
do (a= =тї +С 
an Tau A “Lc 
year стин ei ERR | 


(43) f ENDE AL, 18 бн. 


а Li PUER UE 


‘TABLES 

5. Functions Containing V a?—3x? 
(45) M === aresin x-+C 
(46) f == arcsin ~+-C 

a*-x? 
47) | 2—————— 6 
4n vm vemm 
(48) (з= — Yard cc 
49) (+ ®® БЕ C 
0) | = ш с 
(50) \ aot -4 Ү#—х-+©- arcsin +С 


6) (Уа а Y dE arcsin £46 

62) | V rF ax — (Баз — 2) VP 
+ arcsin TEC 

> E Уай dit АЕ 

во | Усаа. — EIE с 

65) | e а= ae E Qe аз) Уа 


a* AN 
+ = arcsin 7- --C 


x? dx x 6, 
E vem ТЕГЕЙ Ж ТЕРДА ОШ: х +С 
dx Kil ^ Й 
x J куштт а i "T rM С 
Уаз? 
з a “зү +e 


a4 V a?-x* 


4. Кшз 
сраза 


849 


850 HIGHER MATHEMATICS 

(60) | MOF ШЕ ы Ей ткы 
(61) f POP im eee arcsin —-+-C 

6. Functions Containing V x?—a? 


(62) f Vu (к-+ V E а) С 


x 
63) НЕСЕР Е же: кы 
(63) f V(x1-a2)s a? V x1-a? 


(65) f V xi—di ах Vea In (x + Y xi -di)4-C 


(66) | Y epa E Qe) VFO 
+f п (к Уаз) С 


х Vee dir= ET c 


маан 


f 
(68) Ta Y =F x= +c 
(69) Ve Үз#—аїах=— (2 —at) V i —ai— 
—5 inet И) с 
ол Иа. In (x 4- Уа) 4-C 


х2) --С 


dx V 


xt Vx agt atx 
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2a? 


(75) (LE b orici b 


(76) f а 8g —a arccos + С 


on (E ERE pi et VAC 


7. Functions Containing V 2ax—x^, V 2ax4-x? 

A function containing V2ax-x* is integrated by the substitution 
t=x-a. Then V2ax—x* becomes Va*-f* and the integral is found in 
Group 5 of this table. If it is not in the table, an attempt is made to 


reduce it to a form which is. 
The same may be said of a function containing the expression 
VSaxtr*. In this case the substitution /—x«a reduces the radical to 


the form Y 72—a$ (Group 6 of this table). 


8. Functions Containing a--5x--cx? (20) 
2cx4b 


tan == 2 
Y 4ac— b* rim V 4ac —b® +C, if b?<4ac 
a —— 
78) f a+ xU 1 2cx b - Уа Mer 
Y b3 —4ac 2cx+b+V b* — 4ac 


if b? > 4ac 
(79) f — de l n(2x4b42 Y € үа рст) +С 


Va+bxtox? Ve 


2cx4 b рахой 


(80) [атата а= as 


PA in (оњ Y EY ЕБИНЕ 


(81) NIC In (2x 4-5 + 
Va+bx cx? с 2Yo 


4-2 Y c Vap bx с?) +C 


9. Functions Containing a--bx—cx^ (e>9) 


(82) dx ag 1 " V $3 +4їас+ 2cx b 
a+ bx—cx®  ygrrdas Vibe +duc— dex +b 
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dx 1 А 2сх—Ь 
83) TS = t+ arcsin — 
e» Vatbx-cx® Ис Vb? + gac Ы 


(84) f Y ad вх с? dx = 20-2 Y aF oxx + 


2 - 
22-14 resin, 255 +c 


. 8Yc Vb? +4ас 
E = + 2ex—b 
(85) хах а+бх-сх? Us 2 arcsin Cx EC 
Уа+бхсой |, с 2Ve Vb? *4ac 


10. Other Algebraic Functions 


(86) |V FE ae OTH + at) In (уа 24 


b+x 
+Vb+x)+C 
эту 4х= Ү (a—3) а) 


+(a-45) arcsín pote 
(88) | y $a уау) 
—(a+ b) arcsin y 2% c 
(89) үү шкын Анте 
(90) vacuos aoi y ЖЕ +С 


11. Exponential and Trigonometric Functions 


(91) (eai с (92) | ае | 
(93) Véase с (94) f sin хас —cos x-+C 


(95) f cosxde—sinx рс (96) { tanxdx=—Incoss+C 


(97) f cot x dx— In sin х-ЕС 
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(98) \ sec x dx==In (sec x+ tan x)+-C =In tan (4+2) ъс 


(99) f cosec x dx — In (cosec x —cot x) +C =1n tan 4 +C 


(100) È sec? x dx tan x+C 

(101) f cosec? x dx — — cot x +C 

(102) f secx tan x dx=secx+C 

(103) jr x+C 

(104) f sin? x dx= +_—Asin 2x4+C 

(105) { cos? xdx— +7 sin 2x -C 

(106) f sin” x dx= LII і È sinn-2x de 


This formula is used several times until it brings us to the inte- 


gral Í sin x dx or Í sin? x dx (depending on whether 4 is even or odd); 


or these integrals see No. 94 and No. 104. 


(107) cos” ie ой f cos? -? x dx 


n 
(see note of No. 106 and also see No. 95 and No. 105). 


dx 1 cos x n-2 dx 
(108) SinWx —  n-i sin®—*x dci) зат 


Use several times until it leads to the integral Јах if n is even, 
or to the integral (4 if n is odd (the latter integral is given in 
No. 99). 


i sin x n-2 dx 
(109) a= п-1 suae cosn -? x 


(see note of No. 108, also see No. 98). 


(110) f sin x cos” x dx= EE [^ 
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(111) f sin" х cos dy Міх y C 


x n m=i maa 
(112) f cos” x sinn du eoe t esame | 


т-1 = ; 
tz cos" 7? y sin” x dx 


Use several times until the power of the cosine is zero (if m is 
even) or eur (f m is odd), In the former case, see No. 106, in the 
1. This formula should be used when m < n. lf m » n. 


; sin^ 7! x cos" c1 y 
(113) { созт хоптак -n + 


42 COS" x зіпл-2 y dy 
m+n 


(see note of No. 112, and also see No. 107 and No. 110). 


(114) { sin тх sin nx ах ` 

b sin (m+n) х sin (m—n)x 

779 men) F ?un-n tC 
(115) [icons сава 

— sin (m+n) x sin т-пух 

"О т T 2(т-п) +С 
(116) sin mz cos nt ax— 


— (m+n) x cos (m — n) x 
EC 2 (men) ? (m-a) mc 


azb 


(117) eL arctan (V p tan б 


ai pi 
if a>b 
Vb-a tan >4+V5Fa 
(118) аи in ав ЫА, 
(ABeNE. гурта Vb-atan ---Vbra 
dE) 
ifa «b 
119): ах 2 atan TU 
(119) arb ae yip arctan yop t if a>o 


TABLES 855 


a tan Š +b- Vji- u? 
(120) D prer I VES c 
il a «b 
(20 f u* cos? ae = arctan (e) TC 
(122) f ех sin x dx = 61" quw х С 
(123) f eax sin nxdx = 6ле ni- плева па) | G 


e? (sin x--cos x) 


(124) fe соз x dx — OBC 


e4? (n sin nx+a cos nx) 
at+n* +C 


(25) V eax cos nx ах 
(126) V rear d= (@x—1) $C 
(127) \ х"еах ах 27 я f хп-1еах dx 


The formula is used several times until the power of x becomes 
unity; then the integral is found in No. 126. 


xa" * ах 
(128) хат» dye эш 


(129) f хпатх (Кш ш f атхҳп-1 dx 


The formula is used until the power of x is unity; then the integral 
is found in No. 128. 
ё9®* cos" ^! x (a cos x+n sin x) + 


(130) f eax cos" x dx= FTD 


+ RED | eax cosn-t x dx 


The f 1 d until the cosine disappears (іп the case ої 
even л) or unti (Us md unity (in the case of odd n). In the latter 


case, see No. 122. 


(131) f sinh x dx—cosh x +C 
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(132) V cosh x dx—sinh к-С 

(133) f tanh x dx — In cosh х+ С 
(134) f coth * dx — In sinh x4-C 
(135) { sech X dx —2 arctan e*--C 
(136) V esch x dx In tanh +C 
(137) § sech? x de= tanh С 

(138) { csch? dx — —coth x40 
(139) IET tanh x dx —sech x+tC 
(140) V csch x coth xdx=—cschx+C 
(141) sint ede 441 sinh 2C 


(142) f cosh? x d — 1 sinh or С 


12. Logarithmic Functions 


Only functions containing the natural logarithm are given. If it 
Is required to find the Integral of a function containing the logarithm 
to a different base, first change to the natural logarithm by the for- 


mula log, In and then use the table 
(143) f In хах==х |пх—х-ЕС 
а; 
(ч) f zir-—n(nz)c 
(145) f a п edam те |с 


(146) S In? x dx =x Inn х—п { 105-1 x dx 


TABLES 857 


The formula is used until the integral f In x dx is obtained; this 


integral is taken by formula No. 143. 
(147) f x^ ipn x deus lie ас \ x? |nn-1 x dx 
m+ т+1 


The formula is used until it leads to integral No. 145. 
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Abel, N, H. 247, 581 

Agnesi, D. M. G. 763 

Apollonius 19 

Arbogast 282 
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496, 497, 673, 785 


Bari, N. K. 609 
. Barrow, |. 401, 462 
Beltrami, E. 833 
Bernoulli, Daniel 608, 826 
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Bernoulli, John 341, 402, 809, 
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Bernstein, S. N. 609 
Bunyakovsky, V. Ya. 456 


339, 350, 


Cavalieri, B. 401 
Chebyshev, P. L. 401, 442 
Clairaut, А. C. 789, 609 
Copernicus, N. 822 
Cramer, G. 236 - 


d'Alembert, J. le R. 608 
Desargues, Gérard 826 
Descartes, R. 760, 795 
Diocles 758 

Dirichlet, P. G. Lejeune 609 
Dürer, Albrecht 82 


Euclid 249 
Eudoxus 249 
Euler, L. 19, 


401, 443, 
809, 826, 838 


609, 


Fagnano 779 


Fermat, P. 19, 282, 376, 401. 
764, 809 


Fourier, J. B. J. 402, 609 


Galileo 687, 808, 838 
Gelfond, A. O. 302 
Grandi, G. 765 
Green, George 700 


Hermite 302 

Hipparchus 825 

Huyghens, C. 759, 789, 806. 
809, 827, 837 


Jungius 837 


Kogan, F. M. 480 
Kolmogorov, A. N. 609 
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Krylov, A. М. 609 


La Hire, P. de 789, 826 
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60 
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Luzin, N. N. 609 


Maclaurin, Colin 349 
Mannheim, A. 789 
Menshov, D. 
Mercator, N. АТ 
Мегзеппе, М. 

Меер J. B. M. C. 838 
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Nasr-ed-din, M. 826 
Newton, Isaac 247, 282, 332, 
334, 347, 348, 401, 442, 462, 
480, 537, 728, 809, 826, 857 
Nicomedes 765, 766 


Ostrogradsky, M. V. 401, 438 
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Pascal, Blaise 282, 348. 401, 
770, 809 

Pascal, Etienne 770 

Perrot, C. 826 
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Riemann, G. F. 
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Rolle; M. 334 
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Shukhov, V. 6.225 
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Varignon, P. 795 
Vetchinkin, V. P. 677, 808 
Viviani, Vincenzo 677, 808 


Wren, Christopher 809 


SUBJECT INDEX 


Abel's theorem (power series) 581 
Abscissa 21, 24 

initial 31 
Acceleration, average 325 
Additive quantities 491, 689 
Agnesi, Witch of 475 
Algebraic curves 

of degree n 55 

of nth order 55 

order of 54, 55 
Algebraic equation 

coefficients of 55 

of first degree 54 

of second degree 54, 55 
Algebraic surface of nth order 


Alternating series 552 

Analytic function 588 

Analytic geometry, plane 24 
ngle 

etween two straight lines 180 

solid 687 

Antiderivative 403, 704 

"Approach without bound” 262, 
263, 631 


Approximate integration 480 
of first-order equations by 
Euler's method 726 

Arc length 
differential of 499 
and its differential in polar 

coordinates 499 
of a plane curve 497, 498 
of a space curve 498, 515 
Arch, cycloidal 797 
Area 


of a piece of surface 677, 691 

of a plane figure 691 

of a surface of revolution 501 
Areas 

in polar coordinates 492 


in rectangular coordinates 488. 


шен 250, 252 
Astroid 818 
evolute of 823 
Anyuptotes 383 
not parallel to axis of ordina- 
tes, finding 386 
M to axis of abscissas 


Parallel to axis of ordinates 


Parallel to coordinate axes, 

finding 383 
Axis 

of abscissas (x-axis) 20 

conjugate 66, 81 
geometrical meaning of 68 

of curvature of space curve 
530, 531 

of ordinates (y-axis) 20 

semiconjugate 67 

semitransverse 67 

transverse 66, 81, 214, 216 


Bar diagram 629 
Base circle 769 
Base-line 320 
Base vectors 133 
of moving trihedron 529 
Binomial expansion 592 
Binomial series 592 
Binormal 527 
Bounded quantities 267 
Brachistochrone 807 
problem of 809 
Bunyakovsky inequality 456 


Calculus of variations 809 
Cardioid 501, 772, 773, 774 
Cartesian coordinate system 23 
Cassianian curves 774 ff 
axis of 775 
foci of 775 
Catenary 835 ff 
are length of 835 
construction of 836 
directrix of 835 
evolute of 836 
natural equation of 837 
radius of curvature of 836 
Catenoid 843 
Cauchy’s theorem 339, 340 
Cavalieri’s principle 809 
Central conics 105 
Central pencil 42 
Centrality, condition of 106 
Centre 104 
of curvature 504 
formula for 505, 506 
of curvature of space curve 
531, 532 
formula for 532, 533 


SUBJECT 


of symmetry 104 
Chain rule 125 
chanys of variable (integration) 


4 
Characteristic 
бшсе stic equation 742 
base 770 
of curvat 
КЕЧЕ иге 504, 505, 531 
of Diocles 758 
c or QI 759 
airaut's i 
Coes equation 722 
of compression of ellipse 59 
or arowth of logarithmic spi- 
centers 227 
ollinea 
H nearily of vectors, criterion 


Complex function 
derivative of 604 
differential of 604 
Co a real argument 602 
а mplex numbers 601 
complex power, raising a posi- 
tive number to 606 
Composite function 296 
ferentiation of 646 
ulas for deri 
Compression ne 
axis of 58 
of ellipse 58 
Cone 58 
cavity, directio: 
Conchoid(s) вос 
generalized 770 
of Nicomedes 765, 766 
innen preach of 766 
er branch of 766 
Conchoidograph 765 x 
onic section(s) 77 
соіа теіегз of 78 
a 
Conics "т ks 
Conjugate axis 66, 80 
Constant quantity 250 
ontinuity of a function 279 
of several arguments 633 


Continuity of а sum of a series . 


Continuous function 277, 279, 


Convergence of a series 

absolute 553 

conditional 553 

integral test for 549 

necessary condition for 540 

ы; 565, 568 
eometrical i 
отека interpretation 
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uniform 565, 568 
geometrical ^ interpretation 
of 568 
test for 569 
Convexity 


direction of 379 
of plane curves 379 
Coordinate axes 20 
Coordinate method 19 
Coordinate system 
left-handed 134 
right-handed 134 
in space, кадыг 133 
Coordinates, 20, 2 
changing from rectangular to 
polar 647 
current 24 
cylindrical 685 
moving 24 
of a point 134 
polar 45, 112, 170, 686 
polar and rectangular, 
tionship between 114 
running 24 
spherical 686 
of a vector 135 
Coplanarity criterion 155 
in coordinate form 159 
Critical values of argument 366 
Curvature 
average 503 
centre of 504 
formula for 505, 506 
circle of 504, 505, 531 


radius of 504 
formule for 606; 506 
on sign o 
of nace curve, formula for 531 
Curvature vector 5 
Curve 


parametric representation of 


rela- 


316 
of shortest descent 807 
Curves (see Algebraic curves) 
quadric 83, 85 
second-order 83 
three types ої 1020 
elliptic type 102 
hyperbolic type 102 
parabolic type 103 


Cusp 767 
Cycloid 323, vd 808 
base-line о 
ap brachistochrone 807 
common 807 
GEM pm e. 
involute 0 
natural equation of 805 
compressed 8 
curtate 795 
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parametric equations о! 321 
ою 795 
autochrone property of 806 
Cycloidal arch 797 
Cycloidal pendulum 807, 826 
Cylinder 
elliptic 205, 222 
hyperbolic 204, 222 
parabole 223 
Cylindrical coordinates 685 
Cylindrical surface 204 


d'Alembert's test 548, 555 
Decomposition into partial 
tions 428, 435 
Deferent 825 
Definite integral 404, 446, 447 
computation of by means oí 
indefinite integral 464 
evaluation of 455 
as a function of 
limit 458 
oos AUD interpretation of 


Irac- 


the upper 


lower limit of 447 

DASS interpretation о! 
4 

method of substitution 466 

properties of 450 

scheme for employing 490 

upper limit of 44 

“Delta z” 276 В 

Mone ea theorem | (formula) 


"Ге Revolutionibus Orbium Coe- 
lestium" 826 
Derivative(s) 282 
of a complex function 604 
of a composite function 297 
of elementary functions 287 
of an exponential function 306 
expressed in terms of differen- 
tials 295 
of a fraction 299 
expression of in terms of 
ifferentials 329 
of functions тергее ра- 
rametrically 330 
of implicit fünctions 331 
of a function, definition 284 
higher-order 324, 522 
of an inverse function 301 
left-hand 292 
of a natural logarithm 303 
of nth order 325 
partial [ее Partial derivati- 
ve(s) 653 
of a product 298 
properties of 288 
right-hand 292 


Differential eguan) 706 


second(-order) 324 
mechanical meaning of 32 
third(-order) 324 1 
total 649 
Derivative vector function 52) 
Descartes’ paradox 376 n 
Determinant(s) 
computation of 226 
of higher order 229 
properties of 231ff 
second-order 27, 226 
third-order 156, 226 
use of to investigate and solve 
systems of equations 836ff 
Diagram, bar 629 


Diameters 
of a conic section 78 
conjugate 80, 82 RD 
of an ellipse 79 1 
of a hyperbola 80, 82 3 
of a parabola 82 
rincipal 80, 82 Г 
Differences 
first 327 , 
second 327 
third 327 


Differentiable functions 294, 651 
Differential(s) 
in approximate 
3 


of arc length 499 

of a complex function 604 

of a composite function 296 
of elementary functions 294 8 
of an exponential function 306 
first 327 

of a fraction 299 

geometrical interpretation of 


291 
higher-order 326, 523 ) 
integral of 462 ^ 
of an integral 460 L 
mechanical interpretation of - 
290 "A 
of a natural logarithm 303 
partial 636, 639 
of a product 298 
properties of 294 
second 327 А 
Зр of 657 
ir д 
total (see Total differential) 
638, 639 
use of to estimate errors 313 


calculations” 


first-order 
general solution of 712 
geometrical interpretation 


of 708 
particular solution of 712 
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first-order linear 720 
formation of 730 
homogeneous 718, 439, 750 
integrability of 726 
integral of 706 
general 712 
particular 712 
singular 716 
integral curve of 708 
integration of 706 
by series 728 
linear (of any order) 750 
nonhomogeneous 742, 750 
of nth order 736 
general solution of 736 
particular solution of 736 
partial 706 
second-order 734 
general solution of 734 
particular solution of 734 
second-order homogeneous li- 
. near with constant coeffi- 
cients 742 
second-order linear 738 
second-order linear with con- 
stant coefficients 742 
second-order nonhomogeneous 
linear with constant coeffi- 
cient 744 
solution of 706 
general 712, 734 
particular 734 
systems of 754 
ЖИ right-hand member 738, 


50 
with right-hand member zero 
738, 750 


Differentiation 


of a composite function 646 
of an exponential function 306 
of a fraction 299 
of an implicit function of 
several variables 650 
of implicit functions 315 
of inverse trigonomertic fun- 
ctions 306ff 
logarithmic 304, 305 
of a logarithmic function 303 
of power series 584 
of a product 298 
of a Өнер! 299 
repeated, technique of 656 
of series 575 
technique of 641 
of trigonometric functions 307 
Direction 
of concavity 379, 559 
of convexity 379 
Direction cosines 180 
Direction held 406, 708 


Direction numbers 179 
Direction vector 179 
Directrices of hyperbola (see 
Directrix) 73, 74 
Directrices of “Шр 73 
Directrix (see Direcirices) 204, 
217, 320 
Directrix of parabola 69 
Dirichlet's theorem 622 
Discontinuity 
nonremovable 279 
points of 280 
removable 279 
Discontinuous 
279, 633 
Discriminant curve 725 
Distance 
from point to plane 170 
between points 631 
between two points 138 
Division 
of a segment in a given ratio 
26, 140 
of a vector by a vector 128 
Domain 
of convergence of a functional 
series 563 
of a series 580 
of definition of a function 
254, 626 
of a function 674 
of integration 665 
Double generation of hypocyc- 
loids and epicycloids 820 
Double integral 663 
computation of 667, 670 
estimation of 666 
expressed in polar coordinates 


function 277, 


geometrical interpretation of 
66 
geometrical quantities expres- 
sed in terms of 69 
physical quantities expressed 
in terms of ô 
properties of 666 
scheme of арау 688 
Doubling the cube 758 
Duplication of the cube 758 | 


e, the number 271 
Eccentricity. 

of circle 62 

of ellipse 62, 75 

of hyperbola 66, 75 

of parabola 7 
Element 

of area 665 

in polar coordinates 675 


864 


of volume 
In j fectangular coordinates 
1 
in spherical coordinates 687 
Ellipse 
centre of 59 
coefficient of compression of 59 
as a compressed circle 58 
construction of 62, 63 
definition of 60, 61, 75 
diameters of 79 
eccentricity of 62 
foci of 60 
major axis of 59 
minor axis of 59 
vertices of 59 
Ellipsoid 210, 222 
general 211 
imaginary 223 
of revolution 211 
oblate 212 
rolate 212 
triaxial 211 
Elliptic cylinder 205, 229 
Eun 211, 223 
Envelope 725, 726 
Epicycle 825 
Epicyclold 810ff 
common 810 
evolute of 822 
natural equation of 823 
curtate 810 
double generation of 820 
prolate 810 
Equality 
of line segments 122 
of vectors 122 
Equation(s) 
of a central conic, simplifica- 
tion of 107ff 
characteristic 742 
Clairaut's 722 
differential (see Differential 
equation) 706 
of An ешо. canonical form 
o 


standard form of 59, 61 
homogeneous 718, 720, 738, 


of hyperbola, standard form 
of 64 


of a line 23, 205 

of a line perpendicular to two 
straight lines 197 

linear (of any order) 750 

linear (with right-hand mem- 
ber zero) 720 

in 2 unknowns, a system of 
а 245 


SUBJECT INDEX 


natural 788, 805, 832, 837 
nonhomogeneous 739, 750 
of a normal 323 
of nth order 736 
of parabola, standard (cano- 
nical) form of 70 
Parametric 317 
of a plane 161 
intercept form of 166 
normal form of 172 
second-order 734 
solution of 392 
algebraic (Lobachevsky’s 
method) 394 
by combined chord and 
tangent method 398 
by method of chords 394 
by method of tangents 396 
of straight line 
general 31 
intercept form of 50 
normal form of 48 
parametric 188 
reducing to symmetric form 
187 


slope-intercept form of 29 
in space 174 
standard form of 185 
symmetric form of 185 
two-point form of 39, 190 

of a surface 203 

symmetric 186 

of a tangent line to a plane 
curve 321 

in three unknowns 
homogeneous system of 240 
three 241 
two 238 

in two unknowns, two 236 

with right-hand member zero, 
linear 720 

with variables separated 713 

Error 

limiting 313 

limiting absolute 313 

limiting relative 313, 317 

Euler substitution(s) 443 
rst 443 


third 443° 
third 4 
Euler-Fourier formulas 611, 613 
Euler’s formula 607 
Euler’s method, approximate 
integration of first-order 
equations by 726-728 
Even function 618 
Evolute 794 
of a plane curve 50 
properties of 510 
Expansion(s) 
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ota function in a power series 

power-series (of elementary 
functions) 589 

үле) functions 590, 844, 


Extreme value 364 
Extremum 364 
of function of 
ments 660 
rule for finding 660 
sufficient condition for 
662 


several argu- 
370, 


Factoring a pol m 
Family g a polynomial 438 
equation of 724 
one-parameter 724 
Fermat rule 376 
Finite increment, formula of 337 
Fluxion 282 
Focal length 
of ellipse 60 
of hyperbola 64 
Foci 
of ellipse 60 
of hyperbola 64 
Focus (see Foci) 
Folium of Descartes (see Leaf of 
Descartes) 760ff 
Formula 
of finite increments 337 
Newton-Leibniz 462 
Fourier coefficients 623 
Fourier series 613 
of a continuous function 615 
od discontinuous function 
of even functions 618 
of odd functions 618 
Fraction(s) 
improper 426 
partial 428 
proper 426 
Function(s) 
algebraic 259 
analytic 588 
basic elementary 258, 259 
circular 259 
classification of 258 
composite (see 
function) 296, 646 
continuity of 277 
on a closed interval 279 
continuous 277, 279, 633 
on a closed interval, 
perties of 280 
at a point, properties of 278 
decrease of 360 
decreasing 360 


Composite 


pro- 
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differentiable 291, 642 
discontinuous 277, 279, 633 
domain of definition of 254, 


626 
double-valued 252 
elementary 258 
entire rational 440 
even 618 
explicit 254, 258 
exponential 959, 590 
finding maximal and minimal 

values of 372 
of a function 296 
hyperbolic 591, 595 
implicit (see Implicit function) 

254, 258, 650 

differentiation of 315 
increase of 36 
increasing 360, 361 
infinitely multiple-valued 300 
integral rational 440 
integrand 665 
inverse 300 

derivative of 301 
inverse hyperbolic 593, 596. 
inverse trigonometric 259, 

differentiation of 308ff 
limit of 630 
logarithmic 259. 591 
monotonic 300. 361 
multiple-valued 252, 258 
nondifferentiable 643 
nonelementary 258 
nonperiodic 615 
odd 618 
orthogonal 609 
parametric represen’ 
point 626, 627, 
power 259 
rational 138: do ats 
of several а 

ver anity of 633 

Лар 89 

imit o 

maximum of 660 

minimum О 

modes of representing 628 

Taylor's formula for 658 
single-value: 2, 258 
tests for increase and decrease 

of 362, 1 
of three or more чо, 62 
transcendental 25 
trigonometric 259, 590 
triple-value! 
of two arguments Ae 262 
ways of repres 

dial ed 252. 263 


е 


593 


tation of 318 


] 2 
abular 252; 


868 SUBJECT INDEX 


condition for independence of 
path of 701 
mechanical meaning of 697 
Linear equation 
homogeneous 720 
WER right-hand member zero 
0 
Linear systems of differential 
equations 754 
Lobachevskian geometry 833 
ке differentiation 304, 


Logarithmic functions 591, 856 
Logarithmic spiral 789ff 

coefficient of growth of 789 
Logarithms 

change of base of 302 

common 302 

natural 302, 839 
Longitudinal axis 214, 216 
Loxodrome 795 


Maclaurin's derivation 349 
Maclaurin's series 349 
Major axis 211 
of ellipse 59 
Mass of a physical body 693 
Maxima (see Maximum), 
rule for finding 366 
Maximum 364 
Шы net condition for 
of a function of several argu- 
ments 660 
necessary condition for 365 
second sufficient condition for 
Mean-value theorem 456 
eneralized 339 
agrange's 335-337 
Method 
of chords 394 "i 
combined chord and tangent 398 
of quadratures 480 
of substitution in a definite 
integral 466 
of tangents 396 
of undetermined coefficients 


of variation of constants (pa- 
rameters) 752 
Midpoint of line segment 27 
Minima (see Minimum), rule for 
finding 366 
Minimal surfaces 838 
Minimum 364 
frst Sufficient condition for 


of a function of several argu- 
ments 660 


necessary condition for 365 
second sufficient condition for 
370 
Minor axis 211 
of ellipse 59 
Minors 227 
Modulus 
for changing from natural to 
common logarithms 302, 303 
of elasticity 253 
Moment of inertia 689, 692, 693 
Monotonic function(s) 300, 361 
Moving trihedron 527 
base vectors of 529 


Natural equation 788, 794, 805, 
832, 837 
Newton (unit) 120 
Newton-Leibniz formula 462 
Newton's interpolation formula 
483 
Node 757 
Nonadditive quantities 491 
Noncentral conics 104, 105 
Nondifferentiable function 643 
Non-Fuclidean geometry 293 
Nonhomogeneous equation 750 
Nonperiodic functions 615 
Nonregular series 570 
Nonuniierms convergent 
56 


Normal 519, 527 
rincipal 519, 527 
o a surface 643, 644 
equation of 646 
Normal equations of a straight 
line 47 
Normal plane(s) 518, 527 
Normal vector 518 
Number(s) 
complex 249, 601 
e 271 
Íractional 248 
imaginary 249 
irrational 248, 249 
natural 248 
negative 248 
rational 248, 249 
real 248, 249 
Number axis 250 
Number line 249, 250 
Number plane 626 
Number scale 250 


series 


Qu S coordinate system 22 

Odd function 618 

Order of an equation, reduction 
of 736 
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Order of smallness o! a function 
of several arguments 632 
Ordinary integrals 689 
Ordinate 21, 24 
initial 29 
Oriented distance 45 
Origin of coordinates 20 
Orthogonal functions 609 
Orthogonal system 611 
Osculating circle 531 
Osculating plane 525 
equation of 526 
Oval of Cassini 775 


Pair 
of coincident planes 223 
of imal nary, parallel planes 


of imaginary planes 223 
of intersecting planes 223 
of parallel planes 223 
Parabola 1 
axis of 70 
construction of 70 
definition of 69, 75 
diameters of 83 
directrices of 69, 71 
focus of 69 
parameter of 69 
semicubical 340, 509 
standard equation of 70 
vertex of 70 
Parabolic cylinder 223 
Paraboloid 
elliptic 218, 219, 222 
hyperbole 220, 222, 513 
of revolution 219 
Parallel pencil (see Pencil of pa- 
rallel lines) 42 
Parallelepiped, volume of 160 
Parallelism 
of planes, condition of 163 
of straight line and plane 181 
of vectors 139 
Parallelogram rule 124 
Parameter 318 
of parabola 69 
Parametric equations 317 
of straight line 188 
Parametric representation 
of a curve 316 
of a function 318 
Partial derivative(s) 634 
expression of in terms of a 
differential 637 
geometrical interpretation of 
(in case of two arguments) 


635 
higher-order 653 


mixed 653 
pure 653 
Partial differential 636 
Partial differential equation 706 
Partial fractions 428 
Partial fractions decomposition 
428, 432 
Partial sum of a series 537 
Pencil 
central 40 
of lines 40 
equation of 40 
parameter of 40 
vertex of 40 
parallel 42 
of parallel lines 42 
of planes 182 
axis of 182 
equation of 182 
Pendulum. cycloidal 807, 826 
Pericycloids 816, 817 
Perpendicular 
equations of 193 
length of 195 
Perpendicularity ' 
of planes, condition for 164 
of straight line and plane, 
condition for 181 
Pitch of helix 514 
Planar points 535 
Plane curves, convexity of 379 
Planes, angle between 164 
Point(s) 
conical 644 
of discontinuity 277 
of inflection 379 
rule for finding 381 
of intersection of three planes 


168 
isolated 768 
of rectification 498 
of tangency 643 
Point function 626, 627, 674 
Polar angle 46, 112, 171, 489 
Polar coordinates 46, 112, 171, 


686 
Polar distance 46, 170 
Polar equation 
of a conic section 119 
of a straight line 118 
Polar parameters 
of a line 46 
of a plane 171 
Polar system of coordinates 23 
Polynomial, interpolation 480 
Position of a plane relative to a 
coordinate system 1 62ff 
Positions of a plane and a pair 
of points 169 
Positive serles 645 
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Potential 474 

Power series 576 
coefficients of 576 
differentiation of 584 
domain of convergence of 580 
expansion of a function in 587 
integration of 584 
ша, of convergence oí 577, 


operations on 582 
radius of convergence of 577, 
580 
Power-series expansions of ele- 
mentary functions 589 
Primitive 403 
Principal sections 214 
*Principia" (Newton's) 826 
Projection(s) 
SED on a coordinate plane 
of a point on an axis 129 
ofa straight line on coordi- 
nate planes 184 
of a vector on an axis 130 


algebraic 130 
geomeiric 130 
of vectors, theorems on 1328 


Proper fraction 426 
Pseudosphere 832 
Pseudospherical triangle 832 
Pteroid 756 5 


Quadrant 21 

Quadric conical surface 217, 218 
imaginary 223 

Quadric curves 83, 85 

Quadric surface(s) 209 
classified 221ff 

Quickest descent, time of 807 


Radius of curvature 504 
formula for 505, 506 
Radius of curvature of Space 
curve 530, 531 
formula for 531, 532 
Radius vector 40, 117, 170, 492 
Rational functions 428, 439 
entire 440 
integral 440 
Rationalization 440 
Rearran ing terms of a series 555 
келле ormas 483 i n 
ectangular coordinate system 2 
Rectification X 
of algebraic curve 809 
of arc 498 
Rectifying plane 527 
Recursion formulas 430 


Reduction of order of an equa- 
tion 736 
Regular series 569, 570 
Remainder 
of a series 542 
of Taylor's series 351 
Remainder term 542 
Right-handed pairs of straight 
lines 201 
Rings of Archimedean spiral 784 
Rolle's theorem 334 
Rotation of axes 59, 202 
Rule 
of parallelepiped 126 
of polygon 125 
Ruled surface 224 


Scalar(s), definition of 120 
Scalar function 519 
Scalar product 
expression of in terms of coor- 
dinates of factors 145 
physical meaning of 142 
properties of 142 
of two vectors 143 
Scalar quantity i21 
Scalar triple product 154 
properties of 155 
Second-degree equation 
general 85, 86 
simplification of 86H 
Separation of variables 714 
Sequence, limit of 261, 262 
Series 537 
absolutely convergent 554 
alternating 552 
binomial 592 
conditionally convergent 555 
convergent 538 
definition of 537 
differentiation of 584 
divergent 537, 540 
division of 561 
Semiconjugate axis 67 
Semitransverse axis 67 
elementary operations on 543 
Fourier 62 
functional (see 
series) 562 
of functions 562 
touping terms of 556 
Fermion c 540 
indeterminate divergent 539 
infinite 537 
integration of 571 
mul iplicetjon of 558 
nonregular 
Шоу convergent 568 
operations on 543 


Functional 
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partial sum of 537 
positive 545 

comparing 545 
power (see Power series) 576 
rearranging terms of 555 
regular 569, 570 
remainder of 542 
sum of, continuity of 570 
sum of convergent 538 
Taylor 586 
lerms of 537 
trigonometric 608 
ше in computing integrals 


Shortest distance between two 
straight lines 199 
Shukhov Tower (Moscow) 225 
Sigma 447 
Simpson's formula 486 
S impone rule 486 
Single integrals 689 
Singular integral of differential 
equation 716 
Singular solutions 716 
Slope 29 s 
Solid angle 687 
Solution(s) 
of differential equation 706 
singular 716 
Space curve 
тагат е representation of 
tangent to 516 
Spatial model of a tunction 629 
Sphere 209 
Spherical coordinates 686 
Spheroids 210 
Spiral(s) 
of Archimedes 117, 383, 493, 
782ff, 787 
left-handed 789, 792 
logarithmic 789ff 
right-handed 789, 792 
Straight line(s) 
construction of 32 
parallelism condition of 32- 


34 
perpendicularity condition of 35 
represented by two first-degree 
equations 176 
зорна 7566 
oblique 7560 
. right 7560 
Sum 
of line segments 124 
of a series (extended sense) 537 
of vectors 124 
Surface(s) 
minimal 838 
quadric 209 


of revolution 225 
ruled 224 
Symmetric equations 186 
System(s) 
of differential equations 754 
linear (normal form of) 754 
of п equations in л unknowns 


orthogonal 609 

of three vectors 
left-handed 147 
right-handed 147 


Table of double entry 629 

Taking out integral part 426 

Tangent field 406 

Tangent line 285 

d oops lines to quadric curves 

Tangent plane to a surface 644 
uation of 644 

Tautochrone property о! cyclold 


80 
Taylor's formula 347, 351 
or computing values of a fun- 
ction 353 
for a function of several argu- 
ments 658 
Taylor's polynomial 353 
Taylor's series 348, 586 
remainder of 350 
in general form 349 
"tends to coincidence" 285 
Test for right-handedness and 
left-handedness 201 
for uniform convergence 569 
Theorem 
mean-value 456 
of Nasr-ed-din—Copernicus 


826 
Time of quick, descent 807 
Torsion 535 
radius of 535 
symbol for 535 
Total derivative 649 
Total differential 638, 639 
criterion of 703 
geometrical interpretation of 
(two arguments) 640 
of higher orders 654 
Тгасігіх 826ff 
evolute of 83! 
Transcendence 302 
Transcendental number 302 
Transformation of coordinates 202 
formulas for 5! 
Translation of origin 52, 202 
БОГ axis (axes) 66, 214, 
21 


872 


Trapezoid formula 485 
Trapezoid rule 485 
Triangle, area of 27 
Trigonometric functions 590, 852 
nverse 593 
Trigonometric series 608 
Trigonometrie substitutions 424 
Trihedron moving 527 
base vectors of 529 
Triple Integral 681 
pute ion of (general case) 
computation of (simplest case) 
68 


expression of in cylindrical 
coordinates 685 
expression of in spherical coor- 
inates 687 
geometrical quantities expres- 
sed in terms of 691 
physical quantities expressed 
in terms of 691 
scheme for applying 688 
Triple product 
XP of in terms of coor- 
inates of factors 159 
кешеа! interpretation о! 


Trisecting an angle 765 


Unbounded quantity 267 

Undetermined coefficients, meth- 
od of 728 

Unit vector of tangent 517 


Variable 256 
dependent 250 
independent 250 
of integration 404 
Variables, separation of 714 
Variation of constants (or of pa- 
rameters) 752 
Vector(s) 
absolute value of 120 
addition of 121 
angle between 146 
base 133 
collinear 121 
collinearity of 139 
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i 


coplanar 154 
definition 120 
division of 127 
by a vector 128 
equality of 122 
expression of in terms of 
components 137 
coordinates 137 
radius vectors 137 
length of 138 
modulus of 120 
multiplicaton of 127 
normal (to a plane) 161 
null 122 
opposite 123 
ngrpendicularity condition of 
4 


reduction to a common origin 
12 


scalar product of two 141 
subtraction of 126 
systems of three 147 
vector product of two 148 
Vector algebra 121 | 
Vector function of a scalar argu- 
ment 519 
derivative of 521 
roperties of 524 
differential of 523, 524 
Properties of 524 | 
limit of 520 
notation of 520 
Vector product(s) 148 
of base vectors 152 
physical meaning of 150 
properties of 15 
of two vectors 148 
Vector quantity 120 К 
Vector triple product 161 
Velocity 283 ‘| 
average 283 
Versiera 475, 763f 
Viviani solid 677 


sigh gem 693 
о! 
computed by shell method 494 = 


Tindrical solid 691 | 
9 $ d of revolution 496 | 


Witch of Agnes! (see Versiera) 


